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Abstract — Radio maps find numerous applications in wireless com-
munications and mobile robotics tasks, including resource allocation, in-
terference coordination, and mission planning. Although numerous ex-
isting techniques construct radio maps from spatially distributed mea-
surements, the locations of such measurements are predetermined be-
forehand. In contrast, this paper proposes spectrum surveying, where a
mobile robot such as an unmanned aerial vehicle (UAV) collects measure-
ments at a set of locations that are actively selected to obtain high-quality
map estimates in a short surveying time. This is performed in two steps.
First, two novel algorithms, a model-based online Bayesian estimator and
a data-driven deep learning algorithm, are devised for updating a map
estimate and an uncertainty metric that indicates the informativeness
of measurements at each possible location. These algorithms offer com-
plementary benefits and feature constant complexity per measurement.
Second, the uncertainty metric is used to plan the trajectory of the UAV
to gather measurements at the most informative locations. To overcome
the combinatorial complexity of this problem, a dynamic programming
approach is proposed to obtain lists of waypoints through areas of large
uncertainty in linear time. Numerical experiments conducted on a real-
istic dataset confirm that the proposed scheme constructs accurate radio
maps quickly.

B.1 Introduction

Radio maps are functions that provide a certain channel metric, such as received
signal strength, power spectral density, or channel gain, across a given geographical
area [4]. Radio maps can be used in tasks such as network planning, interference
coordination, power control, spectrum management, resource allocation, hand-off
procedure design, dynamic spectrum access, and cognitive radio [5, 6], to name a
few. For instance, Fig. B.1 depicts a power map in a geographical area with a single
base station which can be used to determine regions where cellular users have no
connectivity, such as the one indicated by the white circle. There, users can clearly
communicate in device-to-device mode without disturbing other cellular users. Be-
sides, radio maps are gaining popularity for autonomous unmanned aerial vehicle
(UAV) communications in tasks such as mission planning [7], optimal relay deploy-
ment in UAV-assisted networks (see e.g. [8–11]), and could help in placing intelligent
reflecting surfaces [70] and precoding optimization [43]. All these applications re-
quire methods for accurate radio map construction.
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Figure B.1: An illustration of the usage of radio maps for spectrum sharing.

A large number of approaches have emerged to address the radio map estimation
problem. They rely on measurements acquired by spatially distributed sensors,
possibly integrated into user equipment such as mobile phones, to construct radio
maps by means of some form of spatial interpolation. Schemes to construct power
maps, which provide the received signal strength across space, have been developed
using kriging [17–20], dictionary learning [22], sparse Bayesian learning [15, 23, 24],
and matrix completion [14]. Power spectral density (PSD) maps can be estimated
using kernel-based learning [27–29], sparse learning [28], and tensor completion [30,
31]. The problem of estimating channel-gain maps has been addressed in [35–37].
All the aforementioned approaches are based on interpolation algorithms or rely
on modeling propagation phenomena [63]. However, the actual radio propagation
environment is often complex and inappropriate modeling will generally lead to poor
estimation performance. To bypass this problem, [25, 32–34] proposed data-driven
approaches where a deep neural network (DNN) is used to learn the underlying
propagation phenomena such as shadowing, reflection, and diffraction from a dataset
of measurements.

All the preceding methods assume that the measurement locations are given and,
as a result, cannot decide where to measure next, which is necessary in certain con-
texts. Specifically, certain applications such as network planning or those involving
UAV communications demand approaches to construct radio maps by surveying the
channel at the area of interest with a sensor on board a mobile robot. To this end,
this work puts forth an active sensing method where an autonomous vehicle, such as
a UAV, equipped with a sensing and communication module collects measurements
at a judiciously selected set of locations to efficiently construct a high-quality radio
map. In particular, the set of most informative measurement locations is selected
to approximately minimize the operation time required to attain a certain estima-
tion accuracy. Towards this purpose, suitable metrics that provide the uncertainty
associated with every spatial location are developed. Using the collected measure-
ments, the UAV computes this metric on-the-fly and plans a trajectory accordingly.
Since, to the best of our knowledge, there is no reasonable means to deterministi-
cally quantify uncertainty of radio maps given a set of measurements, a probabilistic





radio map is adopted, which naturally gives rise to a Bayesian approach.
The contributions1 of this work are as follows:

C1) An online Bayesian learning scheme is proposed for joint radio map estimation
and uncertainty mapping with constant complexity per measurement. This
is required since UAVs process measurements as they become available and
update their trajectory accordingly. The proposed algorithm constitutes an
online alternative to the popular kriging estimator [71], which is grounded on
the well-known Gudmundson shadowing model [53].

C2) Complementing the benefits of the aforementioned online Bayesian estimator,
a data-driven approach for jointly estimating a power map and uncertainty
metric is developed based on a DNN for realistic propagation environments
with possibly non-Gaussian channel distributions. As other existing DNN-
based radio map estimators, the proposed data-driven algorithm learns propa-
gation phenomena from a dataset. Therefore, it yields a superior performance
relative to the aforementioned online Bayesian estimator at the expense of the
need for such a dataset and an increase in computational complexity.

C3) A trajectory planning strategy is proposed for measurement acquisition at the
most informative locations as indicated by the uncertainty metrics provided
by the algorithms in C1) or C2). To reduce the computational complexity of
such a task, a simple waypoint-search approach based on the Bellman-Ford
shortest path algorithm [58] is presented.

The code necessary to reproduce all experiments is available at https://github.com/
uiano/spectrum_surveying_with_UAVs and a video illustrating a spectrum sur-
veying operation is available at https://youtu.be/r9zDr4O0Fp8.

The main novelty of this work is twofold: i) this paper proposes data-driven un-
certainty mapping in realistic propagation environments with possibly non-Gaussian
channel distribution, and ii) this paper proposes uncertainty-aware trajectory plan-
ning for spectrum surveying with autonomous UAVs.

The rest of the paper is structured as follows: Sec. B.2 formulates the problem
and outlines the proposed approach. Secs. B.3 and B.4 respectively present model-
based and data-driven algorithms for power map estimation and uncertainty map-
ping. These algorithms lay the grounds for the uncertainty-aware trajectory plan-
ning scheme in Sec. B.5. The proposed scheme is empirically validated in Sec. B.6
by means of data obtained from a ray-tracing simulator. Finally, Sec. B.7 draws
connections with related work and Sec. B.8 concludes the paper.

Notation:|X | denotes the cardinality of set X . The function ⌊x⌋ denotes the
largest integer less than or equal to x. Bold uppercase letters denote matrices

1The conference version of this work [20] presents the idea of the online Bayesian algorithm
for model-based uncertainty mapping and spectrum surveying with a UAV. Relative to [20], the
present paper additionally proposes a data-driven uncertainty mapping scheme using a DNN, a
new trade-off scheme for trajectory planning, and extensive empirical validation and comparison
with existing benchmarks through a realistic dataset.
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or tensors, bold lowercase letters represent column vectors, and non-bold lowercase
letters denote scalars. [x]i is the i-th entry of vector x, vec(X) denotes vectorization
of matrix X, [X]i,j is the (i, j)-th entry of matrix X, and [Y ]i,j,k is the (i, j, k)-th
entry of tensor Y . The Hadamard product is represented by ⊙ and ∥X∥F refers to
the Frobenius norm of X.

B.2 Spectrum Surveying

This section formulates the problem and outlines the proposed approach.

