
1

Enabling Soft Frequency Reuse and Stienen’s Cell
Partition in Two-Tier Heterogeneous Networks:

Cell Deployment and Coverage Analysis
Ziaul Haq Abbas, Muhammad Sajid Haroon, Fazal Muhammad, Ghulam Abbas, and Frank Y. Li

Abstract—Heterogeneous cellular networks (HetNets) are one
of the key enabling technologies for fifth generation (5G) net-
works. In HetNets, the use of small base stations (SBSs) inside
the coverage area of a macro base station (MBS) offers higher
throughput and improved coverage. However, such multi-tier
base station deployment introduces new challenges, e.g., (i) All
users experience significant inter-cell interference (ICI) due to
frequency reuse, (ii) SBS associated users experience severe MBS-
interference due to higher MBS transmit power, and (iii) MBS
coverage edge users receive lower signal-to-interference ratio
(SIR) due to longer distances. To address the aforementioned
challenges, this work proposes a framework, including a novel
cell deployment strategy, which combines Stienen’s model with
soft frequency reuse (SFR) and the corresponding performance
analysis. According to Stienen’s cell based SBS deployment,
SBSs are deployed in MBS coverage edge area to enhance
downlink SIR. To further mitigate ICI and MBS-interference,
SFR is employed along with Stienen’s cell based SBS deployment.
Based on stochastic geometry, we derive expressions for coverage
probability with four different types of cell deployment and SFR
employment combinations. Numerical results indicate that SFR-
enabled Stienen’s cell based SBS deployment leads to enhanced
edge user coverage and, hence, improves network performance
gain.

Index Terms—Heterogeneous cellular networks, Poisson hole
process, Poisson point process, soft frequency reuse, Stienen’s
model, Coverage probability.

I. INTRODUCTION

A. Motivation

Ubiquitous coverage with improved data rate is one of
the major goals of heterogeneous cellular networks (Het-
Nets) [?], [?]. In HetNets, small base stations (SBSs) are
deployed in the coverage area of a macro base station (MBS)
to enhance network coverage and improve capacity [?]. In
the literature, the distributions of MBSs, SBSs and users in
HetNets are oftentimes regarded as following Poisson point
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processes (PPPs) due to their tractability and accuracy [?],
[?]. However, such multi-tier and ultra-dense SBS deployment
leads to degraded network performance gain [?]. Some of
the prominent challenges are as follows: (i) severe inter-cell
interference (ICI) due to frequency reuse [?], (ii) significant
MBS-interference (MBS-I) as a result of high MBS transmit
power [?], [?], and (iii) lower received signal-to-interference
ratio (SIR) by network edge users due to longer distances [?],
[?]. Additionally, in a uniform SBS deployment, higher SBS
density leads to significant co-channels interference.

ICI and MBS-I significantly degrade the coverage per-
formance of HetNets [?], [?]. In [?], an effective resource
allocation scheme was introduced to reduce ICI and MBS-I
providing improved network coverage. To combat interference,
one category of schemes is based on fractional frequency
reuse (FFR) [?], where the complete system bandwidth, F , is
divided into small sub-bands to abate interference and, hence,
improve SIR. However, FFR leads to lower spectral efficiency
due to partitioning of F [?]. Another category of interference
mitigation schemes is based on soft frequency reuse (SFR) [?],
[?]. SFR is spectrally more efficient, as compared with FFR,
because all the bandwidth is made available for each tier of
base stations (BSs) [?], [?]. Therefore, this work considers
SFR to mitigate ICI and MBS-I.

For cell distribution, Stienen’s model has been widely
regarded as an effective network deployment approach since
it leads to substantial reduction in interference via smart SBS
deployment [?], [?]. For any MBS, a Stienen’s cell can be
formed by constructing a disc whose radius is equal to half of
the distance between the two closest MBSs [?]. Accordingly,
an MBS coverage region is divided into two regions, i.e.,
Stienen’s cell area and its complementary area [?]. Such a
coverage area division allows us to use various deployment
densities of BSs in these two regions. In this work, we employ
therefore Stienen’s cell based SBS deployment model, where
SBSs are only employed in the outer coverage area of an MBS
cell providing improved downlink (DL) SIR [?].

More specifically, we develop a cell deployment strategy,
where SBSs are distributed via SFR-enabled Stienen’s model
to enhance MBS edge users’ coverage. Being an effective net-
work deployment approach, we termed SFR-enabled Stienen’s
model as a cell deployment strategy, where the BSs are smartly
distributed to reduce network interference [?], [?]. Further-
more, we compare the results of the proposed cell deploy-
ment strategy with the uniform SBS deployment model. By
employing SFR, complete bandwidth is available to both MBS
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associated users (MBS-AUs) and SBS associated users (SBS-
AUs). In general, the proposed strategy leads to improved
MBS edge users’ coverage and the performance gain varies
with different SIR threshold levels. In the best case, we find
that SFR-enabled Stienen’s cell based SBS deployment leads
to 49% DL coverage performance improvement in contrast
with the uniform SBS deployment at an SIR threshold of -
15 dB. The SFR scheme alone leads to 25% DL coverage
improvement at an SIR threshold of -15 dB.

B. Related Work

In what follows, we classify the related work into three
categories, i.e., multi-tier deployment, interference mitigation
schemes, and non-uniform HetNets (Nu-HetNets).

In the multi-tier deployment category, [?], [?] proposed two
schemes to partition the coverage region of MBS into two
non-overlapping sub-regions, i.e., cell interior region and cell
edge region, for tractable coverage analysis. Users located in
cell interior region encounter severe interference due to close
proximity to high power MBS. Moreover, users located in cell
edge region experience reduced signal-to-interference-plus-
noise ratio (SINR) due to their distant locations. Furthermore,
SBSs in cell interior region observe reduced coverage area due
to high transmit power of MBS [?].

In the interference mitigation schemes category, SFR in a
multichannel model was investigated along with average user
rate in [?]. Moreover, SFR parameters and optimal combina-
tions of association bias were analyzed. The authors conclude
that SFR leads to improved coverage as compared with FFR
under different network scenarios. The work in [?] presented
SFR and FFR analytical models while using spatial PPP.
The results in [?] indicate that SFR leads to higher spectral
efficiency as compared with FFR. Mathematical models for
SFR and FFR with load balancing in HetNets were developed
in [?]. The results in [?] indicate that FFR leads to higher rate
coverage while SFR provides improved spectral efficiency.

In the Nu-HetNets category, the authors in [?] proposed SBS
muting near MBS, whereas keeping them active in the MBS
edge area. Their proposed network setup results in improved
rate and coverage performance in contrast to uniform SBS
deployment due to reduced MBS-I. The authors in [?] con-
sidered coverage-oriented SBS distribution in MBS coverage
area. According to their proposed model, SBSs are switched
on/off based on their distances from the MBS. Their proposed
setup leads to lower SBSs’ density and, thus, enhances the
network in contrast to uniform SBS deployment. Moreover,
the authors investigated the coverage and rate performance
of their proposed setup in [?]. The analysis in [?] indicates
improved user throughput and coverage. The work in [?]
proposed Stienen’s cell SBS deployment in MBS coverage
region. Their proposed model leads to significant coverage
improvement as compared with uniform HetNets.

