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Abstract

This paper investigates the consensus tracking problem for a class of uncertain high-order nonlinear systems with parametric
uncertainties and event-triggered communication. Under a directed communication condition, a totally distributed adaptive
backstepping based control scheme is presented. Specifically, a decentralized triggering condition is adopted in this paper such
that continuous monitoring of neighboring states, as required in some existing results, can be avoided. Besides, to handle the
non-differentiability problem of virtual controllers, which arises from the utilization of neighboring states collected only at the
triggering instants, the virtual controllers in each recursive step are firstly designed with continuous communication. Then,
the partial derivatives of these designed virtual controllers are adopted to construct distributed adaptive consensus controllers
for the event based communication case. It is shown that with the presented distributed adaptive consensus control scheme
and even-triggered communication mechanism, all the closed-loop signals are uniformly bounded and the output consensus
tracking errors will converge to a compact set. Besides, the tracking performance in the mean square sense can be improved
by appropriately adjusting design parameters.
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1 Introduction solve this issue, event-based consensus becomes a signif-
icant and hot research topic in recent years. A plenty of
representative works in this area have been reported; see
Dimarogonas, Frazzoli & Johansson (2012); Seyboth,
Dimarogonas & Johansson (2013); Xing, Wen, Guo, Liu
& Su (2017); Zhu, Jiang & Feng (2014) for instance.
Note that the aforementioned results are mainly
established for linear multi-agent systems. However,
physical systems are usually nonlinear with system un-
certainties in practice. As we know, adaptive control
has been proven as an effective approach to handle the
system uncertainties (Krstic, Kanellakopoulos & Koko-
tovic, 1995). Recently, several adaptive event-triggered
consensus control schemes have been proposed for first-
order nonlinear systems (Wang, Wen, Huang & Zhou,
2020; Zhan, Hu & Li, 2019) and second-order nonlinear

Distributed consensus control of multi-agent system-
s has received huge attention in resent years, due to its
wide potential applications in various fields such as mo-
bile robot networks, intelligent transportation manage-
ment, surveillance and monitoring. However, currently
available control algorithms are mostly developed based
on continuous communication among connected sub-
systems. Unavoidably, such communication mechanism
will consume considerable communication resources. To
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systems (Li, Yan, Yu & Qiu, 2020; Yang, Li, Yue & Yue,
2020). For uncertain high-order nonlinear multi-agent
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systems, various adaptive backstepping based consensus
control algorithms are developed based on continuous
communication. Interested readers may refer to Chen,
Wen, Liu & Liu (2015); Long, Wang, Huang, Zhou &
Liu (2019); Shen & Shi (2015); Wang, Wen & Huang
(2017) and the references therein. However, to the best
of our knowledge, the event-triggered results are still
limited. Under an undirected communication graph, a
fuzzy adaptive event-triggered leader-following consen-
sus control algorithm is presented in Li, Yang & Tong
(2018), where continuous monitoring of neighboring
states is required to implement the designed trigger-
ing condition. In Wang & Li (2020), an observer-based
event-triggered adaptive fuzzy control scheme is pro-
posed from the output feedback viewpoint. A triggering
condition is elaborately designed to update each sub-
system’ controller. However, the communication among
connected subsystems is still continuous.

Motivated by the above limitations, we shall in-
vestigate the distributed adaptive consensus tracking
problem for a class of uncertain high-order nonlinear
systems with directed communication topology and
event-triggered communication. For each subsystem, a
group of event triggering conditions to broadcast its s-
tate information are designed, which are only dependent
on its local state changing rate. Hence each subsystem
needs no longer monitor its neighbors’ states continu-
ously as required in some existing results. Then a totally
distributed consensus tracking control scheme based
on backstepping technique (Krstic, Kanellakopoulos &
Kokotovic, 1995) is proposed. The main challenge is
that the virtual controllers designed in each subsystem
will contain piecewise continuous state signal received
from its neighbors, since event based communication
mechanism is adopted. And the non-differentiable vir-
tual control signals make the recursive design steps
of backstepping difficult to proceed. To overcome this
obstacle, distributed adaptive backtepping based con-
sensus controllers are firstly designed with continuous
communication among the subsystems. For the event
based communication case, a constructive method is
adopted to design the distributed adaptive controller-
s, where the partial derivatives in previously designed
virtual controllers and the neighboring states collected
at the triggering instants are utilized. It is shown that
uniform boundedness of all the closed-loop signalscan
be ensured, while Zeno behavior is ruled out. Besides, it
is worth emphasizing that the consensus tracking per-
formance in the mean square sense can be improved by
properly adjusting the design parameters.

The rest of this paper is organized as follows. In
Section 2, the considered multi-agent system model,
communication topology condition and event-based
broadcast mechanism are introduced. Distributed adap-
tive consensus controllers for continuous and event-
triggered communication cases are designed in Section
3 and 4, respectively. The closed-loop system stability
is analyzed in Section 5 followed by simulation results
in Section 6. Finally, a conclusion is drawn in Section 7.