B.2.1 Problem Formulation

Let X ⊂ Rm be the geographical area of interest, where m is typically 2 or 3,
and consider S transmitters, which may correspond to cellular base stations that
operate at the same time. A power map is a function r(x) which provides the
value of the received power, also known as signal strength, at every x ∈ X . A UAV
equipped with a communication module capable of measuring the received power and
a positioning system such as GPS adaptively chooses future measurement locations
based on previous measurements. The power measurements and their locations
are respectively denoted as {r̃τ}tτ=0 and {xτ}tτ=0, where r̃τ = r(xτ ) + zτ and zτ
represents measurement noise. For convenience, the measurements up to t + 1 will
be arranged as r̃t := [r̃0, . . . , r̃t] ∈ Rt+1 and Xt := [x0, . . . ,xt] ∈ Rm×(t+1). The goal
is to determine Xt in order to infer an accurate radio map as quickly as possible
using the measurements collected at these locations.

B.2.2 Proposed Approach

To judiciously select the future most informative locations, one needs to solve two
sub-problems: P1) Given {(xτ , r̃τ ), τ = 0, ..., t}, the task is to find an estimate r̂ of r
and a metric that represents the uncertainty associated with each location. Function
r is typically referred to as the true radio map, whereas r̂ is the map estimate. An
algorithm that produces r̂ is termed a map estimator. P2) Using the uncertainty
metric from P1, the second problem involves planning a trajectory for measurement
collection to attain the desired estimation accuracy as fast as possible. Fig. B.2
showcases the proposed spectrum surveying pipeline, where each module solves one
of these problems. Secs. B.3 and B.4 discuss two algorithms to address P1, whereas
Sec. B.5 is concerned with P2.

B.3 Model-Based Uncertainty Mapping

This section builds upon a widely-used probabilistic shadowing model to develop an
online Bayesian algorithm for power map estimation and uncertainty mapping with
constant complexity per measurement. Although this online algorithm is the main
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Figure B.2: An illustration of the proposed approach.

contribution of this section, the batch version of the problem is also reviewed to facil-
itate the exposition of the online algorithm and for comparison purposes. A Bayesian
approach is adopted to obtain a posterior distribution of the map given the measure-
ments, which naturally captures uncertainty. Additionally, the Bayesian perspective
lends itself to updates of such a posterior distribution in an online fashion, as re-
quired for real-time operations, where the map estimate and uncertainty need to be
refined as more measurements are collected. To find a suitable uncertainty metric,
the idea is to obtain the posterior distribution of r given the measurements. While
the mean of such a distribution provides the minimum mean square error (MMSE)
estimate of r, its variance can be used as uncertainty metric. This contrasts with
most algorithms in the literature, which just provide estimates of r without any
associated uncertainty metric; see e.g., [15, 23–25,32–34].

B.3.1 Radio Map Model

To simplify the notation, consider a single transmitter with transmit power PTx.
Then, the power received at x ∈ X in logarithmic units is given by

r(x) = PTx + l̄(x)− s̄(x) + w(x), (B.1)

where l̄(x) quantifies free-space path loss and antenna gain, s̄(x) is the loss due
to shadowing, and w(x) is a gain due to small-scale fading and unmodeled effects.
The log-normal shadowing component s̄(x) ∼ N (µs̄, σ

2
s) follows the Gudmundson

correlation model [53], which prescribes that Cov(s̄(x), s̄(x′)) = σ2
s2

−∥x−x′∥/δs , where
σ2
s is a constant and δs is the distance at which the correlation decays to 1/2.

Furthermore, following [23], w(x) is modeled as N (0, σ2
w) and assumed independent

of w(x′) and s̄(x′′) ∀x′, x′′ ∈ X with x ̸= x′. For brevity, rewrite (B.1) as

r(x) = l(x)− s(x) + w(x), (B.2)

where l(x) := PTx + l̄(x)− µs̄ and s(x) := s̄(x)− µs̄. Here l(x) is assumed to be a
known deterministic component since i) PTx and the source location can be assumed
known as base stations in contemporary cellular networks share this information with
the users and ii) µs̄ can be estimted readily from a set of measurements.





To avoid unbounded complexity for finding estimates ∀x ∈ X [54, Sec. 6.4], the
map and uncertainty metrics will be evaluated at a finite set of arbitrary grid points
G := {xG

0 , . . . ,x
G
G−1} ⊂ X . Thus, using (B.2), one can write

rG := [r(xG
0 ), . . . , r(x

G
G−1)]

⊤ = lG − sG +wG, (B.3)

where lG := [l(xG
0 ), . . . , l(x

G
G−1)]

⊤, sG := [s(xG
0 ), . . . , s(x

G
G−1)]

⊤,
and wG := [w(xG

0 ), . . . , w(x
G
G−1)]

⊤.
The UAV collects a power measurement r̃τ = r(xτ ) + zτ when it is at position

xτ ∈ X , τ = 0, 1, . . ., where zτ ∼ N (0, σ2
z) models the measurement error and is

assumed independent across τ and independent of w(x) and s(x′) ∀x, x′ ∈ X . For
notational purposes, let

r̃t = lt − st +wt + zt, (B.4)

where lt := [l(x0), . . . , l(xt)]
⊤, st := [s(x0), . . . , s(xt)]

⊤, wt := [w(x0), . . . , w(xt)]
⊤,

and zt := [z0, . . . , zt]
⊤.

B.3.2 Batch Bayesian Estimation for Uncertainty Mapping

To facilitate understanding, the batch version of the problem is described before
presenting the proposed online algorithm. The batch problem, commonly referred
to as kriging [55], is to obtain the posterior distribution p(rG|r̃t,Xt) given r̃t and
Xt. Applying a well-known result in estimation theory [52, Ch. 10], the mean of
such a posterior distribution provides the MMSE estimate of r(x) at the grid points.
On the other hand, the covariance of this posterior captures the uncertainty about
the true rG after observing r̃t and Xt.

It is straightforward to establish that rG is conditionally independent of r̃t given
sG using the model represented by (B.3) and (B.4). As a result, it follows that

p(rG|r̃t) =

∫
p(rG, sG|r̃t)ds

G

=

∫
p(rG|sG)p(sG|r̃t)ds

G, (B.5)

where Xt has been omitted for brevity. From (B.3) and the fact that lG is de-
terministic, it clearly follows that the first factor in the integrand is p(rG|sG) =

N (rG|lG − sG, σ2
wIG). To obtain the second factor p(sG|r̃t), observe that sG and r̃t

are jointly Gaussian. In particular, one can obtain the parameters of their joint dis-
tribution p(sG, r̃t) as follows. Firstly, the mean vectors are E[sG] = 0 and E[r̃t] = lt.
Next, to compute the covariance, let Cov[sG] := CsG and write

Cov[sG, r̃t] = E[sG(r̃t − lt)
⊤]

= E[sG(−st +wt + zt)
⊤]

= −E[sGs⊤t ] := −CsG ,st (B.6)





as well as

Cov[r̃t] = E[(r̃t − lt)(r̃t − lt)
⊤]

= E[(−st +wt + zt)(−st +wt + zt)
⊤]

= Cov[st] + σ2
wIt+1 + σ2

zIt+1

:= Cst + σ2
w,zIt+1, (B.7)

where σ2
w,z = σ2

w+σ2
z . Here, the matrices CsG , CsG ,st and Cst can be obtained from

the covariance function introduced in Sec. B.3.1. Applying [52, Th. 10.2] to this
joint distribution, it follows that p(sG|r̃t) = N (sG|µsG |r̃t

,CsG |r̃t
), with

µsG |r̃t
= Cov[sG, r̃t]Cov

−1[r̃t](r̃t − E[r̃t])

= −CsG ,st(Cst + σ2
w,zIt+1)

−1(r̃t − lt) (B.8)

CsG |r̃t
= Cov[sG]− Cov[sG, r̃t]Cov

−1[r̃t] Cov[r̃t, s
G]

= CsG −CsG ,st(Cst + σ2
w,zIt+1)

−1Cst,sG , (B.9)

where Cst,sG := C⊤
sG ,st

. Finally, applying [54, eq. (2.115)] to obtain the conditional
marginal in (B.5) yields p(rG|r̃t) = N (rG|µrG |r̃t

,CrG |r̃t
) with µrG |r̃t

:= lt − µsG |r̃t

and CrG |r̃t
:= σ2

wIG +CsG |r̃t
, thereby solving the batch problem. The map estimate

is, therefore, r̂G = µrG |r̃t
and CrG |r̃t

captures the uncertainty in this estimate.