In this paper, we present SFR-enabled Stienen’s cell based
SBS deployment to enhance MBS edge users coverage and
reduce MBS-I.

C. Approach and Contributions

This paper presents a framework for BS deployment in
two-tier HetNets including a cell deployment strategy with
proactive interference management scheme, the corresponding
coverage probability analysis, and a means for performance
improvement. The work presented in this paper distinguishes
from the state-of-the-art studies with respect to the following
aspects.
• The work in [?], [?], [?] focused on SFR and FFR

performance analysis without considering Stienen’s cell
based SBS deployment, whereas we introduce SFR-
enabled Stienen’s cell based SBS deployment;

• The work in [?], [?], [?] considered NU-HetNets, whereas
we combine Stienen’s cell based SBS deployment along
with the SFR scheme;

• Although the work in [?] proposed Stienen’s cell based
SBS deployment, it lacks the employment of a proac-
tive1 interference mitigation mechanism. This point is
addressed in this paper;

• The work in [?] took into account load balancing with
SFR, it lacks however the use of an effective network de-
ployment approach, such as Stienen’s model. In contrast,
this work employs SFR-enabled Stienen’s model and
significantly reduces network interference by mitigating
ICI and MBS-I.

In brief, the novelty and main contributions of this paper
are summarized as follows:

1) This work proposes a novel cell deployment strategy
which combines Stienen’s model with SFR. To do so, (i)
an MBS coverage area is divided into two regions based
on the Stienen’s model, where an MBS is located at the
center of Stienen’s cell and multiple SBSs are deployed
outside the Stienen’s cell, (ii) for SBS deployment, we
introduce a Poisson hole process (PHP) instead of PPP,
and (iii) SFR is enabled for spectrum allocation among
both MBS and SBSs.

2) We derive the coverage probability expressions for the
following network scenarios: (i) uniform SBS deploy-
ment with SFR, (ii) uniform SBS deployment without
SFR, (iii) Stienen’s cell based deployment model with
SFR, and (iv) Stienen’s cell based deployment model
without SFR. Moreover, analyses are carried out for a
reference user (RU ) located (i) inside Stienen’s cell and
(ii) outside Stienen’s cell.

3) To improve MBS edge users’ performance, fewer SBSs
are deployed near to the MBS. Consequently, SFR-
enabled Stienen’s cell deployment leads to reduced
MBS-I and ICI due to proactive interference mitigation.

In the remaining part of this paper, we first present the
system model and provide necessary preliminaries in Sec. II.
Afterwards, coverage probability expressions for the proposed
setup are derived in Sec. III. Then, numerical and simulation
results are presented in Sec. IV. Finally, we conclude the paper
in Sec. V. In addition, a list of major notations used in the
paper is given in Tab. I.

1By proactive, it is meant that an interference mitigation means is taken
before a certain level of performance degradation occurs.
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(a) Uniform SBS deployment model
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(b) Stienen’s cell based SBS deployment model

Fig. 1: Uniform HetNet model, where φν,M, φν,S, φM, and φS, are PPPs of MBS-AUs (pentagrams), SBS-AUs (asterisks), MBSs (dots), and
SBSs (triangles), respectively, in Fig. 1a). Similarly, ~φS represents PHP of SBSs (triangles) in Fig. 1b).

TABLE I: Summary of major notations

Notation Description

φM and φS PPPs of MBSs and SBSs,
respectively

φν,M and φν,S PPPs of MBS-AUs and SBS-AUs,
respectively

~φS PHPs of SBS
βz SIR threshold of zBS, ∀ z ∈ {M, S}
λM, λν,M Densities of MBS and MBS-AUs,

respectively, following PPP
λS, λν,S Densities of SBSs and SBS-AUs,

respectively, following PPP
~λS Densities of SBSs following PHP
∆ A constant, i.e., ∆ = 1/2
θ Angle between R◦∆−1 and rM
rj , rk User distances from jth and kth-tiers,

∀ j ∈ {φM} and k ∈ {φS}
RU Reference user
RUAcM RU ∈ AcM
RUAoM RU ∈ AoM
rM Distance between MBS and RU
ψ Ratio of rM to R◦
|h| Power gain of Rayleigh fading
F Frequency band
% Stienen’s cell deployment
ζ Uniform SBS deployment
∗ SFR employment

II. SYSTEM MODEL AND PRELIMINARIES

In this section, we first present the proposed network setup
that considers both uniform SBS deployment (see Fig. 1a))
and Stienen’s cell based SBS deployment (see Fig. 1b)).

Then mathematical preliminaries, which will be used for the
evaluation of coverage performance in Sec. III, are introduced.

A. Network Layout

This paper considers a two-tier HetNet comprising of MBSs,
SBSs, MBS-AUs, and SBS-AUs deployed according to the
following two models. As per the uniform SBS deployment
model (see Fig. 1a)), MBS-AUs, SBS-AUs, MBSs, and SBSs
are distributed through PPPs φν,M, φν,S, φM, and φS (repre-
sented by pentagrams, asterisks, dots, and triangles), respec-
tively. Conversely, in Stienen’s cell based SBS deployment
model (see Fig. 1b)), MBS-AUs, SBS-AUs, and MBSs are
distributed via PPPs φν,M, φν,S, and φM (represented by
pentagrams, asterisks, and dots), respectively, whereas SBSs
are distributed via PHP ~φS (represented by triangles). The
proposed setup considers dense urban scenarios [?], [?]. In
our envisaged network layout, there is significant co-channel
interference (to be derived in (6)) among the BSs when they
use the same frequency band, and vice versa [?], [?], [?].

Consider a reference user2 and assume that it is located
at the origin of the coordinates of the network layout. The
probability density function (PDF) that the RU is located
at distance rM away from its serving MBS is given by
frM (rM) = 2πλMrMexp

(
−πλMr

2
M

)
, where rM > 0 [?]. The

effect of noise is ignored due to interference dominance. The
Stienen’s cell radius around MBS is denoted by R◦ and is
equal to half of the distance between two closest MBSs, as
shown in Fig. 1b). Furthermore, let d1 and d2 denote the

2The Slivnyak theorem states that an RU at the origin retains and simplifies
the statistical properties of a PPP [?].
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coverage limits of MBS center-region, AcM, and MBS outer-
region, AoM, respectively, in the uniform SBS deployment
scenario. The distance between the closest MBSs is denoted by
R◦∆

−1, where ∆ = 1/2 is a constant and its value is chosen
based on Stienen’s cell definition (see Subsec. II-B).
The PDF of R◦ can be written as

fR◦ (R◦) = 2πλMR◦∆
−2exp

(
−πλM (R◦/∆)

2
)
. (1)

Lemma 1. In a two-tier HetNet with Stienen’s cell based SBS
deployment, the SBS density can be expressed as pλS [?],
where

p =
(
1 + ∆2

)−1
. (2)

Definition 1. (Poisson hole process) Let φ1 and φ2 be two
PPPs with intensities λ1 and λ2, respectively. Further, let

Ξ ,
⋃
{x ∈ φ1 : b(x, r)} (3)

be the union of all disks of radius r centered at a point of φ1.
The PHP is defined as

φ , φ2\Ξ. (4)

In the PHP, each point in φ1 carves out a hole of radius r
from φ2 [?].