2 Problem formulation
2.1 System model

In this paper, we consider a group of nth-order non-
linear subsystems modeled as follows.

i:i,q:xi,q-&-l; q:1,2,...,n71
Fin = ui + i) + @i(z:)T6;
Yi = Ti1, i:1,2,...,N (1)
where z; = [z;1,%i2,..., 2,7 € R, y; € R and

u; € R are the state vector, output and input of the ith
subsystem, respectively. 6; € RPi is a vector of unknown
constants. ¢;(z;) € R and p;(z;) : R — RPi are column
vectors of known continuous nonlinear functions.

2.2 Communication condition among the N subsystems

Suppose that the communication among the N sub-
systems can be represented by a fixed directed graph
G £ (V,€) where V = {1,..., N} denotes the set of
indexes (or vertices) corresponding to each subsystem,
E C VxVisthe set of edges between two distinct subsys-
tems. An edge (i,7) € € indicates that subsystem j can
obtain information from subsystem ¢, but not necessari-
ly vice versa (Ren & Cao, 2010). In this case, subsystem
1 is called a in-neighbor of subsystem j and in turn sub-
system j is a out-neighbor of subsystem i. We denote the
set of neighbors for subsystem i as Nj;. Self edges (i,1%)
is not allowed in this paper, thus (i,7) ¢ £ and ¢ ¢ N.
The connectivity matrix A = [a;;] € RV*V is defined
such that a;; = 1if (j,4) € € and a;; = 01if (j,7) ¢ £.
Clearly, the diagonal elements a;; = 0. We introduce an
in-degree matrix A such that A = diag(A;) € RV*N
with A; = ) a;; being the ith row sum of A. Then,

JEN;
the Laplacian matrix of G is defined as £ = A — A.

2.8 Control objective

The desired trajectory for all subsystem outputs is
characterized by a bounded time varying function yo(¢).
We now use p; = 1 to indicate the case that yo(t) is ac-
cessible directly to subsystem i; otherwise, p; = 0.

The control objective in this paper is to determine
appropriate triggering condition and effective distribut-
ed adaptive controllers wu;(t) for each subsystem by u-
tilizing continuous local states (z;(t)) and the discrete-
time neighboring states (z;,4(t, ,.), if a;; = 1) such that
1) all closed-loop signals are uniformly bounded;
i1) all subsystem outputs can track the desired trajecto-
ry yo(t) as closely as possible.

To achieve the objective, the following assumptions
are imposed.



Assumption 1 The directed graph G is balanced and
weakly connected. The full knowledge of yo(t) is directly
N

accessible by at least one subsystem, i.e. Y p; > 0.
i=1

Assumption 2 The first nth-order derivatives yo(t)™
of yo(t) are bounded, piecewise continuous, and directly
known by subsystem i with p; = 1, that is, |yo(t)™)| < F;
where F; is an unknown positive constant.

The following lemmas are introduced, which will be
useful in our design and analysis of distributed adaptive
controllers.

Lemma 1 (Ren & Cao, 2010) Let B be a diagonal matriz
B = diag{p1,...,pun} and define Q = (L + B) + (L +
B)T. Based on Assumption 1, the matriz Q is symmetric
positive definite.

3 Preliminary design of distributed adaptive
controllers with continuous communications

In this section, a backstepping (Krstic et al., 1995)
based distributed adaptive consensus control scheme will
be presented. In each subsystem with u; = 0, we in-
troduce g;0(t) € R to estimate the unknown reference
function yo(¢). The following error variables are defined.

zi1=Yi — Yo — (1 — i)Yo (2)
=08; + (1 — pi)¥i0
Zi,q_l’iq—@iq 1, ¢g=2,...,n (3)

Zau +Mz( Yi yO) (4)

where d; = y; —yo is the tracking error for each subsystem

1. Yi,0 = Yo — Ys,0 is the estimation error for p; = 0.
The virtual control signals o; 4 for ¢ = 1,...,n and
the actual controller u; are designed as follows.
a1 =—C1%1 — keg + g0 + (1 — Mi)f/z‘,o (5)
Oa g—1
Qg = —CiqZiq— Zig—1 T —;
1,9 1,4 <1,q i,q—1 Zl 61‘2‘,]@ i,k+1

= 3%q 1 g1 (k)
+Za” $j7k+1 +M¢Z 8 (k—l) yO

j=1 k=1 3k k=1 9Y0
8@ ,q—1
+(1_,U/i)aA7_y107 q=2,...,n (6)
Ui = i — i — 0 (7)

where ¢; 1, ¢; 4 and k are positive design parameters, 6;
is the estimate of unknown system parameter 6;.

The parameter update laws §; o and 0; are designed

as
331'70 = " Yyio€i — YyioFyio (QLO - yi,O) (8)
0; =To,pizin — Lo, Ko, (éi - ‘9@‘,0) (9)

where vy,,, L'o;s Kyi0» K6, Yi,0 and 0; ¢ are positive con-
stants with suitable dimension.

The main results in this section can be formally stat-
ed in the following theorem.

Theorem 1 Consider a group of N uncertain subsys-
tems as modeled in (1) with a desired trajectory yo(t) un-
der Assumptions 1-2. By designing the distributed adap-
tive controllers as (7) with parameter update laws (8) and
(9), the following results can be guaranteed.

1) All closed-loop signals are uniformly bounded.

2) The tracking error signals 6 = [61,02,...,0n5]T will
converge to a compact set.