B.3.3 Online Bayesian Estimation for Uncertainty Mapping

Although the solution described in Sec. B.3.2 could in principle be utilized to de-
termine the trajectory of the UAV, it suffers from a limitation: since (B.9) involves
inverting a (t+1)× (t+1) matrix, the complexity per uncertainty computation will
grow as more measurements become available, eventually becoming unaffordable.
Thus, it is more convenient to adopt an online approach where each new measure-
ment is utilized to refine the previous posterior. Specifically, consider the problem
of finding p(rG|r̃t,Xt) given the previous posterior p(rG|r̃t−1,Xt−1) and the most
recent measurement (r̃t,xt) with a computational complexity that does not grow
with t.

To address this problem, it is convenient to decompose p(rG|r̃t) into the previous
posterior p(rG|r̃t−1) and a term that depends on the current measurement but not
on the previous ones. However, it can be easily seen that such a factorization is
not possible due to the posterior correlation among measurements. To bypass this
difficulty, the central idea in the proposed online learning scheme is to use G to
summarize the information of all past measurements. Mathematically, this can be
formulated as the assumption that r̃t and r̃t−1 are conditionally independent given
rG. That is, when rG is known, the past measurements r̃t−1 do not provide extra
information about r̃t. The error that this approximation introduces, which can
be reduced by adopting a denser grid, pays off since it enables online estimation.
Besides, Sec. B.6 demonstrates that this error is negligible.





From this assumption and Bayes’ rule, it follows that

p(rG|r̃t) = p(rG|r̃t, r̃t−1) ∝ p(r̃t, r̃t−1|rG)p(rG)

= p(r̃t|rG)p(r̃t−1|rG)p(rG) = p(r̃t−1, r
G)p(r̃t|rG)

= p(rG|r̃t−1)p(r̃t−1)p(r̃t|rG) ∝ p(rG|r̃t−1)p(r̃t|rG), (B.10)

where ∝ denotes equality up to a scaling constant. In this context, a constant is
understood as a positive term that does not depend on rG. The term p(rG|r̃t−1) =

N (rG|µrG |r̃t−1
,CrG |r̃t−1

) is obtained from the previous iteration. To find p(r̃t|rG),
note that r̃t and rG are jointly Gaussian. It follows from [52, Th. 10.2] that p(r̃t|rG)

is Gaussian distributed with parameters

E[r̃t|rG] = E[r̃t] + Cov[r̃t, r
G]Cov−1[rG](rG − E[rG])

= l(xt) + E[(−s(xt) + w(xt) + zt)(−sG +wG)⊤]

× E−1[(−sG +wG)(−sG +wG)⊤](rG − lG)

= a⊤
t r

G + bt (B.11)

Var[r̃t|rG] = Var[r̃t]− Cov[r̃t, r
G]Cov−1[rG] Cov[rG, r̃t]

= σ2
s + σ2

w,z − (Cs(xt),sG +Cw(xt),wG)(CsG + σ2
wIG)

−1

× (Cs(xt),sG +Cw(xt),wG)⊤ := λt, (B.12)

where the quantities at := (CsG + σ2
wIG)

−1(Cs(xt),sG +Cw(xt),wG)⊤ and bt := l(xt)−
(Cs(xt),sG + Cw(xt),wG)(CsG + σ2

wIG)
−1lG have been defined along with Cs(xt),sG :=

Cov[s(xt), s
G] and Cw(xt),wG := Cov[w(xt),w

G]. Clearly, the latter contains a single
non-zero entry if xt ∈ G and vanishes otherwise.

Finally, (B.10) and [54, eq. (2.116)] imply that p(rG|r̃t) = N (rG|µrG |r̃t
,CrG |r̃t

)

with

CrG |r̃t
= (C−1

rG |r̃t−1
+ (1/λt)ata

⊤
t )

−1

= CrG |r̃t−1
−

CrG |r̃t−1
ata

⊤
t CrG |r̃t−1

λt + a⊤
t CrG |r̃t−1

at

(B.13)

and

µrG |r̃t
= CrG |r̃t

[
r̃(xt)− bt

λt
at +C−1

rG |r̃t−1
µrG |r̃t−1

]
. (B.14)

The sought algorithm applies the update equations (B.13) and (B.14) every time a
new measurement is acquired, where the initializations are given by CrG |r̃−1

:= CsG+

σ2
wIG and µrG |r̃−1

:= lG. Unlike the batch estimator from Sec. B.3.2, Equation (B.14)
provides an estimator r̂G

t := µrG |r̃t
that changes with t, gradually accommodating

new measurement information as it is acquired. Observe that the computational
complexity is now constant per t, and therefore this algorithm constitutes a practical
estimator for spectrum surveying.





B.4 Data-Driven Uncertainty Mapping

The preceding section described techniques to estimate radio maps based on a shad-
owing model. Although the adopted formulation led to a practical online estimator,
the quality of the map estimate may be limited if the actual propagation conditions
do not adhere to this model. For this reason, this section adopts a data-driven
perspective where the propagation phenomena are implicitly learnt from a training
dataset of historical measurements collected in different environments. Specifically,
a deep learning approach is pursued here to jointly obtain a radio spectral map
estimate and uncertainty metric.

B.4.1 Input and Output Representation

The proposed estimator comprises a deep neural network that takes information
about the measurements at its input and returns a map estimate and an uncer-
tainty map at the output. This section describes how these inputs and outputs
are represented along the lines of [30, 32] to accommodate the variable number of
measurements. Recall from Sec. B.2 that the region of interest is X ⊂ Rm, where
m is typically 2 or 3. For simplicity, it will be assumed throughout Sec. B.4 that
m = 2; the extension to m = 3 will be briefly discussed in Remark 1. When
m = 2, the grid points can be set to form an Ny ×Nx rectangular grid. By doing
so, each grid point xG

g in the notation of the previous sections can be identified
with a row and a column in the rectangular grid. Thus, the grid can be written as
G = {xG

i,j, i = 0, 1, . . . , Ny − 1, j = 0, 1, . . . , Nx − 1}, where xG
g = xG

i,j if g = iNy + j.
In this way, one can arrange the true received power values at the grid points in
matrix R ∈ RNy×Nx , whose (i, j)-th entry is given by [R]i,j = r(xG

i,j).
Similarly, the measurements collected until a given time instant can be repre-

sented by a matrix of the same dimension Ny ×Nx by associating each measurement
location with the nearest grid point. In particular, let Ti,j := {τ : ∥xG

i,j − xτ∥2 ≤
∥xG

i′,j′ − xτ∥2, ∀i′, j′} be a set containing the indices of the measurement locations
assigned to xG

i,j. The targeted matrix representation involves associating with xG
i,j

the average r̃(t)i,j = (1/|Ti,j|)
∑

τ∈Ti,j∩{0,...,t} r̃τ if |Ti,j ∩ {0, . . . , t}| > 0 and r̃
(t)
i,j = 0

otherwise. The result of aggregating all measurements in r̃t can be expressed in
matrix form as R̃t ∈ RNy×Nx , where [R̃t]i,j = r̃

(t)
i,j . It is also convenient to introduce

the notation Ωt = {(i, j) : |Ti,j ∩ {0, . . . , t}| > 0} ⊂ {0, ..., Ny − 1} × {0, ..., Nx − 1}
to denote a set containing the indices of the grid points associated with at least one
measurement.