B. Overview of Stienen’s Model

Stienen’s model can be constructed using Poisson-Voronoi
tessellation (e.g., see Fig. 1) [?]. Assuming the closest BS
association principle, the union of all MBS coverage areas
forms a Voronoi tessellation [?], [?]. From Fig. 1b), we can
observe that each Voronoi cell confines the MBS coverage
area [?], [?]. The Stienen’s cell around MBS is smaller than
its coverage area [?]. This implies that each Voronoi cell is
made up of Stienen’s cell and its complementary area [?], [?],
[?], [?]. This Voronoi cell division allows us to deploy BSs in
these two areas with different densities [?], [?]. As MBSs have
variable coverage areas, the exclusion disc via Stienen’s model
naturally captures the impact of the cell size [?]. Furthermore,
Stienen’s model also intrinsically captures the irregularity in
distances to different cell edges [?].

C. Stienen’s Cell based SBS Deployment

In this work, we use Stienen’s cell based SBS deployment,
where SBSs are employed outside the circular disk of radius
R◦ around MBS using PHP, as indicated in Fig. 1b) [?], [?].
The region inside the circular disk is termed as cell interior
region, Acz , while the region outside the Stienen’s disk is
denoted as cell edge region, Aoz , of the zBS ∀z ∈ (M,S).
According to Stienen’s model, R◦ around MBS is assumed to
be random. The performance of the RU is analyzed in both
inside and outside the disk around MBS. Moreover, in Fig. 1b),
D is the distance between the closest interfering MBS and the
RU , and rM = φR◦ represents the distance between the MBS
and the RU . Furthermore, in conjunction with the proposed
setup, we use SFR to further reduce interference and improve
network performance.

Fig. 2: A uniform SBS deployment model with SFR employment.
According to SFR, the white and green colors distinguish the fre-
quency band used in that region. In this figure, z and τ denote zBS
and τBS, respectively, s.t., τ ∈ (M, S) and z ∈ (M, S), ∀ τ 6= z
simultaneously. This principal of SFR also applies to Stienen’s cell
based SBS deployment model of Fig. 1b).

TABLE II: Frequency distribution using SFR

BS type Edge region Interior region

zBS FA
o
z FA

c
z

τBS FA
o
τ FA

c
τ

D. Soft Frequency Reuse

Traditional cellular networks follow frequency division du-
plex to mitigate MBS-I [?]. In HetNets, higher throughput is
achieved by aggressive3 frequency reuse. However, this leads
to severe MBS-I. Hence, a proactive interference mitigation
and efficient resource allocation scheme is required to abate
such interference. Herein, we introduce SFR to mitigate MBS-
I in HetNets. According to SFR, the frequencies allocated to
an MBS in AcM and AoM are used alternatively by SBSs in
AoS and AcS, respectively. For example, the bandwidth F of
10 MHz is divided into two sub-bands with identical band-
width, i.e., FA

c
z and FA

o
τ [?], s.t.,

(
FA

c
z = FA

o
τ = 5 MHz

)
and

(
FA

c
z
⋂
FA

o
τ = φ

)
[in terms of band similarity] (see

Fig. 2 and Tab. II). The SFR sub-bands are used in alternate
regions by zBS and τBS, s.t., complete frequency band
F = FA

c
τ
⋃
FA

o
z [?]. In this paper, SFR could apply to

both uniform SBS deployment model (see Fig. 1a)) and the
Stienen’s cell based SBS deployment model (see Fig. 1b)).

III. ANALYSIS OF COVERAGE PROBABILITY

In this section, we derive coverage probability expressions
for the following four network scenarios: (i) uniform SBS
deployment with and without SFR (see Subsec. III-A and
III-B), and (ii) Stienen’s cell based SBS deployment model
with and without SFR (see Subsec. III-C and III-D). Moreover,
the performance of the RU is investigated in both (i) inside
Stienen’s cell and (ii) outside Stienen’s cell, as shown in
Fig. 1b).

3The term ’aggressive’ implies the frequency reuse factor of 1.
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A. Coverage Probability for Uniform SBS Deployment with
SFR

In the uniform SBS deployment scenario, we distribute
SBSs according to a φs in an MBS coverage area together
with SFR to reduce interference, as shown in Fig. 1a). The
coverage probability expression, P cov∗Acz,ζ

(βz), for the uniform
SBS deployment with SFR where the RU is located in Acz
can be obtain as

P cov∗Acz,ζ
(βz) = P

(
SIRDLz > βz

)
. (5)

Here, βz is the SIR threshold while SIRDLz represents the DL

received SIR from zBS. SIRDLz can be expressed as

SIRDLz =
PDLz |hz|rz−α

IDLφz,Acz
+ IULφν,z,Acz

+ IDLφτ ,Aoτ
+ IULφν,τ ,Aoτ

, (6)

where PDLz is the downlink transmit power by zBS and α is
the path loss exponent. Due to SFR employment, the received
DL interference is the sum of (i) DL interference from z-tier,
IDLφz,Acz

, (ii) DL interference from τ -tier, IDLφτ ,Aoτ , (iii) uplink
(UL) interference from zBS-AUs, IULφν,z,Acz

, and (iv) UL

interference from τBS-AUs, IULφν,τ ,Aoτ , respectively. Moreover,
z ∈ {M, S} and rz represents the distance between the
serving zBS and the RU .

SIRDLz =

P
DL
z |hz|rz−α∑

j∈φz
P
DL
j |hj |r−αj +

∑
j∈φν,z

P
UL
j |hj |r−αj +

∑
k∈φτ

P
DL
k |hk|r−αk+

∑
k∈φν,τ

P
UL
k |hk|r−αk

. (7)

By substituting (6) into (5), we obtain P cov∗Acz,ζ
(βz) as

P cov∗Acz,ζ
(βz)

(1)
= P

(
PDLz |hz|rz−α

IDLφz,Acz
+ IULφν,z,Acz

+ IDLφτ ,Aoτ
+ IULφν,τ ,Aoτ

> βz

)
(2)
= E

rz,I
DL
φz,Acz

,I
UL
φν,τ ,Aoτ

×
[

exp
(
−r

α
z βz

PDLz

(
IDLφz,Acz

+ IULφν,z,Acz
+ IDLφτ ,Aoτ

+ IULφν,τ ,Aoτ

))]
(3)
= E

rz,I
DL
φz,Acz

,I
UL
φν,τ ,Aoτ

×
[
exp

(
−s
(
IDLφz,Acz

+ IULφν,z,Acz
+ IDLφτ ,Aoτ

+ IULφν,τ ,Aoτ

))] ∣∣∣∣
s=
rαz βz

PDLz

(4)
= Erz

[
E
I
DL
φz,Acz

exp
(
−s
(
IDLφz,Acz

))
×E

I
UL
φν,z,Acz

exp
(
−s
(
IULφν,z,Acz

))
× E

I
DL
φz,Aoτ

exp
(
−s
(
IDLφz,Aoτ

))
×E

I
UL
φν,τ ,Aoτ

exp
(
−s
(
IULφν,τ ,Aoτ

))]
(5)
= Erz

[
L
I
DL
φz,Acz

(s)×L
I
UL
φν,z,Acz

(s)×L
I
DL
φτ ,Aoτ

(s)×L
I
UL
φν,τ ,Aoτ

(s)

]
.