3) The upper bound of H(S(t)H[QO = T fOT 6(t)||%dt can

be decreased by choosing suitable design parameters.

Proof. Define a Lyapunov function candidate V; as V; =
N
Z é 7421 + k(l Hl)y220:| where 2%'70 = Yo — gi,O- Let 6 =

i=1
[61,...,0n]T. From (2), (5) and (8), the derivative of V}

is computed as
2
—Ci1%;1 + Zi,lzi,Q)

) k N
Vi §—§6TQ5+;(

N N
k :ul Ry ~2 k(l — Mi) ~
*Z > y10+27|yi,0|F1

Yyio

N

k 1- :ui)K‘yw 2

"’Z f(yo —¥i0)

=1
k 2
2 mln H5|| +Z Cz 1211 +Zz 1Z7.2
N

k(L — )Ry, -
=1

N N
where My = Y k) ’“)FZJrZ%(y *yzo)-

Yyz0Fy
i=1 Yi0 0
The Lyapunov function candldate V,, for the over-

n71
Z_:i

HMZ

all system is defined as V,, =

N o -

> %Hfl"gilﬁi. From (2)-(9) and (10), the derivative of
i=1

V,, can be computed as

Vi, < == Amin( |5||2+Z< Seiaaty — Zcz,qzlq>



N

Zk 17#1 Kyloﬂfo*i i2~i :

+ Mn
i=1 =1
k
< =5 Amin(Q)[6]* = o Vi, + M, (11)
where o = min{c;1,2¢;2,. .., 2¢; 5, L0 /\ma}:?;;) 2

N N E(1—pt;) Ky
M, = % k(l M)Fz + Zl ( 112/) B0 (1 — yi’0)2 +
1=

=1 ’Yylo Kyio

JZV: kg, [10:—0i 01
e
i=1

We now establish the results in Theorem 1 one by
one.

1) From (11), it yields V,, < —oV,, + M,,. By direct
integrations of this inequality, we have

M,

Vo (t) < Vi (0)e 7 + (1—e ") <Vo(0) +

aq\:;
S

which shows that V' is uniformly bounded. Thus the
error signals z; , for 1 < ¢ <n, 6; and g, ¢ are bounded.
From (2), ¢; is bounded. Since §; 0 = yo — ¥i,0 and yo is
bounded, thus ;¢ is bounded. From (2), (5) and (6),
x;,q and «; 4 are bounded. From (7), the boundedness of
u; is also ensured. Therefore all the closed-loop signals

are uniformly bounded.
2) From (2), the definitions of V4 and V,, we

have [|§]? < E [2 11—|—1 ’“y20] < €V, where

¢ = max{1, 71’107...,%]?0 +. With (12), it further fol-
lows that [|6(¢)(|? < & [V (0)e=7* 4+ Mn (1 — e=7)]. This
implies that the tracking errors in Euclidean norm will
converge to a compact set E,. = {4](|0]|*> < &(M,,+s)/o}
for t > (1/0)In(|V,(0)o — M,,|/s) with ¢ an arbitrarily
small positive constant.

3) From (11), we have V,, < —5X.(Q)|[6]2 + M,,.
Integrating both sides of this inequality yields that

2 e 2
ot :—/ o(t)||=dt
6Ol =7 [ ]

2

S k»\min(Q) |: T

2 [Va(0)
Smmm(@[ T +M”} (12)

From the definition of Vi, V,,, My, M, it follows that
the upper bound of the overall tracking errors in the
mean square sense can be decreased by decreasing kg, ,
Ky, and increasing k, ¢; g for g =1,...,n, Iy, 7y,0- O

4 Design of distributed adaptive controllers
with event-triggered communications

In this section, an event-based distributed adaptive
control scheme will be presented to achieve the control

objective. In addition to Assumptions 1 and 2, the fol-
lowing assumptions are also imposed.

Assumption 3 |;(x;)|| < Lia||l@il| + Lio, where
I - || denotes Euclidean norm, L; 1 and L; o are unknown
positive constants.

Assumption 4 The unknown parameter vector 0; €
RPi is within a compact convex set Co, with ||0;]] < Lo, .
The value of Ly, is only known by subsystem 1.

4.1 Design of event triggering condition

Notantlonst;07 qll,..wték,...witho = tg,o < tg’l <

toy <. <ty <tfhg <...<ook€ZF jEV,
q=1,...,n are adopted to denote the sequence of even-
t times for subsystem j to broadcast the information of
its gth state to subsystem i, if a;; = 1. ¢/ 4,0 1s the initial
time instant when agent j starts up. For each subsys-
tem ¢, the instantaneous information of the gth state for
its neigthring subsystems is updated only at the time
instants ¢, , for j € Nj. This indicates that for time

te [tfz . tq k +1) the neighbour’s gth states available for

subsystem ¢ are kept unchanged as z;4(t) = x;4(t] ,.),
jeN;.
The triggering condition is chosen as

tq j1 = inf{t > tq ko [25,q(t) — Zj4(8)| > m} (14)
where j € {0,V}, 7j,4(t) = xj,4(t] ;) and m] is a posi-
tive constant to be designed. It is noted from (14) that
the designed triggering condition for each subsystem is
dependent only on its local state changing rates. Hence,
continuous monitoring of neighbors’ states as required
in Dimarogonas et al. (2012),Zhu et al. (2014), You et al.