To accommodate general scenarios, define B ⊂ {0, ..., Ny − 1} × {0, ..., Nx − 1}
to be the set of indices of the grid points that lie inside buildings or no-fly zones.
Furthermore, to encode the information in Ωt and B, a mask Mt ∈ {1, 0,−1}Ny×Nx

is constructed [32], where [Mt]i,j = 1 if (i, j) ∈ Ωt, [Mt]i,j = −1 if (i, j) ∈ B, and
[Mt]i,j = 0 otherwise. This mask is concatenated to R̃t along the third dimension
to form Řt ∈ RNy×Nx×2 as the tensor input to the network.
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Figure B.3: Histogram of true maps from the Rosslyn dataset.

Regarding the output, functions fR : RNy×Nx×2 → RNy×Nx and fV : RNy×Nx×2 →
RNy×Nx will be used to denote the radio map estimate and uncertainty metric ob-
tained by the neural network, which are thus encoded as Ny ×Nx matrices. The
map estimate provided by the network given the measurements in r̃t is therefore
given by r̂G

t = fR(Řt). Thus, every time a new measurement is collected, it is
necessary to update Řt and evaluate the output of the network (forward pass).

B.4.2 Training Loss Design

The goal now is to design a suitable training loss to learn the functions fR and fV

introduced in Sec. B.4.1. Let {(Ř(d)
,R(d))}D−1

d=0 represent pairs of measurements and
true power maps collected in D environments, where Ř

(d) and R(d) are respectively
of the form of Řt and R described in Sec. B.4.1. Subscript t is omitted to simplify
the notation. Given these training pairs, one could think of adopting a negative
log-likelihood loss function to learn fR and fV as the posterior mean and posterior
standard deviation of r(x) whenever the distribution of r(x) evaluated at an arbi-
trary set of locations is jointly Gaussian [38]. Unfortunately, this is not generally
the case in practice. To see this, Fig. B.3, which depicts a histogram of r(x) for the
Rosslyn dataset [32] described in Sec. B.6, shows that the distribution is markedly
non-Gaussian. Thus, an alternative loss function is investigated next.

The idea is to rely on the well-known relation between the MMSE estimator and
the conventional mean square loss. This is explained in detail next when design-
ing the learning approach for fR with the purpose of laying the grounds for fV .
Specifically, recall that the MMSE estimator of R, i.e., the minimizer of the mean
square error (MSE) between a target R and its estimate, is the conditional mean,
that is [52, Ch. 10]

argmin
fR

E[∥R− fR(Ř)∥2F ] = E[R|Ř], (B.15)

where the right-hand side is seen as a function of Ř and, to simplify the exposition,
it is assumed that there are no buildings in the map. The case with buildings is
more involved since measurements cannot be collected indoors. For this reason, it is
assumed that r(x) is not defined inside buildings. The case with buildings is studied
later.





The left-hand side of (B.15) does not directly yield an estimator for two reasons.
On the one hand, the expectation in (B.15) is over random pairs (Ř,R), but their
distribution is not known. Thus, one can replace the expectation with a sample
average, which results in

argmin
fR

E[∥R− fR(Ř)∥2F ]

≈ argmin
fR

1

D

D−1∑
d=0

∥R(d) − fR(Ř
(d)
)∥2F . (B.16)

On the other hand, the optimization in the left-hand side of (B.15) is over an
arbitrary function fR. Unfortunately, solving such a problem is only tractable in
very specific circumstances. Instead, one generally needs to constrain the feasible
set of functions e.g., to those parameterized by a neural network. In this case, one
can optimize over the set {fR

θ : θ ∈ RP} and find

θ̂ = argmin
θ

1

D

D−1∑
d=0

∥R(d) − fR
θ (Ř

(d)
)∥2F . (B.17)

Clearly, if the set {fR
θ : θ ∈ RP} is sufficiently large and D is sufficiently high, then

fR
θ̂

will be close to the MMSE estimator, i.e., fR
θ̂
(Ř) ≈ E[R|Ř].

As an uncertainty metric, one can think of estimating the posterior variance,
along the lines of Sec. B.3. To this end, note that the matrix collecting the posterior
variances for all grid points is given by the conditional mean of the residual (R −
E[R|Ř])2, i.e., Var[R|Ř] = E

[
(R − E[R|Ř])2|Ř

]
, where (.)2 denotes entry-wise

square. The key is to generalize and apply (B.15) in the reverse direction as before,
which yields

Var[R|Ř] = E
[
(R− E[R|Ř])2|Ř

]
= arg min

(fV )2
E ∥(R− E[R|Ř])2 − (fV (Ř))2∥2F , (B.18)

where fV is chosen to denote posterior standard deviation rather than posterior
variance for reasons that will become clear later. If E[R(d)|Ř(d)

] were known, one
could adopt the approach in (B.17) to solve

θ̂ = argmin
θ

1

D

D−1∑
d=0

∥(R(d) − E[R(d)|Ř(d)
])2

− (fV
θ (Ř

(d)
))2∥2F . (B.19)

Nevertheless, E[R(d)|Ř(d)
] is unknown in practice. However, as argued earlier, it is

close to fR
θ̂

, where θ̂ is given by (B.17). Thus, it makes sense to replace E[R(d)|Ř(d)
]

in (B.19) with fR
θ (Ř

(d)
) and add the objective in (B.17) as an additional term that

promotes that fR
θ is close to E[R(d)|Ř(d)

].





This gives rise to

θ̂ =argmin
θ

{
(1− α)

1

D

D−1∑
d=0

∥R(d) − fR
θ (Ř

(d)
)∥2F

+ α
1

D

D−1∑
d=0

∥(R(d) − fR
θ (Ř

(d)
))2 − (fV

θ (Ř
(d)
))2∥2F

}
, (B.20)

where α ∈ [0, 1] can be adjusted to balance the trade-off between learning fR
θ and fV

θ .
Observe that the second term in (B.20) involves squares of squares of its arguments.
This may render its scale very different from the one of the first term, which may
produce numerical problems and hinder the selection of α. To alleviate such issues,
fV
θ is trained to learn the absolute residual |Rd−fR

θ (Ř
(d)
)| rather than the squared

residual (R(d) − fR
θ (Ř

(d)
))2, where | · | denotes entry-wise absolute value. This

suggests training the DNN by solving

θ̂ = argmin
θ

1

D

D−1∑
d=0

{
(1− α)∥∆R

d,θ∥2F + α∥∆V
d,θ∥2F

}
, (B.21)

where ∆R
d,θ = R(d) − fR

θ (Ř
(d)
), and ∆V

d,θ = |∆R
d,θ| − fV

θ (Ř
(d)
).

Several improvements of (B.21) are discussed next.Let us begin by noting that
a good map estimate must be close to the measurements at the corresponding mea-
surement locations, and that a reasonable uncertainty metric is expected to yield
low values near measurement locations. To promote this behavior, one may assign
a heavier weight to the residuals at the measurement locations. Let set Ω(d) con-
tain the indices of the measurement locations of the d-th training example and let
λ ∈ [0.5, 1] represent a scaling factor. In this case, one may consider solving

θ̂ = argmin
θ

1

D

D−1∑
d=0

{
(1− α)∥∆R

d,θ ⊙Kd∥2F

+ α∥∆V
d,θ ⊙Kd∥2F

}
, (B.22)

where Kd ∈ RNy×Nx has entries [Kd]i,j = λ if (i, j) ∈ Ω(d) and [Kd]i,j = 1 − λ

otherwise. If λ = 0.5, the minimizer of (B.22) boils down to the minimizer of
(B.21). Setting λ > 0.5 increases the focus on observed locations.