(8)

Here, Step (1) follows up the coverage probability defini-
tion [?]. Step (2) follows up Step (1) (the proof of Step
(2) is given in Appendix A). In Step (2), the expression,
E
rz,I

DL
φz,Acz

,I
UL
φv,τ,Aoτ

, indicates the expectation with respect to

five different random variables which are (i) the distance
between the RU and its associated BS, rz , (ii) the total DL

interference from other BSs in Acz , IDLφz,Acz , (iii) the total UL
interference received from other users in Acz , IULφν,z,Acz , (iv) the
total DL interference from other BSs in Aoτ , IDLφτ ,Aoτ , and (v) the
total UL interference received from other users in Aoτ , IULφv,τ,Aoτ .
Similarly, we reach Step (3) by substituting rαz βz/P

DL
z with

s. Moreover, Step (4) is derived based on Step (3) by using the
exponential property of transforming sums into products, i.e.,
exp(a+b) = exp(a)×exp(b). Lastly, Step (5) is achieved from
Step (4) by following Laplace transform (LT) definition [?].
Here, it is worth mentioning that we transform Step (3) into
Step (4) considering the fact that Step (4) can be easily
converted to Step (5) by a similar procedure as presented on
pages 14-16 of [11].

1) Coverage probability of uniform SBS deployment with
SFR for MBS-AU in AcM: The coverage probability of uniform
SBS deployment for MBS-AU in AcM with SFR employment,
P cov∗AcM

(βM), is given as

P cov∗AcM
(βM)=

ErM

[
L
I
DL
φM,A

c
M

(s)×L
I
UL
φν,M,A

c
M

(s)×L
I
DL
φS,A

o
S

(s)×L
I
UL
φν,S,A

o
S

(s)

]
. (9)

The LT of the interference from MBS-tier in DL is obtained
as

L
I
DL
φM,A

c
M

(s)
(a)
= E

I
DL
φM,A

c
M

[
exp

(
−IDLφM,AcM

s
) ]
|s=rαMβM

(b)
= E

I
DL
φM,A

c
M
,|hj |

exp

−s ∑
j∈φM

|hj |r−αj


(c)
= E

I
DL
φM,A

c
M
,|hj |

 ∏
j∈φM

exp
(
−|hj |βMr

α
Mr
−α
j

)
(d)
= E

I
DL
φM,A

c
M

 ∏
j∈φM

E|hj |exp
(
−|hj |βMr

α
Mr
−α
j

)
(e)
= E

I
DL
φM,A

c
M

 ∏
j∈φM

1

1 + βM

( rj
rM

)−α


(f)
= exp

−2πλM

∫
d1

y′

rjdrj

1 +
(
rjr
−1
M β

−1/α
M

)α


(g)
= exp

−πλMβ
2/α
M r2

M

∫  d1

β
1/α
M rM

2

 y′

β
1/α
M rM

2

du

1 + (u)
α/2


(h)
= exp

(
λMQd

(2−α)
1 2F1

(
1, 1− 2

α
, 2− 2

α
,−βM

(
rM

d1

)α)
−

λMQy
′(2−α)

2F1

(
1, 1− 2

α
, 2− 2

α
,−βM

(
rM

y′

)α))
. (10)
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P cov∗AcM,ζ
(βM) =

2πλM

1− exp (−λMπd2
1)

∫
d1

0
exp

(
λMQ

d
(α−2)
1

J
(
α,−βM

(
rM

d1

)α)
− λMQ

y′(α−2)
J
(
α,−βM

(
rM

y′

)α)
+
λν,MQη1

d
(α−2)
1

J (α,−βMη1

(
rM

d1

)α)
− λν,MQη1

y′(α−2)
J
(
α,−βMη1

(
rM

y′

)α)
− λSQη2

d
(α−2)
1

J
(
α,−βMη2

(
rM

d1

)α)
− λν,SQη3

d
(α−2)
1

J
(
α,−βMη3

(
rM

d1

)α)
− λMπr

2
M

)
rMdrM.

(12)

P cov∗AoM,ζ
(βM) =

2πλM

exp (−λMπd2
1)

∫
∞

d1

exp

(
− λMQ

d
(α−2)
1

J
(
α,−βM

(
rM

d1

)α)
− λν,MQη1

d
(α−2)
1

J
(
α,−βMη1

(
rM

d1

)α)
− λSQη2

d
(α−2)
1

J
(
α,−βMη2

(
rM

d1

)α)

−λν,SQη3

d
(α−2)
1

J
(
α,−βMη3

(
rM

d1

)α)
− λMπr

2
M

)
rMdrM.

(13)

In (10), Step (a) is achieved from the definition of
LT [?]. Step (b) follows up Step (a) by replacing
IULφM,AcM

=
∑
l∈φM

PULt,l |hl|r
−α
l into Step (a). Step (c) is achieved

by replacing the value of s with rαMβM into Step (b). Step
(e) follows up Step (d) by evaluating LT in terms of hj .
Step (f ) is obtained based on the probability generating
functional (PGFL) definition of PPP [?]. Moreover, Step (g)

is achieved by replacing u with
(
rj/β

1/α
M rM

)2

into Step (f ).
Lastly, we reach Step (h) through the Gauss-hypergeometric
approximation of Step (g) where 2F1 (•) denotes the Gauss-

hypergeometric function [?]. In Step (h), Q =
πβMr

α
M

α/2− 1
.

Similarly, the LT of the interference from MBS-AUs in UL,
L
I
UL
φν,M,A

c
M

(s), is obtain as

L
I
UL
φν,M,A

c
M

(s) =

exp
(
λν,MQη1d

(2−α)
1 2F1

(
1, 1− 2

α
, 2− 2

α
,−βM

(
rM

d1

)α)
−

λν,MQη1y
′(2−α)

2F1

(
1, 1− 2

α
, 2− 2

α
,−βM

(
rM

y′

)α))
. (11)

Here, η1 = PULν,M/P
DL
M , where PULν,M is the transmit power of

MBS-AUs in UL and PDLM is transmit power of MBS in DL.
The LT of the interference from SBS-tier in DL, L

I
DL
φS,A

o
S

(s),

is obtain as

L
I
DL
φS,A

o
S

(s) = E
I
DL
φS,A

o
S

[
exp

(
−IDLφS,AoS

s
) ]∣∣∣∣

s=
rαz βM

PDLM

= E
I
DL
φS,A

o
S
,|hk|

exp

−s ∑
k∈φτ

PDLs |hk|r−αk


= E

I
DL
φS,A

o
S
,|hk|

 ∏
k∈φτ

exp
(
−|hk|βMη2r

α
Mr
−α
k

)

= E
I
DL
φS,A

o
S

 ∏
k∈φτ

E|hk|exp
(
−|hk|βMη2r

α
Mr
−α
k

)
= E

I
DL
φS,A

o
S

 ∏
k∈φτ

1

1 + βMη2(
rk
rM

)−α


= exp

−2πλS

∫ ∞

d1

rkdrk

1 +

(
rk

(η2βM)
1/α

rM

)α


= exp

−πλSη
2/α
2 β

2/α
M r2

M

∫ ∞(
d1

(η2βM)
1/α

rM

)2
du

1 + (u)
α/2


= exp

(
−λSQη2d

(2−α)
1 ×

2F1

(
1, 1− 2/α, 2− 2/α,−βMη2

(
rM

d1

)α))
. (14)

Here, η2 = PDLS /PDLM , where PDLS is the transmit power of
SBSs in DL.