(2017), Li et al. (2018) and Yang et al. (2020) can be
avoided.

4.2 Design of distributed adaptive controllers

The following error variables are defined

Zi1=yi — wiyo — (1 — wi)¥io (15)
=06; + (1 — pi)¥i0
Zi,q:xi,q_@iq 1, ¢g=2,...,n (16)

—Zazg +Mz( Yi yO) (17)

where §; = y; — yo is the tracking error for each sub-
bystem i and ¥;0 = Yo — Yi,0 is the estimation error.
¥i.0 is the estimate of yo introduced in subsystem i with
w; = 0. Note that the estimator ¢; o in (8) cannot be
implemented for the case with event-based communica-
tions, as the error variable e; in (4) is unavailable. Defin-

ing that 2;4(t) = ;, q(tf] )7 €10,V te [tj kvt; fr1)-



y;(t) = Z51(0). . .
In this case, the virtual control inputs and the actual
control input are designed as

Xig = —Cin1Zi — ke + o + (1 — 113)Yi 0 (18)
K O
Qi q = —CiqZiq Zi,q—1 + Z 81’(171 Ti,k+1
k=1 9T
N 1 da 1. da
iq—1 _ ig—1 (k
NI R e =
j=1 k=1 I k=1 9Y0
Oaj g1 -
"‘(1_#1)%%,07 q:27"'7n (19)
Yi,0
w; = a5, — Vi — 07 0; (20)

where ¢; 1, k and ¢; 4 are positive design parameters. §; is
Oai,q—1
6$i,k ?

the estimate of unknown system parameter 6;.
Oaiq—1 Ociq—1
4 (k-1

0zj i dy,

adopted in previously designed «; 4 in (6).

and

davi,q— . .
glg{qo L are the partial derivatives

The estimator ¢; o and parameter update law for §;
are designed as

ﬁi@ = Yy — VyioFyio (ﬁi,O - yiﬂ) (21)
éi = Proj{r;} (22)

where 7; = I'g. i Zi n, Proj{-} is the projector operator
originated from Krstic et al. (1995). vy,0, Ky.o> ¥i,0 and
'y, are positive constants with appropriate dimension.

The following lemma is useful in the system stability
analysis.

Lemma 2 By applying the projector operator Proj{-}
in Krstic et al. (1995), the property —é?F;lProj{n} <
—QZ?F;_lTi,V@; € Cp,,0; € Cy, exists, where 9:1 =0; — 5,

and 0; is the estimate of unknown parameter 0;. [y, isa
positive constant matrix with appropriate dimension.

Remark 1 By comparing (18)-(19) and (5)-(6), it can
be seen that & 4 is designed in a similar form as a; 4.
The only difference is that all the continuous neighboring
states x; 4(t) involved in oy 4 are replaced with piecewise
continuous states T; q(t). The effects due to such replace-
ment will be rigorously analyzed in subsequent section.
On the other hand, the partial derivatives terms adopted

Oaijq—1 Oajq—1 0jq—1 Oai,q—1
Drir t Darn oyt and By ) are kep-

inayg (ie.

t unchanged to construct &; 4. More detailed discussions
will be presented in Remark 3 and Remark 5.

5 System stability and consensus analysis

Lemma 3 The errors between z; 4 in (3) and z; 4 in (16),
Qi q in (6) and &; 4 in (19) are bounded. Thus

|Zi7q - 2i7q| é AZi,q
‘ai»q — Qjq| < Aai,q (24)

where A, . and A, , are positive constants related to
topology parameters A;, p;, individual design parameters
k, Ci.qr Yyior Byios mlq and neighboring design parameters
Cias Vyjor Kyjor M foraiz=1andqg=1,...,n.

Proof. The proof is provided in Appendix A. O

Remark 2 [t is observed from the Proof of Lemma 3
that the partial derivative terms in (6) are all constants
depending on topology parameters A;, u;, individual de-
sign parameters k, Ci.q, Vyios Kyios mé and neighboring
design parameters cj.q, Vy,o, Ky, M for aiy = 1. This
important property enables the utilization of the partial
derivatives in designing &; 4 in (19).

Lemma 4 Deﬁne 21 = [2171, 22’1, ceey ZN_rl]T, Zq =
(21,4 22.g5 - - 1 2N g| T for2 < q < mn, 0 = [0T,...,0%]
and Yo as the vector of Yo = yo — Yi 0 for all subsystems

with pi; = 0 and 0; = 0; — 0;. The states z; for1 <i < N
satisfy the following inequality

il < La

(2D 58,077 + Ba (25)

where L, and By, are positive constants related to topol-
ogy parameters and design parameters as stated in Lem-
ma 3.

Proof. The proof is provided in Appendix B. O

The main results in this section are formally stated
in the following theorem.

Theorem 2 Consider a group of N uncertain subsys-
tems as modeled in (1) with a desired trajectory yo(t) un-
der Assumptions 1-4. By designing the event-triggering
communication rules as (14) and the distributed adaptive
controllers as (20), distributed estimators (21), parame-
ter update laws (22), the following results can be guaran-
teed.