For scenarios with buildings and no-fly zones, let Bd represent the set of indices of
the grid points inside buildings in the d-th training example. Since no measurements
can be acquired indoors, i.e. Bd ∩ Ω(d) = ∅, it would make no sense to fit the DNN
to any value there. In other words, one can assign a zero weight to the residuals
inside buildings by setting [Kd]i,j = λ if (i, j) ∈ Ω(d), [Kd]i,j = 0 if (i, j) ∈ Bd, and
[Kd]i,j = 1− λ otherwise.

B.4.3 Network Architecture

The previous section assumed a generic family of functions {(fR
θ , f

V
θ ),θ ∈ RP}.

The form of these functions is next specified by developing a network architecture
suitable for uncertainty-aware radio map estimation.





At the high level, the two outputs of the DNN will be implemented here using a
separate subnetwork with dedicated parameters. Specifically, let these subnetworks
be denoted by gRθR

and gVθV
, whose weights are collected respectively in θR and θV .

Subnetwork gRθR
takes Ř as its input and returns an estimate of R as its output.

The adopted architecture for this subnetwork is a convolutional autoencoder given
its well-documented merits in radio map estimation [32].

An autoencoder is a type of neural network gRθR
that can be expressed as [72,

Ch. 14]: gRθR
(Ř) = D̄θD̄

(ĒθĒ
(Ř)), where functions ĒθĒ

and D̄θD̄
are known

respectively as encoder and decoder and θĒ and θD̄ denote their associated weight
vectors. The output of the encoder ζ = ĒθĒ

(Ř) ∈ RNζ , which is known as the
code or vector of latent variables, is of a (possibly much) smaller dimension Nζ than
the dimension of Ř. Training the autoencoder forces the encoder to condense or
summarize the information of Ř into just Nζ variables. This is useful to exploit the
prior information that the input Ř lies on a low-dimensional manifold embedded in
a high dimensional space. This is the case of radio maps, as established in [32].

The reason for implementing an autoencoder using convolutional layers [73] is the
ability of the latter to efficiently learn and exploit spatial correlation, as reflected
in their so-called translational equivariance property. As detailed in [32], this is
highly beneficial in the case of radio map estimation, where the signal strength is
substantially correlated at nearby locations.

Having presented the implementation of fR
θ , the next step is to implement fV

θ .
To this end, it is useful to think of which information must be fed at the input
of gVθV

. On the one hand, the information that Ř conveys about the measurement
locations is intuitively relevant to determine the uncertainty metric since points that
lie far away from the measurement locations are expected to be assigned a greater
uncertainty. On the other hand, the map estimate obtained by gRθR

may also be
useful for uncertainty metric computation since it provides information about the
spatial variability of the map. For this reason, the subnetwork gVθV

makes use of
both gRθR

(Ř) and Ř, which leads to a cascaded architecture where fR
θ (Ř) = gRθR

(Ř)

and fV
θ (Ř) = gVθV

(gRθR
(Ř), Ř).

Fig. B.4 depicts the high-level architecture of the proposed deep convolutional
neural network, which will be termed deep radio map and uncertainty estimator
(DRUE) hereafter. Subnetwork gVθV

is also implemented as a convolutional autoen-
coder since it is empirically observed that this yields a satisfactory performance; see
Sec. B.6.

Implementation details of DRUE are shown in Fig. B.5. The encoder comprises
mostly 2D convolutional and max pooling layers whereas the decoder comprises
2D convolutional transpose layers, also known as a deconvolutional layers, and up-
sampling layers. Leaky rectified linear units (Leaky ReLUs) [74] are utilized as
activations in all convolutional and deconvolutional layers except in the output layer
of gVθV

, which utilizes an exponential [75] activation to guarantee the non-negativity
of the uncertainty. Each convolutional and deconvolutional layer has a kernel size
of 4 × 4, a stride of 1, and same padding. Max pooling layers have a pool size of 2
and a stride of 2, whereas upsampling layers have an upsampling factor of 2.
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Figure B.4: A high level architecture of a deep radio map and uncertainty estimator
(DRUE).
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Figure B.5: A detailed view of DRUE based on an autoencoder architecture. DRUE
has two subnetworks gRθR

and gVθV
, where each subnetwork is a fully convolutional

autoencoder with an identical structure.

Remark 1: The proposed algorithm has been described for 2D radio maps
(m = 2), but it can be readily extended to 3D maps (m = 3) by accommodat-
ing the following changes. The area must be discretized into an Ny ×Nx × Nz

3D regular grid. Thus, one can arrange the true received power values at the
grid points in tensor R ∈ RNy×Nx×Nz , where [R]i,j,k = r(xG

i,j,k) and r(xG
i,j,k) is

the true power received value at the (i, j, k)-th grid point. Let r̃(t)i,j,k be the ag-





gregated measurement associated with the (i, j, k)-th grid point. Then a measure-
ment tensor can be formed as R̃t ∈ RNy×Nx×Nz , where [R̃t]i,j,k = r̃

(t)
i,j,k. Similarly,

Ωt ⊂ {0, ..., Ny − 1} × {0, ..., Nx − 1} × {0, . . . , Nz − 1} and B ⊂ {0, ..., Ny − 1} ×
{0, ..., Nx − 1}× {0, . . . , Nz − 1}, and a tensor mask Mt ∈ {1, 0,−1}Ny×Nx×Nz must
be constructed, where [Mt]i,j,k = 1 if (i, j, k) ∈ Ωt, [Mt]i,j,k = −1 if (i, j, k) ∈ B,
and [Mt]i,j,k = 0 otherwise. This mask must be concatenated to R̃t along the
third dimension to form Řt ∈ RNy×Nx×(Nz+Nz) as the tensor input to the net-
work. Regarding the output, functions fR : RNy×Nx×(Nz+Nz) → RNy×Nx×Nz and
fV : RNy×Nx×(Nz+Nz) → RNy×Nx×Nz can be used to denote the radio map estimate
and uncertainty metric obtained by the neural network, which are thus encoded as
Ny ×Nx ×Nz tensors. Furthermore, the 2D convolutional (transpose) layers of the
DNN must be replaced with 3D convolutional (transpose) layers.

B.5 Uncertainty-Aware Trajectory Planning

The uncertainty metrics provided by the estimators in Secs. B.3 and B.4 are used
in this section to develop a path planning scheme for measurement collection with
a UAV.

The uncertainty in the target map at grid point xG
g after observing r̃t will be

denoted by ug(r̃t) ∈ R+. In the case of the Bayesian estimators from Sec. B.3, ug(r̃t)

will be given by

ug(r̃t) =
[
CrG |r̃t

]
g,g

(B.23)

if there is a single transmitter. When there are multiple transmitters, the values of
the right-hand side of (B.23) for all transmitters can be averaged to obtain a single
value of ug(r̃t) per g. For the estimator in Sec. B.4, ug(r̃t) is given by

ug(r̃t) =
[
vec(fV

θ (Řt))
]
g
, (B.24)

where Řt is obtained from r̃t as described in Sec. B.4.1. In this case, the estimator
directly provides the aggregate uncertainty for all transmitters and, therefore, no
averaging is required.

Finally, as a performance metric, it is convenient to define the total uncertainty
of the map after observing r̃t as the spatial average of the point-wise uncertainty
values. Since the uncertainty metric is only meaningful outside buildings or no-fly
zones (cf. Sec. B.4.2), this average becomes

u(r̃t) :=
1

|B̄|
∑
g∈B̄

ug(r̃t), (B.25)

where B̄ is the complement of the set B that contains the indices of the grid points
inside buildings or no-fly zones; see Sec. B.4.1.