Similarly, the LT of the interference from SBS-AUs in UL,
L
I
UL
φν,S,A

o
S

(s), can be obtained as

L
I
UL
φν,S,A

o
S

(s) = exp
(
−λν,SQη3d

(2−α)
1 ×

2F1

(
1, 1− 2/α, 2− 2/α,−βMη3

(
rM

d1

)α))
. (15)

Here, η3 = PULu,S /P
DL
M , where PULu,S is the transmit power of

SBS-AUs in UL.
RUAcM and RUAoM associating with MBS located at distance

rM have PDFs given, respectively, as [?]

frM|RUAcM
(rM) =

2πλMrMexp
(
−λMπr

2
M

)
1− exp (−λMπd2

1)
, (16)

and

frM|RUAoM
(rM) =

2πλMrMexp
(
−λMπr

2
M

)
exp (−λMπd2

1)
. (17)
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P covAcM,ζ
(βM) =

2πλM

1− exp (−λMπd2
1)

∫
d1

0

exp

(
2×

(
λMπβMd

(2−α)
1 rαM

α/2− 1
J
(
α,−βM

(
rM

d1

)α)
− λMπβMy

′(2−α)rαM
α/2− 1

J
(
α,−βM

(
rM

y′

)α)
+
λν,MπβMη1d

(2−α)
1 rαM

α/2− 1
J
(
α,−βMη1

(
rM

d1

)α)
− λν,MπβMη1y

′(2−α)rαM
α/2− 1

J
(
α,−βMη1

(
rM

y′

)α)
−λSπη2βMd

(2−α)
1 rαM

α/2− 1
J
(
α,−βMη2

(
rM

d1

)α)
− λν,Sπη3βMd

(2−α)
1 rαM

α/2− 1
J
(
α,−βMη3

(
rM

d1

)α)
− λMπr

2
M

))
rMdrM. (19)

P covAoM,ζ
(βM) =

2πλM

exp (−λMπd2
1)

∫ ∞

d1

exp

(
2×

(
−λMπβMd

(2−α)
1 rαM

α/2− 1
J
(
α,−βM

(
rM

d1

)α)
−λMπβMη1d

(2−α)
1 rαM

α/2− 1
J
(
α,−βMη1

(
rM

d1

)α)

−λSπη2βMd
(2−α)
1 rαM

α/2− 1
J
(
α,−βMη2

(
rM

d1

)α)
− λν,Sπη3βMd

(2−α)
1 rαM

α/2− 1
J
(
α,−βMη3

(
rM

d1

)α)
− λMπr

2
M

))
rMdrM. (20)

The coverage probability expression of uniform SBS
deployment with SFR for MBS associated RU in AcM,
P cov∗AcM,ζ

(βM), can be written as [?], [?]

P cov∗AcM,ζ
(βM) =∫ d1

y′
L
I
DL
φM,A

c
M

(s)L
I
UL
φν,M,A

c
M

(s)L
I
DL
φτ ,A

o
S

(s)L
I
UL
φν,S,A

o
S

(s) frM|UAcM
(rM) drM.

(18)

By substituting (10), (11), (14), (15) and (16) into (18),
we obtain P cov∗AcM,ζ

(βM) as (12). In (12), J (•) is the Gauss-
hypergeometric function. The same applies to all J (•) in the
rest of the paper.

2) Coverage probability of uniform SBS deployment with
SFR for MBS-AU in AoM: The coverage probability expression
of uniform SBS deployment with SFR for MBS associated RU
in AoM, P cov∗AoM,ζ

(βM), can be written as [?]

P cov∗AoM,ζ
(βM) =∫ ∞

d1

L
I
DL
φM,A

o
M

(s)L
I
UL
φν,M,A

o
M

(s)L
I
DL
φτ ,A

c
S

(s)L
I
UL
φν,S,A

c
S

(s) frM|RUAoM
(rM) drM.

(21)

Using the approach similar to (12), the coverage probability
expression of uniform SBS deployment for MBS associated
RU in AoS with SFR employment, P cov∗AoS ,ζ

(βMM), can be given
as (13).

B. Coverage Probability for Uniform SBS Deployment without
SFR

In this subsection, without SFR implies that the entire MBS
coverage area adopts the same frequency band and, thus, it
leads to higher interference. By using the approach similar to
(12) and (13), the coverage probability expressions of uniform
SBS deployment without SFR for MBS associated RU in both
AcM and AoM, i.e., P covAcM,ζ

(βM), and P covAoM,ζ
(βM), are given as

(19) and (20), respectively.

C. Coverage Probability for SFR-enabled Stienen’s Cell based
SBS Deployment

Let us now consider SFR-enabled Stienen’s cell based SBS
deployment model with SFR. The expression for coverage
probability, P covAcz ,%

(βz), can be written as

P covAcz ,%
(βz) = P

(
SIRDLz > βz

)
, (22)

where

SIRDLz =
PDLz |hz|rz−α

IDLφz,Acz
+ IULφν,z,Acz

+ IDL~φτ ,Aoτ
+ IUL~φν,τ ,Aoτ

. (23)

Here, IDL~φτ ,Aoτ
and IUL~φν,τ ,Aoτ

are the DL and UL interference

received from τBS and τBS-AUs, respectively. Moreover, ~φτ
and ~φν,τ are the PHP of τBS and τBS-AUs, respectively.
Following the same procedure as we used for deriving (8),
we obtain (24) from (22) as

P covAcz ,%
(βz) =

Erz,R◦

[
L
I
DL
φz,Acz

(s)×L
I
UL
φν,z,Acz

(s)×L
I
DL
~φτ ,Aoτ

(s)×L
I
UL
~φν,τ ,Aoτ

(s)

]
. (24)

1) Coverage probability of SFR-enabled Stienen’s cell
based SBS deployment for MBS-AU in AcM: The coverage
probability of SFR-enabled Stienen’s cell based SBS deploy-
ment for MBS-AU in AcM, P covAcM,%

(βM), can be calculated
as (29).

The coverage probability expression for MBS can be ex-
pressed from (24) as

P covAcM,%
(βM) =

ErM,R◦

[
L
I
DL
φM,A

c
M

(s)×L
I
UL
φν,M,A

c
M

(s)×L
I
DL
~φS,A

o
S

(s)×L
I
UL
~φν,S,A

o
S

(s)

] ∣∣∣∣
s=
rαz βM

PDLM

.