1) All closed-loop signals are uniformly bounded.
2) The tracking error signals § = [01,02,...,0N
converge to a compact set.

3) The upper bound of Hd(t)HﬁLT] =7 fOT 16(t)|%dt can
be decreased by choosing suitable design parameters.
4) Zeno behavior is excluded.

17 will



N
Proof. Define a Lyapunov function as V; = ) [

=1
+’“(21m‘“)y30 From (15), (18) and (21), the derivative

of V; is computed as

2

N)\H

N
‘G:Z[ CiZiy —
= " |
+Z yzO (Z)o —ﬁi,o)

i=1 ’yle

< Z —CinZiy — Zk [0 4 (1 — pi)yi 0] e
i— i=1

kZi1(e; + e —e;)+ 51‘,152',2}

2»—‘

k(1 — p;), -
+> |:k'|zi,1|Aim + Zinzi2 + (M|yi,0|F1]

Yyio

<1

k(1 —
- M% (]yz 0
i—1 Vyio

A (@612 + Z ( L )

k(1 ik
“ v g2 4 M, (26)

N

IA
w\w

i=1

_ N 2,2 2
N _ k*Aim
m}andM1—§ ﬁ‘i’
i=1

N

kE(1—p; k(1—pi)ky,
Zlnfo 2k (g i -+ 1) 30 B (g — ),
1= v

Deﬁne a Lyapunov functlon candldate Vo as Vo =

Wi+ Z 3279 From (3) and (6), the derivative of V; is
i=1
computed as

where m = max{mj,

‘./23*7 m1n 5||2+Z( Czlqu+zz 1Z12>

_k(l — lu’l)K/?JLO 2 + ]\41

* 4

.

@,
Il
—

+ (*01,227;272 — 2i1%i2 + %i27i3) (27)

-

Il
—

K2

Since Z; 1Zio—2i12i2 = (Zin—2i1) %2+ 21 (Zie—2i2) <
|2i,2| A,y + 1Zi1|Az, 5, Va can be further derived as

. 1
VvQS_f mm ‘6”2""2 ( — G, 1211 2ci,2zz’272

k(1 K _
—% Uio+ iz 3> + M, (28)

262

B B N
where My = M; + Z; (ﬁ ,+ A2 )
The Lyapunov function for the entire closed-loop sys-
tem is chosen as V,, = V5 + Z Z 122 " %éTI‘Qiléi)
=1 \:=3

From (3), (6), (20), (22) and Lemma 2, the derivative of
V,, is computed as

ET‘

. 1
V 5 mln |6||2+Z ( — G, 1211 2Ci72zz’2,2

k(1 — pi) Ky, ~
- Z Cl’qzz q Cz nZ2 (41)%0%2,0)
q=3

5
_Z ||AZL n
i=1
LY A . i 16:] (29)
’ o im0 2

According to Assumption 3, Assumption 4 and Lemma

4, the term [|0; ||| [|Az, , can be directly derived as

Zi,n

16:]lllill Az, .,
< Lo, (Liallwill + Lio)Az, ,,

< LoLiaAe, (Lo ||GFo280 20,50, 07)7 | + B,
+L9'iLia0Azi,71
IS B _
2 T T, 2T 5T 6T)T H + Moy (30)
where ¢ = min {%Ci,h %C@%Ci’q, %, %} for ¢ =
— i e 2
3,...,n—1and p; = 0. Mz = N(L%Li’liz"’"Ll") +
LiJAZq:,nBLt =+ L9iLi,0AZim,'
Substituting (30) into (29) yields that
Vi€~ o hin( Q61 — | T F iy
n = 2mln 1727---,7”3/0,
c
+2 H(Z,{,Zg,, nvyO 70T) H
16:11°
+M2+Z +M23 +Z
k 2
< =Sl @612 = £ [ 2, 2 58 67|
+M*
k
S_g)\mm(Q)H(SHQ _gVn+M* (31)
_ N Ai N 0: 2
where M* = My + Y (20”‘ —|—Mi3) E and
i=1 " i=1

N . Fyig
o = mln{ C, k(l i)’ )\max(r_l)}



By following the similar analysis in the proof of The-
orem 1, the conclusions 1), 2) and 3) can be drawn. To
avoid repetition, the details are omitted here.

To show the exclusion of Zeno behavior, we shall
show that the inter-execution intervals (] .., — ¢ ;)

for j € V, Vk € Z% are lower-bounded by a pos-

itive constant. Define né,k(t) = xj4(t) — Zjq(t) for

t € [t] oth 1), whose derivative is computed as
. . - 1

djnm) d(n)  xn) )2 PN g .j .

el = AR ot i) < ﬁé,k\- Since

J

Zj,q(t) keeps unchanged for ¢ € [t,

,kat‘;’k+1), we have
ﬁtjzyk(t>‘:|$j,q+l|a q=2,...,n—1 (32)

ﬁi,k(t)‘ = |Uj +p; + <pjTHj , for j €V (33)

From the boundedness of x; 4, u;, ¢}, it is concluded that
there exist a positive constant ¢, ; such that ’7'7;’ & (t)‘ <

for j € V. Then the inter-execution intervals must satisfy

that tg kil ftf]‘ B mg/Lg, i.e. Zeno behavior is excluded.
g

Remark 3 Different from Theorem 1, the coupling ter-
m [|6;][[|0s]| A, ., in (29) arises in the derivative of V,,
which is the Lyapunov function defined for the entire
closed-loop system in event-based communication case.
To effectively handle this term, two additional assump-
tions, i.e. Assumption 8 and Assumption 4 are imposed
in this section. Besides, the projector operator Proj{-}
in Krstic et al. (1995) is used to ensure the boundedness

of parameter estimate 0; and the corresponding estima-
tion error 0;, i.e. ||0;|| < Le, .