B.5.1 Trajectory Planning

Ideally, one would wish to plan a trajectory for measurement collection such that the
error in the map estimate decreases as quickly as possible. However, knowing the
error requires knowing the true map, which is not possible in practice. Instead, one
may use the uncertainty metric to approximate the optimal trajectory. The intuition
is that its value is large for those candidate locations where a measurement would be
highly informative. Collecting measurements at those locations is therefore expected
to greatly reduce the error. This means that the trajectory of the UAV must pass
through those locations where the uncertainty is high.

Finding such a trajectory is however challenged by the fact that the uncertainty
metric changes as new measurements are collected and these changes cannot be
generally predicted. Thus, the trajectory of the UAV should be computed on-the-fly
as measurements are acquired. However, updating the trajectory with the reception
of every new measurement may be too costly and may lead to erratic behavior. A
more sensible alternative is to adopt a receding horizon approach that updates the
trajectory every tupd measurements. If tupd is sufficiently small, it makes sense to
assume that ug(r̃t) remains approximately constant between consecutive updates
at all grid points except where a measurement is collected, say at xG

g0
, in which

case ug0(r̃t) becomes 0. This is because the uncertainty at a measured location is
expected to be 0. From (B.25), measuring at location xτ = xG

g yields

u(r̃t+tupd) ≈ u(r̃t+tupd−1)−
ug(r̃t+tupd−1)

G
≈ . . .

≈ u(r̃t)−
t+tupd−1∑

τ=t

ug(r̃τ )

G
. (B.26)

Under this approximation, those trajectories for which u(r̃t) decreases quickly
are those where measurements are collected at locations xG

g with high ug(r̃t), which
agrees with the intuition presented at the beginning of this section. If tupd were so
large that it were possible to collect a measurement at all grid locations, then one
could think of formulating this problem as a discounted reward travelling salesman
problem [56]. However, this kind of problems is known to be NP-hard; see e.g. [56,57]
and references therein. Thus, one could think of applying for example the heuristic
in [56]. Nonetheless, such a task involves high complexity, which would not be
motivated given the approximation error entailed by adopting such a large tupd;
recall that the approximation in (B.26) applies only for small tupd. This would also
mean that the entire trajectory would be planned using the initial uncertainty metric
values and therefore it would not be adaptive. Besides, its complexity would render
this approach inappropriate for real-time UAV operations with limited energy and
computational power.

Thus, it is preferable to adopt an alternative approach which alternatingly up-
dates the uncertainty metric and plans a short trajectory through areas of high
uncertainty. To plan this trajectory, the idea here will be to set a destination as
the grid point with the highest local uncertainty and then plan a route to that des-





tination through points with large uncertainty. Assume without loss of generality
that the destination and trajectory are computed at t = tI. Thus, the destination is
given by xF := xG

g∗ , where

g∗ := argmax
g∈B̄

ug(r̃tI). (B.27)

To design the route from the current location to xF, it is necessary to define
a cost function that promotes trajectories through high uncertainty locations. Let
ct(x) represent the cost associated with location x after observing r̃t and defined
in such a way that the higher the uncertainty value, the lower the cost at that
location. Since the uncertainty values provided by the estimators in Secs. B.3 and
B.4 are associated only with grid points, it is natural to set the cost of a location
based on the uncertainty of the nearest grid point. In particular, the cost ct(x)
will be set to be ct(x) = ϕ(ug(r̃t)), where g = argming∈B̄ ∥x − xG

g ∥2 and ϕ(.) is a
non-negative decreasing function. With this definition, one could in principle set
the cost of a trajectory X = [xtI , . . . ,xtF ] to be

∑tF
τ=tI

ct(xτ ), which would assign a
high cost to those trajectories through low uncertainty areas, as desired. However,
this would not account for the distance between measurement points. Thus, it is
more appropriate to let this cost be

C(X) =

tF∑
τ=tI+1

∫ xτ

xτ−1

ct(x)dx. (B.28)

Although this cost may be convenient for finding trajectories through regions
of high uncertainty, it may well happen that the trajectory becomes too wiggly
and, possibly, too long. This means that the values of the uncertainty metric used
when planning the trajectory may become obsolete, i.e., the approximation error of
(B.26) may become too large, which would lead to highly suboptimal trajectories.
For this reason, it may be sensible to account also for the time it takes to reach
the destination. To this end, let T (X) be the time that the UAV needs to follow a
trajectory X. A reasonable simplification is that the UAV moves at constant speed
v and, therefore,

T (X) =
1

v

tF∑
τ=tI+1

∥xτ − xτ−1∥2. (B.29)

Observe that if one minimized T (·) rather than C(·), the resulting trajectory would
be the shortest path between the current position and the destination xF. Thus,
there clearly exists a trade-off between minimizing T (·) and C(·). A “sweet-spot”
can be found by properly choosing X to minimize their weighted sum

minimize
X

(1− η)T (X) + ηC(X) (B.30)

s.t.: xtI = xI, xtF = xF, xt /∈ BX ,∀t,

where BX represents the set containing the building locations and no-fly zones, and
the smaller the value of η ∈ [0, 1], the shorter the completion time but also the





lower the total uncertainty of the trajectory. Since the UAV is flying with constant
velocity v, problem (B.30) reads as

minimize
X

tF∑
τ=tI+1

∫ xτ

xτ−1

(1
v
(1− η) + ηct(x)

)
dx (B.31)

s.t.: xtI = xI, xtF = xF, xt /∈ BX ,∀t.

To solve (B.31), it is convenient to discretize the set of candidate measurement
locations xτ , as customary in contemporary route planners [76,77]. Although more
general sets can be used, for simplicity, it is assumed from now on that the mea-
surement locations must lie on the grid G. In that case, if xτ and xτ−1 are adjacent
horizontally, vertically, or diagonally, then the integral term in (B.31) is given by∫ xτ

xτ−1

(1
v
(1− η) + ηct(x)

)
dx =

∥xτ − xτ−1∥2
(1
v
(1− η) +

η

2
(ct(xτ ) + ct(xτ−1))

)
(B.32)

since, by definition, ct(·) is a piecewise constant function.
With this simplification, problem (B.31) becomes a shortest path problem and,

therefore, can be solved with classical algorithms such as the well-known Bellman-
Ford algorithm [58]. The transition costs are given by (B.32). To sum up, the UAV
iteratively sets a destination using (B.27) and plans a trajectory using (B.31). Ob-
serve that it is possible that the number of measurements of the resulting trajectory
is greater than tupd since the opposite is not enforced by (B.31). In that case, the
UAV may just follow the first tupd points indicated by the trajectory and replan
afterwards. This would ensure that the uncertainty values do not become obsolete.

Finally, depending on the adopted estimator, it is possible that the uncertainty
metric may significantly change between updates. Since the trajectory will depend
on the uncertainty metric, it may be convenient to smooth ug(r̃t) to avoid sudden
changes in the trajectory. To this end, one can perform a running average as follows:

ūg(r̃t) = ug(r̃t)β + ūg(r̃t−1)(1− β), (B.33)

where β ∈ (0, 1] is a smoothing factor. Clearly, the lower β, the more dependent on
historical uncertainty is ūg(r̃t).

The time complexity for the Bellman-Ford algorithm is O(V E) [78], where V
represents the total number of vertices given by V = NyNx and E represents the
total number of edges, given by E = (Ny − 1)Nx + (Nx − 1)Ny + 2(Ny − 1)(Nx − 1)

if vertical, horizontal, and diagonal connections between grid points are taken into
account. Thus, the complexity of the proposed algorithm to find the trajectory of
the UAV is O((NyNx)

2).