(25)

From Fig. 1b), it is clear that the nearest interferer is located
at distance D away from the RUAcM and at a distance R◦∆−1

away from the serving MBS. By applying the law of cosines
and with minor simplifications, we obtain D as
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P cov∗AcM,%
(βM)=

∫
1

0

(
2∆−2ψ

(
1 + ∆−2

)
(∆−2 + ψ2)

2

)((
1 + βM

(
ψ

(∆−2 + ψ2)
1/2

)α)(
1 + η1βM

(
ψ

(∆−2 + ψ2)
1/2

)α))−1

([
1+

βM∆2ψα

α/2− 1

((
∆−1 − ψ

)2−α(J (α,−βM

(
ψ

(∆−1 − ψ)

)α)
+
η1λν,M
λM

J
(
α,−η1βM

(
ψ

(∆−1 − ψ)

)α))
+

(1− ψ)
2−α

λM

(
~λSη2J

(
α,−η2βM

(
ψ

(1− ψ)

)α)
+~λν,Sη3J

(
α,−η3βM

(
ψ

(1− ψ)

)α)))]2
−1

dψ. (29)

P cov∗AoM,%
(βM)=

∫ ∞

1

(
2ψ
(
1 + ∆−2

)
(∆−2 + ψ2)

2

)((
1 + βM

(
ψ

(∆−2 + ψ2)
1/2

)α)(
1 + η1βM

(
ψ

(∆−2 + ψ2)
1/2

)α))−1

([
1+

βM∆2ψα

α/2− 1

((
∆−1 − ψ

)2−α(J (α,−βM

(
ψ

(∆−1 − ψ)

)α)
+
η1λν,M
λM

J
(
α,−η1βM

(
ψ

(∆−1 − ψ)

)α))
+

(1− ψ)
2−α

λM

(
~λSη2J

(
α,−η2βM

(
ψ

(1− ψ)

)α)
+~λν,Sη3J

(
α,−η3βM

(
ψ

(1− ψ)

)α)))]2
−1

dψ. (30)

D2 = R2
◦∆
−2 + (ψR◦)

2 − 2∆−1ψR2
◦cos (θ)

D = R◦
√

∆−2 + ψ2 − 2∆−1ψcos (θ)

D ≈ R◦
√

∆−2 + ψ2. (26)

Here, θ is the angle between rM and R◦∆
−1, as shown in

Fig. 1b). Moreover, θ is also uniformly distributed as locations
of RUAcM . The LT of the closest interfering MBS from RUAcM
can be evaluated as

LD
I
DL
φM,A

c
M

(s) = E
I
DL
φM,A

c
M

[
exp

(
−IDLφM,AcM

s
) ]∣∣∣

s=
rαMβM

PDLM

= E
I
DL
φM,A

c
M
,|h|

[
exp

(
−sPDLM |h|D−α

) ]
= E

I
DL
φM,A

c
M
,|h|

[
exp

(
−|h|βM

(
ψ

(∆−2 + ψ2)
1/2

)α)]

= E
I
DL
φM,A

c
M

(
1 + βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−1

=

(
1 + βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−1

. (27)

Similarly, we can derive expression for LD
I
UL
φν,M,A

c
M

(s) by

applying the same approach as used for (27). Hence

LD
I
UL
φν,M,A

c
M

(s) =

(
1 + η1βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−1

. (28)

In (28), η1 = PULu,M/P
DL
M , where PULu,M is the transmit power

of the RU in UL while associated with MBS, and PDLM is the
transmit power in DL by MBS. The interference received from
the other MBSs rather than the associated MBS, is random

with respect to RUAcM . Therefore, we consider that the inter-
ference to RUAcM comes from outside B

(
xu, R◦

(
∆−1 − ψ

))
,

where xu represents the user location outside the circular
region, B, with radius R◦

(
∆−1 − ψ

)
. Henceforth, the LT of

the interference from MBS-tier is obtained as

L
′

I
DL
φM,A

c
M

(s) = E
I
DL
φM,A

c
M

[
exp

(
−IDLφM,AcM

s
) ]∣∣∣∣

s=
rαz βM

PDLM

= E
I
DL
φM,A

c
M
,|hj |

exp

−s ∑
j∈φM

PDLM |hj |r−αj


= E

I
DL
φM,A

c
M
,|hj |

 ∏
j∈φM

exp
(
−|hj |βMr

α
Mr
−α
j

)
= E

I
DL
φM,A

c
M

 ∏
j∈φM

E|hj |exp
(
−|hj |βMr

α
Mr
−α
j

)
= E

I
DL
φM,A

c
M

 ∏
j∈φM

1

1 + βM

( rj
rM

)−α


= exp

−2πλM

∫ ∞

R◦(∆−1−ψ)

rjdrj

1 +

(
rj

β
1/α
M ψR◦

)α


= exp

−πλMβ
2/α
M ψ2R2

◦

∫ ∞(
R◦
(
∆−1 − ψ

)
β

1/α
M ψR◦

)2
du

1 + (u)
α/2


= exp

(
−λMπβMψ

α
(
∆−1 − ψ

)2−α
R2
◦

α/2− 1
×
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2F1

(
1, 1− 2/α, 2− 2/α,−βM

(
ψ

∆−1 − ψ

)α))
. (31)

By adopting the same approach as used for (31), we derive
expression for L′

I
UL
φν,M,A

c
M

(s) as

L
′

I
UL
φν,M,A

c
M

(s) = exp

(
−λν,Mπη1βMψ

α
(
∆−1 − ψ

)2−α
R2
◦

α/2− 1
×

2F1

(
1, 1− 2/α, 2− 2/α,−η1βM

(
ψ

∆−1 − ψ

)α))
. (32)

The LT of the SBS-tier is evaluated by considering
the interference received from outside the circular region
B (xo, R◦ (1− ψ)) and it is obtained as

L
I
DL
~φS,A

o
S

(s) = E
I
DL
~φS,A

o
S

[
exp

(
−IDL~φS,AoS

s
) ]∣∣∣∣

s=
rαz βM

PDLM

= E
I
DL
~φS,A

o
S
,|hk|

exp

−s∑
k∈~φS

PDLs |hk|r−αk


= E

I
DL
~φS,A

o
S
,|hk|

∏
k∈~φS

exp
(
−|hk|βMη2r

α
Mr
−α
k

)
= E

I
DL
~φS,A

o
S

∏
k∈~φS

E|hk|exp
(
−|hk|βMη2r

α
Mr
−α
k

)
= E

I
DL
~φS,A

o
S

∏
k∈~φS

1

1 + βMη2

( rk
rM

)−α


= exp

−2π~λS

∫ ∞

R◦(1−ψ)

rkdrk

1 +

(
rk

(η2βM)
1/α

ψR◦

)α


= exp

−π~λS (η2βM)
2/α

ψ2R2
◦

∫ ∞(
R◦ (1− ψ)

(η2βM)
1/α

ψR◦

)2

du

1 + (u)
α/2


= exp

(
−~λSπη2βMψ

α (1− ψ)
2−α

R2
◦

α/2− 1
×

2F1

(
1, 1− 2/α, 2− 2/α,−βMη2

(
ψ

1− ψ

)α))
. (33)

Here, η2 = PDLS /PDLM , where PDLS is the power transmitted
by SBS in DL.