Remark 4 As observed from (11), (138) and (31), the
tracking performance of all subsystem outputs in the
mean square error sense is mainly determined by state
initials, design parameters and the size of M™. Besides,
it can be seen from My, My and M* that event trigger-
ing thresholds mg have huge impact on the size of M*.

Clearly, if mg is increased, the triggering times for com-
munication among subsystems can effectively be reduced.
However, the upper bound of H(5||[20 ) will be increased

with a larger mé. Therefore, determining the wvalues

of m} is a tradeoff between the cost of communication
resources and consensus tracking performance.

Remark 5 The main challenge to design backstepping
based distributed adaptive consensus controllers for high-
order nonlinear systems with event-based communica-
tions lies in the fact that traditional backstepping tech-
nique (Krstic et al., 1995) requires differentiating virtual
control inputs recursively. If the virtual control input de-
stgned in one step involves piecewise continuous signals,
computing its derivatives is impossible, thus the subse-
quent design step is difficult to proceed. To overcome this

difficulty, backstepping technique is not adopted directly
in designing the virtual controllers and final control law
for event-based communication case. Instead, we design
the backstepping based distributed adaptive controllers for
all subsystems with continuous communications firstly.
Thus all the chosen virtual controllers (i.e. o, 4) are d-

ifferentiable. For the case with event triggered commau-
Ocaig-1 Oaig1
(92%,1@ ’ 8;cj,k ’

nications, the partial derivative terms
Oai q—1 Oai,q—1
ayék’l) 97,0

utilized to construct the virtual control &; 4 in (19).

and , which are shown to be constants, are

Remark 6 Different from some existing distributed
adaptive backstepping based results with continuous
communication among connected subsystems as in Chen
et al. (2015); Long et al. (2019); Shen & Shi (2015);
Wang € Li (2020); Wang et al. (2017), the communica-
tion in our results is decided by a predesigned triggering
condition. Compared with Li et al. (2018) with undirected
graph, the considered directed communication topology
in this paper is more general and continuous monitoring
of neighbors’ states is not required. Besides, the obtained
results formulate a backstepping based controller design
and stability analysis framework for the chained nonlin-
ear systems to solve the non-differentiability problem of
virtual controllers. It can be applied to solve other relat-
ed issues, like quantized communication and denial-of-
services attacks (DoS) on the communication channels.

6 Simulation studies

In this section, we consider a group of 4 pendulum
systems (Zhou et al., 2019) modeled with the following
dynamics

ml;U; +msg sin(9;) + kilid; = u; (34)

where ¥; denotes the angle of pendulum, m; and [; are
the mass [kg] and length of the robe [m], g denotes the
acceleration due to the gravity, k; is an unknown friction
coefficient, u; represents an input torque provided by a
DC motor. System parameters are chosen the same as
these in Zhou et al. (2019) i.e. m; = 1kg, l; = 1m and
g = 9.8m/s%. The friction coefficients are set as ki =
0.2, ko = 0.2, k3 = 0.1 and k4 = 0.1, respectively. The
objective is to design distributed adaptive controllers
u; for all subsystems such that 1; can track a common
desired trajectory ¥ (t) = 2cos(0.1¢) for 1 <i < 4. The
communication condition among the 4 subsystems and
Jo(t) is represented by the directed graph in Fig. 1.

Defining the state variables x; 1 = ¥; and x; 2 = 192
fori =1,...,4, then (34) can be rewritten as the same
form as in (1).

Ti1 = Ti2;

. 1 g . ks

Tio=—u; — =sin(x;1) — —x; 35
1,2 mili 0 lz ( 2,1) m; 7,2 ( )



Fig. 1. Information transmission graph for the 4 subsystems.

Clearly, the parameter k;/m; is unknown. The trigger-
ing condition for inter-subsystem communication, dis-
tributed adaptive controllers and parameter estimators
are designed as in (14), (20)-(22).

In simulation, the state initials including 9;(0), ¥;(0),
0:(0), 9:.0(0) are set as zeros for i € {1,2,3,4}. The de-
sign parameters are chosen as follows. £ = 0.1, ¢;; =
ciz = 3, v, = 20, Ty, = 0.3, ky, = 0.005, J;0 = 0.01,
mi = 0.05, my = 0.05fori = 1,..., 4. The tracking per-
formance of all subsystems’ outputs ¥; with comparison
to ¥y, the tracking errors §; and states 9; fori =1,2,3,4
are shown in Fig. 2-Fig. 5 respectively. Fig. 5-Fig. 6 ex-
hibit the control inputs and the triggering time of all
subsystems, respectively. The triggering count and min-
imum inter-event times are provided in Table 1. It can
be seen that desired tracking performance for all sub-
systems’ outputs can be achieved, while all the observed
signals are bounded. Moreover, Zeno behavior in each
pendulum does not exist. In order to show the effects of
triggering thresholds on the tracking performance, m}
is changed to m{ = 0.2 while keeping all the remaining
design parameters unchanged. From Fig. 7-Fig. 8, it can
be observed that the tracking performance can be im-
proved by reducing the triggering threshold m} at the
cost of increasing the triggering frequency.