B.6 Experiments

This section presents numerical results to evaluate the performance of the proposed
algorithms.





Spectrum surveying is carried out with a UAV that flies at a constant height
of 15 m with velocity v = 5 m/s to construct 2D power maps (m = 2). The
region of interest is discretized into an Ny ×Nx = 32 × 32 rectangular grid with
grid point spacing of 3 m in both dimensions. Two datasets are considered. In the
Gudmundson dataset, the receive power is generated using the model in Sec. B.3.1
using two transmitters with power PTx = 10 dBm and height 20 m placed uniformly
at random in X . The path loss exponent is 2, the carrier frequency is 2.4 GHz, and
antennas are isotropic. To focus on the effects of the shadowing, σ2

w and σ2
z are set

to 0. The shadowing component is generated with δs = 50 m, σ2
s = 10, and µs̄ = 0.

The other dataset, referred to as the Rosslyn dataset, is the one from [32], where
maps are generated using the 3D ray-tracing software Wireless Insite. The so-called
urban canyon model is used with 6 reflections and 2 diffractions. 42 large maps (40
for training and 2 for testing) are generated in a square region of 700 m side in the
downtown of Rosslyn, Virginia, each one with a transmitter operating at 2.4 GHz
and placed at a different location. To generate each training or testing map, an
Ny ×Nx patch is extracted from two of these large maps at the same position and
added. For both datasets, measurements off the grid are obtained via cubic spline
interpolation.

DRUE was implemented in TensorFlow with a latent dimension of 4 × 4 =

16. The Adam optimization algorithm [79] is used for training the network with a
constant learning rate of 10−5 and a batch size of 64. Initially, DRUE is trained with
α = 0.5, then with α = 0 (i.e., only layers of gRθR

are trainable), and finally with
α = 1 (i.e., only layers of gVθV

are trainable). Furthermore, for each training map,
the number of measurements is drawn uniformly at random between 1 and 100 with
measurement locations drawn uniformly at random over the grid.

To evaluate the performance of the considered schemes, two metrics are utilized.
One is the root mean square error (RMSE)

RMSEt =

√
E{∥DB̄(rG − r̂G

t )∥22}
Tr(DB̄)

(B.34)

where DB̄ is a diagonal matrix with ones and zeros that sets to 0 all entries of
rG − r̂G

t corresponding to grid points inside buildings or no-fly zones and r̂G
t is given

in Secs. B.3.3 and B.4.1. The expectation averages across maps and measurement
locations. The other metric is the total uncertainty defined in (B.25).

B.6.1 Radio Map Reconstruction

This section corroborates the ability of the proposed schemes to estimate radio
maps. To focus on estimation aspects, no route planning is considered in this sec-
tion. Instead, measurement locations are chosen uniformly at random throughout
the area. The proposed online Bayesian and data-driven DRUE algorithms are
compared here with two competitors, namely the multikernel algorithm in [28] and
K-nearest neighbors (KNN) [59]. The multikernel algorithm is implemented with
regularization parameter 10−7 and 15 Gaussian kernels with bandwidth parameter
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Figure B.6: Comparison of the proposed estimators with the existing state-of-the-
art competitors for Gudmundson maps. The batch kriging and the proposed online
Bayesian estimators know the mean power of the channels while the others do not
(δs = 50 m, σ2

s = 10, and µs̄ = 0).
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Figure B.7: Comparison of the proposed estimators with the existing state-of-the-
art for the maps generated from the Rosslyn dataset. No estimator knows the mean
power of the channels.

uniformly spaced between 1 and 200 m. The KNN algorithm is implemented with
K = 5 nearest neighbors.

Fig. B.6 shows the RMSEt vs. the number of measurements t for the Gudmund-
son dataset. Batch kriging and the online Bayesian estimator know the mean power
at each location. Recall from Sec. B.3 that the kriging algorithm provides MMSE es-
timates and, therefore, the minimum RMSE, which agrees with Fig. B.6. The online
Bayesian algorithm approximates the estimates of the batch kriging algorithm by
introducing the assumption that r̃t and r̃t−1 are conditionally independent given rG;
cf. Sec. B.3.3. Thus, in principle, the online algorithm should perform worse than
the batch version. The fact that this is not the case shows that the error introduced
by the aforementioned assumption is negligible and therefore empirically supports
the usage of the online algorithm. The performance of DRUE is slightly worse, as
expected due to the fact that it does not know the mean. Yet, it outperforms the
benchmarks.

Fig. B.7 depicts the RMSE vs. the number of measurements for the Rosslyn
dataset. Two effects must be observed. First, since the locations and transmit power
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Figure B.8: Histogram of the normalized residual with the Rosslyn dataset, where
estimates of the power map and uncertainty metric are obtained by DRUE with
|Ω| = 30 locations drawn uniformly at random.

of the sources are unknown, the kriging and online Bayesian algorithms assume
that the map has a zero mean. As a result, they will not provide (approximate)
MMSE estimates. In fact, they are outperformed by DRUE by a wide margin.
Second, the propagation phenomena in this dataset is more complicated than with
Gudmundson maps. The fact that DRUE offers the best performance corroborates
its ability to learn from data. Finally, although the multikernel algorithm performs
similarly to the proposed online Bayesian estimator, observe that the former is not
an online algorithm and, therefore, its computational complexity becomes eventually
unaffordable if a sufficiently large number of measurements is collected.

B.6.2 Uncertainty Learning with DRUE

If the data distribution were Gaussian, one could assess how well the uncertainty
is learned by DRUE by evaluating the log-likelihood of test data [38]. However,
this is not applicable for the Rosslyn dataset as data there is not Gaussian; cf.
Sec. B.4.2. Therefore, an alternative approach is explored here. The idea is to plot a
histogram of the normalized residuals at locations with no associated measurements.
Specifically, the normalized residual r′g at an unobserved location xG

g is given by

r′g =
[rG]g − [r̂G

t ]g

[vec(fV
θ (Řt))]g

, (B.35)

where t is fixed and g /∈ B ∪ Ω. Recall that the network is trained so that the
denominator in (B.35) captures the magnitude of the error, which is given by the
numerator. The histogram plot of r′g is therefore expected to be centered near 1 if the
uncertainty metric is estimated well. This is seen to be the case in Fig. B.8, which
shows the normalized histogram of r′g for the Rosslyn dataset, thereby confirming
that the uncertainty is learned satisfactorily by DRUE.





B.6.3 Spectrum Surveying Experiments

This section illustrates the operation of the proposed spectrum surveying scheme
and compares its performance against four other algorithms.

The UAV is allowed to move on a horizontal plane in one out of 8 directions that
differ by 45 degrees: East, West, North, South, SouthEast, SouthWest, NorthEast,
NorthWest. To enable a fair comparison across route planners, the UAV collects
measurements every 7 m on its trajectory instead of at the waypoints. Throughout,
DRUE is used to estimate the uncertainty metric for the proposed minimum cost
planner. The reciprocal decreasing function ϕ(ūg(r̃t)) = 1/(ūg(r̃t) + ϵ) is used to
obtain the cost function, where ϵ is a small positive constant, and η is set to 0.75.

Fig. B.9 shows sample trajectories using the proposed uncertainty-aware mini-
mum cost planner with DRUE for the Gudmundson (Fig. B.9a) and Rosslyn (Fig. B.9b)
datasets. The first and second plots in each figure respectively correspond to the
true and estimated power maps. The third plot depicts the uncertainty metric after
measurements are collected at the locations indicated by red markers. The trajec-
tory indicated by white markers and the destination indicated by a magenta marker
are computed using this uncertainty metric. As expected, it is observed that the
resulting trajectory traverses points of high uncertainty.