Following the same approach as used in (33), the expression
for L

I
UL
~φν,S,A

o
S

(s) can be obtained as

L
I
UL
~φν,S,A

o
S

(s) = exp

(
−~λν,Sπη3βMψ

α (1− ψ)
2−α

R2
◦

α/2− 1

×2F1

(
1, 1− 2/α, 2− 2/α,−βMη3

(
ψ

1− ψ

)α))
. (34)

The expression in (25) requires averaging over rM and R◦.
The marginal PDF of ψ, i.e., fψ (ψ), can now be evaluated
by taking the average over R◦ and ψ, and by substituting
rM = ψR◦ as

fψ (ψ) =

∫ ∞
−∞
|R◦|fR◦,rM (R◦, ψR◦) dR◦

=

∫ ∞
0

R◦ × 2πλMRs∆
−2exp

(
−πλM (Rs/∆)

2
)

× 2πλMψRsexp
(
−πλM (ψRs)

2
)
dR◦

= 2∆−2ψ
(
∆−2 + ψ2

)−2
. (37)

The probability that the MBS associated RU , located in
AcM, is given as pAcM = P (xo ∈ B (0, R◦)) ≈ P (ψ < 1).
Therefore, the PDF in (37) can be used to calculate pAcM as

pAcM =

∫ 1

0

fψ (ψ) dψ =
(
1 + ∆−2

)−1
, (38)

and

pAoM = (1− pAcM) =
(
1 + ∆2

)−1
. (39)

The coverage probability expression of SFR-enabled
Stienen’s cell based SBS deployment for MBS associated RU
in AoM with SFR, P covAcM,%

(βM), can be written as

P cov∗AcM,%
(βM) =

1

pAcM

∫ 1

0

∫ ∞
0

(
LD
I
DL
φM,A

c
M

× LD
I
UL
φν,M,A

c
M

× L
′

I
DL
φM,A

c
M

×L
′

I
UL
φν,M,A

c
M

× L
I
DL
~φS,A

o
S

× L
I
UL
~φν,S,A

o
S

)
fR◦ (R◦) fψ (ψ) dR◦dψ.

(40)
By substituting (1), (27), (28), (31), (32), (33), (34), (37)

and (38) into (40), we obtain P covAcM,%
(βM) as (29).

2) Coverage probability of SFR-enabled Stienen’s cell
based SBS deployment for MBS-AU in AoM: The coverage
probability expression of SFR-enabled Stienen’s cell based
SBS deployment for MBS associated RU in AoM, P covAoM,%

(βM),
is given as

P cov∗AoM,%
(βM) =

1

(1− pAcM)

∫ ∞
1

∫ ∞
0

(
LD
I
DL
φM,A

c
M

× LD
I
UL
φν,M,A

c
M

× L
′

I
DL
φM,A

c
M

×L
′

I
UL
φν,M,A

c
M

× L
I
DL
~φS,A

o
S

× L
I
UL
~φν,S,A

o
S

)
fR◦(R◦) fψ (ψ) dR◦dψ.

(41)
Moreover, based on the similar approach as used for (29),

(30) can be obtained from (41).

D. Coverage Probability for Stienen’s Cell based SBS Deploy-
ment without SFR

Lastly, similar to the procedure for deriving (29) and (30),
the coverage probability expressions of Stienen’s cell based
SBS deployment without SFR for MBS associated RU in AcM
and AoM, i.e., P covAcM,%

(βM), and P covAoM,%
(βM), are given as (35)

and (36), respectively.
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P covAcM,%
(βM)=

∫
1

0

2ψ
(
1 + ∆−2

)
∆2 (∆−2 + ψ2)

2

(
1+βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−2(
1+η1βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−2

(
1+

βM∆2ψα

α/2− 1

[(
∆−1 − ψ

)2−α(J (α,−βM

(
ψ

(∆−1 − ψ)

)α)
+
η1λν,M
λM
J
(
α,−η1βM

(
ψ

(∆−1 − ψ)

)α))
+

(1− ψ)
2−α

λM

(
~λSη2J

(
α,−η2βM

(
ψ

(1− ψ)

)α)
+ ~λν,Sη3J

(
α,−η3βM

(
ψ

(1− ψ)

)α))])−1

dψ. (35)

P covAoM,%
(βM) =

∫ ∞

1

2ψ
(
1 + ∆−2

)
(∆−2 + ψ2)

2

(
1+βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−2(
1+η1βM

(
ψ

(∆−2 + ψ2)
1/2

)α)−2

(
1+

βM∆2ψα

α/2− 1

[(
∆−1 − ψ

)2−α(J (α,−βM

(
ψ

(∆−1 − ψ)

)α)
+
η1λν,M
λM

J
(
α,−η1βM

(
ψ

(∆−1 − ψ)

)α))
+

(1− ψ)
2−α

λM

(
~λSη2J

(
α,−η2βM

(
ψ

(1− ψ)

)α)
+ ~λν,Sη3J

(
α,−η3βM

(
ψ

(1− ψ)

)α))])−1

dψ. (36)

TABLE III: Simulation parameters

Parameter Configuration

Channel bandwidth 10 MHz
SBS deployment PPP and PHP
User and MBS
deployment PPP
λS/λM (15, 35, 80, and 200) / (1 km2)
~λS/λM ≈ (0.5λS/λM) / (1 km2)
∆ 1/2
λν,S, λν,M λS/λM / (1 km2) each
Pν , PS, PM 10 dBm, 20 dBm, and

40 dBm, respectively
αm = αs = α 2 < α ≤ 4

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we provide analytical and simulation results
for the proposed framework. The section is further divided into
two subsections, i.e., (i) MBS edge user coverage versus SIR
threshold, and (ii) MBS edge user coverage versus densities
of MBSs, SBSs, MBS-AUs, and SBS-AUs. Mathematica 11
and MATLAB 2017B have been used to derive the coverage
probability expressions and perform simulations. The network
configuration parameters are listed in Tab. III.

A. MBS Edge User Coverage versus SIR Threshold

We evaluate first MBS edge user coverage versus SIR
threshold for different network scenarios, such as with and
without Stienen’s cell based SBS deployment, with and with-
out SFR employment, and coverages in AcM and AoM.

Fig. 3 evaluates the coverage probability for both uniform
SBS deployment model (denoted as UM in the plots) and
Stienen’s cell based SBS deployment model (denoted as SM
in the plots) considering different values of βM. Moreover,
the results are obtained by considering with and without SFR
employment, and by using (13), (20), (30) and (36). The
plots in the figure show that, across various SIR thresholds,
significant DL coverage improvement has been achieved by
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Fig. 3: MBS coverage in AoM versus SIR threshold βM as expressed
in (13), (20), (30) and (36).

Stienen’s cell based SBS deployment model along with SFR
compared with uniform SBS deployment. When βM = -15
dB, for instance, a 49% improvement has been observed. This
benefit is achieved since few SBSs are required based on
Stienen’s model. Furthermore, the figure indicates significant
interference abating while using SFR against the No-SFR sce-
nario. This performance gain introduced by SFR is achieved
thanks to its efficient resource distribution (see Tab. II) as
compared with No-SFR [?], [?]. More specifically, in the
No-SFR case, all spectrum in the same frequency band is
available to and shared by both MBSs and SBSs, leading
to severe co-channel interference especially for ultra-dense
HetNets. Through SFR, on the other hand, MBSs and SBSs
are assigned different bands in a multi-region environment and,
thus, it causes less network interference. Here, uniform HetNet
with No-SFR scenario leads to lowest edge user coverage.

Similarly, the plots in Fig. 4 demonstrate the MBS coverage
probability for different values of βM and λS/λM in accordance
with (30) and (36). The figure shows that an increase in the
value of λS/λM degrades MBS coverage due to interference
escalation. The result further reveals that Stienen’s cell based
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Fig. 4: MBS coverage in AoM versus SIR threshold βM as expressed
in (13), (20), (30) and (36).
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Fig. 5: MBS coverage in AoM versus SIR threshold βM as expressed
in (29), (30), (35), and (36). Herein, we configure λS/λM = 80.

SBS deployment with λS/λM = 80 surpasses the other
scenarios. This is due to the fact that Stienen’s deployment
diminishes network interference because of a smaller number
of deployed SBSs.