6 .

Gy —— 0 —— 0y —— 3 —— V4]
al |

Output v;

0 20 40 60 80 100
Time(sec.)

Fig. 2. The outputs ¥;, i =1,...,4.

7 Conclusion

In this paper, the consensus tracking control problem
for uncertain high-order nonlinear systems is investigat-
ed. Under directed communication condition, two totally
distributed adaptive control schemes are proposed with
or without event-triggered communication. For event-
triggered case, the continuous monitoring problem of

1
“g o) ==, —_— ==
% f
oo —1
£
s
& 2
5 [—d& — & —& —d4]
0 20 40 60 80 100

Time(sec.)

Fig. 3. Tracking errors §; =9; — Yo, 1 =1,...,4.
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Time(sec.)
Fig. 4. The states ¥;, i =1,...,4.
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Fig. 5. Control inputs u;, i =1,...,4.

10
GE’ 4" e U
= 2 o Uy
(=) [ P N S SN Y5
g :
= 5 12 13 14 o Uy ]
5 L .
[=2] f— .
2
E o : : : :

[¢] 10 20 30 40 50 60
Time(sec.)

10 T T T T T
qé A T T hd ’1?1
= 2L S - ® U
S 5.75. 8 85. 9 .95 Vs |
S O ® 94 Y
2
£ ‘ ‘ ‘ ‘

[0) 10 20 30 40 50 60
Time(sec.)

Fig. 6. Triggering times of 9J; and dii=1,...,4.

neighboring states has been removed. The boundedness
of all closed-loop signals and the tracking performance
have been analysed. Finally, the simulation results show
the effectiveness of our proposed control scheme.



Table 1
Event count and minimum inter-event times for the states
in each agent.

Count | Inter-event times (s)
Pendulum 1 |21 | 278 0.0203
th | 122 0.0025
Pendulum 2 1?2 270 0.0209
v2 | 981 0.0037
Pendulum 3 1?3 261 0.0215
93 1084 0.0042
Pendulum 4 1?4 257 0.0224
Us | 1038 0.0049
mi = 0.05
<3 ; .
IS
T
(=]
£ 2 |
g —% —38% —38% 3,
= -4 L . ! ‘
° 20 40 60 80 100
Time(sec.)
mj = 0.2
5 o ‘ ‘
s
§ —8, 38, — 3, —3,
-4 ‘ ‘ ‘ :
0 2 40 60 80 100
Time(sec.)

Fig. 7. Errors d;,7 = 1,2, 3,4 for subsystems with different
mj.
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Fig. 8. Triggering times of ¥;,i = 1,2, 3, 4 with different m?.
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Appendix

A  Proof of Lemma 3

Proof. Define sy, = Yo — Ji0. From (8) and

(21)7 there is ‘éyio = ~YyioByioSyio + Yyio (ei - 6i) =
N _ .

~YyioKyioSyio T Vwio [E] 1 @ij (yj - y])} The solution

of this differential equation is computed to satisfy that

5120 <|%A>wvwwﬁ+fimu e Miount) <
|8y:0 (0)[+22 £ A, wherem = max{mi,....m{¥, ...,
mb,... 27} From (2) and (15), it further results in
21— Zual = (- ) [ Jiol < (1= pa)lsy,l <
(1 — wi)Ay,, = A, ,. With (4) and (17), we have
:'ji70 - ?jiﬁ’ < 71/1‘0'61' - ei| + Vyio "{yi0|syi0| < Yyio (Alm +

Kys0Qy,,). From (5) and (18
—cii(zin — Zin) — k(e — &) + (1 — ;) (ﬁuo - ﬂzo)) <
Ci,lAZi,l +kAim+(1_Ni)'yyio(Aim'i'HymAyio) £ Aai,l‘

Note that «;; is the function of z; 1, ;1 if a;; = 1,
Yo, Yo if wi = 1, §i0 if p; = 0. It will be shown that all
the partial derivatives of «; ; are constants which are as-

sociated with the design parameters and the triggering
threshold.