Since this is the first work to address adaptive measurement collection for spec-
trum surveying, there are no competing algorithms in the literature. For this rea-
son, the rest of this section compares the proposed data-driven scheme against four
benchmarks. For each algorithm described next, it must be understood that the
trajectory is modified to avoid obstacles. Fig. B.10 shows RMSEt and the total
uncertainty (B.25) obtained via Monte Carlo simulation using the Rosslyn dataset,
which serves as a proxy for real-world propagation circumstances. To analyze the
benefits of exploiting uncertainty information, the first three benchmarks use DRUE
as an estimator but do not rely on the uncertainty metric that it provides. These
algorithms include: i) The grid planner from [31], which traverses the grid points
column by column; ii) the spiral grid planner, which starts in the top-left corner
and moves in a rectangular spiral fashion towards the center of the grid; and iii)
the independent uniform planner, which randomly selects a grid point and proceeds
towards it in a straight line. The faster decrease of the uncertainty and RMSEt

of the proposed algorithm, corroborates the benefit of using an uncertainty metric
for spectrum surveying, which is the premise of the present work. The fact that
the reduction in the uncertainty metric parallels the reduction in the error further
supports that the metric in Sec. B.4.2 constitutes a reasonable uncertainty metric.
Note that the grid planner performs worst in this experiment because, with the
small number of measurements considered, the UAV can only explore one side of
the map.

To further validate the uncertainty metric provided by DRUE, the fourth bench-
mark adopts the estimator in [38], here termed deep Gaussian posterior learning
(DGPL), which is based on a DNN and provides an uncertainty metric. To simul-
taneously assess the performance of the route planner in Sec. B.5, the route planner
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Figure B.9: Radio map estimates with the proposed route planner for a) the Gud-
mundson dataset (δs = 50 m, σ2

s = 10, and µs̄ = 0); and b) the Rosslyn dataset
using DRUE ( η = 0.75, β = 0.25, and ϕ(ūg(r̃t)) = 1/(ūg(r̃t) + ϵ)). White boxes in
(b) represent buildings.

used by this fourth benchmark, referred to as stagewise maximal uncertainty re-
duction (SMUR) planner, alternatingly selects the grid point with the maximum
uncertainty and proceeds towards there by computing the path that minimizes the
distance from the UAV position and avoids obstacles by means of a Bellman-Ford
algorithm. DGPL + SMUR performs better than the other three benchmarks
since it uses the uncertainty metric for planning the trajectory. However, it per-
forms worse than the proposed approach for two reasons: first, DGPL assumes that
the received power values are independent Gaussian distributed, which is not the
case in the Rosslyn dataset; see Fig. B.3. Second, unlike the proposed algorithm,
SMUR does not account for the uncertainty along the path. Finally, observe that
the proposed algorithm requires less than 50% of the measurements required by all
other benchmarks to reach an RMSE of approximately 5 dB.

B.6.4 Route Planner Parameters

This section discusses two experiments intended to determine the best configuration
for the proposed route planner. The first experiment explores the impact of the
selection of the non-negative decreasing function ϕ (see Sec. B.5.1) on the uncertainty
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Figure B.10: Comparison of the proposed data-driven route planner with other four
benchmarks for the Rosslyn dataset; η = 0.75, β = 0.25, tupd = 7, and ϕ(ūg(r̃t)) =

1/(ūg(r̃t) + ϵ).

reduction. The reciprocal function ϕ(ūg(r̃t)) = 1/(ūg(r̃t) + ϵ) and the exponential
function ϕ(ūg(r̃t)) = exp(−ūg(r̃t)) are compared with the shortest path planner,
which results from setting ϕ(ūg(r̃t)) = 1. From Fig. B.11, the steepest uncertainty
and RMSE reduction are obtained with the reciprocal function.

Fig. B.12 investigates the trade-off between minimizing distance and maximizing
uncertainty collection, as controlled by η; cf. Sec. B.5.1. When η = 0, the UAV
follows the shortest path disregarding uncertainty. From Fig. B.12, this yields the
worst performance. In contrast, when η = 1, the focus is on traversing areas with
high uncertainty. This does not result in the fastest uncertainty reduction either.
The “sweet spot” is attained for an intermediate η, namely η = 0.75.

B.7 Related Works

This section describes the connections between the present paper and the closely
related works.

In [38], the received power at every location is modeled as an independent Gaus-
sian random variable and a DNN is used to learn its parameters. The variance
estimate that it provides could be used as an uncertainty metric. In contrast,
DRUE provides an uncertainty metric applicable even when the data is not Gaus-
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Figure B.11: Comparison of two different cost functions: exponential and reciprocal,
with the shortest path cost function for the Rosslyn dataset using the proposed route
planner, and DRUE; η = 1, tupd = 7, and β = 0.25.
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Figure B.12: Uncertainty decrements in the map from the Rosslyn dataset for dif-
ferent values of η with ϕ(ūg(r̃t)) = 1/(ūg(r̃t) + ϵ) using DRUE. The selection of η
trade-off between C(X) and T (X) for trajectory planning; tupd = 7, and β = 0.25.

sian; cf. Fig. B.3. The work in [31] utilized moving sensors to collect measurements
on a path specified by a system designer to estimate a radio map. Thus, as opposed
to [31], the route planner proposed here is adaptive to measurements and radio map
estimates. The work in [7] constructs a radio map of the outage probability using
UAVs. However, the trajectory is not planned for sensing purposes. Instead, the
goal is to minimize the integral of the outage probability. Furthermore, a fixed desti-
nation is necessarily given rather than updated based on the measurements gathered





so far.
Related work in the mobile sensing literature includes [39–41], which addressed

the problem of deciding the path of a mobile robot to maximize information col-
lection about a spatial field while operating under a certain set of path constraints.
In [39], a spatial field is modeled as a Gaussian Process (GP) [42] and the mea-
surement locations are selected based on the estimates of the parameters rather
than directly on the measurements. The uncertainty metric proposed in [40] is a
sum of a function of measurement values and a function of measurement locations.
This is not general enough to accommodate the case where the reward is given
by the reduction of uncertainty in radio map estimation since the uncertainty is a
complicated function of both measurement values and measurement locations. The
work in [41] selects sampling locations based on whether a time-varying parame-
ter is less than some random number, rather than on the available measurements
and estimates. Thus, none of these schemes are directly applicable to the spectrum
surveying problem.

Multiple works addressed the problem of UAV trajectory planning for other
applications [43, 44]. For example, [44] focuses on improving coverage rather than
on radio map estimation. Besides, [44] requires retraining when the environment
changes and disregards obstructions.

B.8 Conclusions

This paper proposed a spectrum surveying scheme where autonomous UAVs collect
radio measurements to construct a power map. The task of spectrum surveying was
decomposed into two steps: uncertainty-aware radio map estimation and trajectory
planning. Two estimators were developed: the first is an online Bayesian algorithm
built upon the well-known Gudmundson shadowing model. This algorithm alleviates
the main limitations of its (already existing) batch counterpart, whose complexity
per estimation step grows unbounded. However, the performance of both of these
algorithms is degraded when propagation scenarios deviate significantly from the
adopted model. To bypass this limitation, a data-driven uncertainty mapping tech-
nique was proposed based on a tailor-made DNN architecture that provides map esti-
mates and the associated uncertainty. Both the online and DNN-based approaches
feature complementary benefits: the first offers simplicity and low computational
complexity, whereas the second provides better estimation performance but involves
an increased computational complexity and requires training data. Using the un-
certainty provided by these estimators, a route planning algorithm was devised to
determine trajectories that pass through the most informative locations. As future
work, one could use a variational autoencoder to learn the posterior distribution of
the radio map and correspondingly develop uncertainty metrics.
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