), there is |ay1 — @1 =

Oe; Oe; de;
== A iy, 5 = g, 5 = Al
8IZ‘,1 + H 6583',1 “ J 8y0 H ( )
Oay 1 Oe; Oe;
A 1 — ) (=~
ami,l 6171 kaxl 1 + ( u’l)( ’szo)axi,l
=—cin — (A + i) [k + vy, (1 — p4)] (A.2)
0o oe; Oe;
Lo 1 — 1) (=)
anJ asz + ( H )( 'szo)axj,l
= aij[k 47y, (1 = pi)] (A.3)
O 1 Oe; Oe;
== 7 % k 1—py o)
ay —C 1( i ) 6y0 +( 1% )('Vyl )8y0
= (cig +k)pi — (1 = pi)vyio i (A.4)
a1
= = [l A5
o " (A5)

10

- Ni) (77111'0 Ryio )

=(1—pi)ein — (A.6)

Vyiokyio)
Therefore, by some straightforward manipulation, we
can directly get ‘Zi,2_5i,2| < |5(,‘71—Oéi71| < Awl £2A

Zi,2

N
_ Oa;
and |Oéi,2 - 041‘72| < C@QAZL2 + Azi,l + Z Qjj agj’i m+
Jj=1 '
da;
(1 - :ui) aogli:; ’yyio(Aim + HyioAyio) = Aai,z'

Following the same procedure based on z; 4 in (3),
a;q in (6), Z;4 in (16), &4 in (19), we have |z, 4 —
—aig-1| <A

Zigl < |@ig—1 £ A, and |ajq —

Xj,g—1
—1
Vi g| < cigA A S R LT, +(1
Qi q| = CiqRz; 4 + Ziq—1 + Z Q5 E Tk m -
j=1 k=1 :
Qg1 . A
Mi) algqi,o Vyio (Alm + ’%yioAyz‘,o) - Aai,q 0

B Proof of Lemma 4

Proof. Note that for the subsystems with u; = 0,

we have [gio] = |Ji0 = syl < [vol + [Gio| + [sy,] <
|yi,0| + By,,, where By,, = Fo+A,,, and Fy is the upper
bound of |yo.

From (2), we have |z;1| < v2|(Zi1,5i.0)T || + Byso +
Azi,l = LlL’il (Ei,lv ?ji,O)T” + Bl’ilv where Lﬂfil = \/i and
By, , = By,, + A, ;. From (5) and (8), there is |a; 1| <
\/gmax{ci,hk + ’Yyi07’Yyi0"€yi0}||(2i’17ei?ﬁi,O)T” +
Ci,lAZi,l +pifr + (1 - lu’i)’yl/iOK’yiO (yi,o + Bym) =
Lail |(2i,17 €4, ﬂi,O)T”+Bai1 ) where Lail - \/gmaX{Cle k
TYyi01 Yyio Kyio and Bail = Ci,lAZi,l + piF1 + (1 -
H’i)rYyio Kyio (yi,O + Byio)'

From (3), thereis ‘1‘1‘72| < (1+La“)||(21'71, 23,2, €4, @;70)71”
+Bui1 £ LIiz H(zi,la Zi,25 €4, Zji,O)T” +BI@'27 where LIiz =
1+ Lo, and B,,, = B,,,. From (6), we have |a; o <

[ zial + 0 ais | G2 | ] +

@ij | Dajy
.Uzzk 1 + (1 - Ni)

’Yyioliyio( N iy )] < Lai2||(2i717zi727ei’§i,0
Bow + 2jo1 @iiLas 1215 25,2, €55 850) " |,
Loy = cio+ 1+ 8a’1in2+(1—m)

Do 1
Oxi 1

(k)

cialzial + |zia| +

60{1‘71
32)1',0

O 1
Ay (’C 1)

[Vyio ‘el| +

)+
where

6

dai 1
09i,0

’yyio +
2
BJL’«;2 + Z

k=1

80@1
09i,0

8ai,1
Oz 1

£ A

,yyi() "{yio’ Baiz Zi,1

aaz 1
Ay (7‘ 1)

Z aij
j=1
By following similar analysis,

N
that [z, < Zin

80[1'71

B + ( 99,0

/J‘i) ’sz‘o"iyz‘o(Byio + yi,O) +

60(@1
01

A |0
Loy, & |2

Qijo

B

Lgjo.

Tj2)

it can be shown

qH(ii,hZi,z,n~,Z¢,q,€i7§i,o)T|| +

) ga Tagg)T|| + Bmiqa

M__(ZL%)K%&%~'



where e = [eq,..
N

> aij(|zinl + |zial) + pi(lzial + lyol) < (2V2N +

Jj=1

VNCET )T+ A, & LelGLEDTI + A,

where L., = 2v/2N + V2 and Ae, = By, +

Y3y aij(Be,, + Ba, ). Thus, [e]] < Jex| + |ea| + ... +

len| < NLe, (Zf,yg) | + NA,, < NLei”(Z%—‘?Zg""'
N

2 G T |+ NA,,. Using <§:1 inq> NGE, 23, .., z:{, el
1=

L)
L., )
iq

.en]T. From (4), we have |e;]

)

M=

)"l + By,,, we can further get |z; 4]

IA
Il

7

™M=

A

SN GET oo 2T VTN + lell] + Bow, < (

?

=1
N
><[(1+NLe-)H(21T7z2T»---, LTI (X L) A
By,,- Thus,
lzill < lwia] + |zial+ ...+ [2ial
n N
< Ly [(L4+ NL)I(Z 25 -z 50 ) ]
g=1i=1
n N
3 (S bevan )
g=1 \i=1
éLEi‘(E?vzgr"v Tb’yo)Tll—"_Ba;l
< Lo |28, 2D 58, 6T)T|| + B, (B.1)

where L,, = Y0 Y% Ly, (1 + NL,) and B,, =
n N
Zq:l (Zi:l LwinAez‘ + Bwiq)' O

)
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