Morever, we compare the MBS coverage probability against
different values of βM for the RU located in AcM and AoM in
Fig. 5. This figure illustrates the coverage probabilities for
Stienen’s cell based SBS deployment with and without SFR
employment as expressed in (29), (30), (35) and (36). It can
be observed that the RU located in AcM experiences enhanced
coverage probability due to its closeness with MBS as com-
pared with an RU in AoM. Furthermore, SFR-enabled Stienen’s
cell based SBS deployment for λS/λM = 80 surpasses the
other scenarios. This is due to effective resource allocation by
SFR and lower interference caused by Stienen’s model based
SBS deployment.

B. MBS Edge User Coverage versus Densities of MBSs, SBSs,
MBS-AUs, and SBS-AUs

Next, we present the MBS edge user coverage with different
densities of MBSs, SBSs, MBS-AUs, and SBS-AUs. The
results for different network scenarios are given below.

In Fig. 6, we present coverage probabilities as, λS/λM,
and ~λS/λM vary, in conjunction with different network layout
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Fig. 6: MBS coverage in AoM versus different values of λS/λM and
~λS/λM as expressed in (13), (20), (30) and (36).

scenarios by configuring βM = -20 dB, λS/λM = 0 to 80,
and ~λS/λM = 0 to 80 respectively. Here, λν,S and λν,M are
configured to be 80. The results are obtained in accordance
with (13), (20), (30), and (36). The plots demonstrate that
a higher density of SBSs in an MBS coverage area leads to
lower coverage probabilities in all the scenarios due to a higher
number of user associations with SBSs. Moreover, the figure
shows that SFR-enabled Stienen’s cell based SBS employment
outperforms the other simulation scenarios. Therefore, SBS
distribution via PHP leads to significant improvement for ICI
and MBS-I mitigation, as compared with PPP based SBS
distribution.

Similarly, we illustrate in Fig. 7 the achieved coverage
probabilities with different values of SBS density, ~λS/λM,
which are expressed in (29) and (30). For this particular setup,
the results are obtained for an RU located both in AcM and AoM
with βM = -5 dB, -10 dB and -15 dB respectively. The figure
shows that the RU experiences better coverage in AcM, thanks
to its close MBS proximity as compared with AoM. Moreover,
higher values of βM give rise to lower coverage probabilities
in both AcM and AoM due to fewer user associations with MBS.
Here, it can be observed that the coverage of MBS edge users
decreases with the increase of SBS density as more users
are associated with SBSs. Furthermore, this result depicts that
higher SBS density leads to higher network interference due
to the increase in network congestion.

In Fig. 8, we demonstrate the coverage probabilities with
different values of SBS-AUs density, ~λν,S, in AoM. This figure
considers: (i) SFR-enabled Stienen’s cell based SBS deploy-
ment, and (ii) No-SFR with Stienen’s cell based SBS deploy-
ment, for different values of ~λS/λM where βM is configured
as βM = -20 dB, -15 dB, -10 dB, and -5 dB respectively.
Clearly, the results are in line with the derived expressions in
(29) and (30). The results demonstrate that increased values of
~λν,S lead to reduced coverage due to significant interference.
It can also be noticed that βM = -20 dB improves the network
coverage against βM = -15 dB, -10 dB, and -5 dB as a higher
number of users get associated with the BS.

In Fig. 9, the MBS coverages in AcM and AoM, as expressed
in (29) and (30), are compared with each other for different
values of λM. The results are obtained for βM = -15 dB,
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Fig. 7: MBS coverage in AcM, and in AoM, as expressed in (29)
and (30).
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Fig. 8: MBS coverage in AoM versus SBS-AUs density, in AoM, as
expressed in (30) and (36).

-10 dB, and -5 dB. The results demonstrate that the RU
experiences enhanced MBS coverage in AcM due to its close
MBS proximity as compared with when it is located in AoM.
Moreover, a lower value of βM leads to enhanced MBS
coverage, thanks to more MBS user associations. Furthermore,
this figure reveals that higher MBS density does not increase
the network coverage significantly due to higher ICI and MBS-
I.

Finally, in Fig. 10, we present the coverage probabilities
with λν,M, in AcM and AoM. The results are obtained for:
(i) SFR-enabled Stienen’s cell based SBS deployment, and
(ii) No-SFR with Stienen’s cell based SBS deployment, as
expressed in (30) and (36), respectively, with different values
of λS/λM. Moreover, the results are derived for βM = -25 dB
and -15 dB. It can be observed that higher values of λν,M lead
to lower coverage because of increased network interference.
It can also be noticed that βM = -25 dB improves coverage
performance as compared with βM = -15 dB as a result of more
user associations. Furthermore, the RU experiences better
coverage in AcM owing to its close MBS proximity as compared
with an RU in AoM. The concave nature in the lower plots at
β = -15 dB implies that there are optimum values of MBS-
AUs’ density in the network. An optimum MBS-AUs’ density
indicates highest coverage. Below and above this optimum
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Fig. 9: MBS coverage in AcM, and in AoM, as expressed in (29)
and (30).
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Fig. 10: MBS coverage in AoM versus MBS-AUs density in AcM, as
expressed in (30) and (36).

MBS-AUs’ density, the coverage will degrade. This is again
due to the fact that a lower number of users are associated
with MBS.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we have proposed a novel cell deployment
strategy that combines Stienen’s model with SFR. The pro-
posed strategy is evaluated considering PPP and PHP SBS
deployment for with and without SFR employment cases.
Focusing on MBS coverage, the analysis is performed on a
reference user located inside and outside Stienen’s cell. The
expressions for coverage probabilities under plausible scenar-
ios are derived and validated through simulations. The results
indicate that Stienen’s cell based SBS deployment along with
SFR leads to much better coverage for MBS edge users in
contrast to uniform SBS deployment. Moreover, the coverage
is improved for the reference user located inside Stienen’s cell
as compared with the one located outside of Stienen’s cell. The
results also demonstrate that with higher densities of MBSs,
SBSs, MBS-AUs, and SBS-AUs, the network performance
is reduced due to increased interference. As a promising
direction for our work, we will extend our analysis to more
than two-tiers of BSs. How many tiers will be included in
our model depends on the added complexity of the to-be-
developed model.
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APPENDIX A
PROOF OF STEP (2) IN (8)

Proof : Based on [?] and [?], we further obtain P cov∗Acz,ζ
(βz)

as

P cov∗Acz,ζ
(βz)

=P

(
PDLz |hz|rz−α

IDLφz,Acz
+ IULφν,z,Acz

+ IDLφτ ,Aoτ
+ IULφν,τ ,Aoτ

> βz

)
. (42)

By keeping |hz| on one side of the inequality and moving the
rest of the parameters to the other side, we transform (42) as

P cov∗Acz,ζ
(βz)

=P

(
|hz| >

rαz βz

PDLz

(
IDLφz,Acz

+ IULφν,z,Acz
+ IDLφτ ,Aoτ

+ IULφν,τ ,Aoτ

))
.

(43)

Now, following a similar derivation procedure presented on
pages 14-16 in [?], (43) transforms into the expression of Step
(2) in (8).


	Introduction
	Motivation
	Related Work
	Approach and Contributions

	System Model and Preliminaries 
	Network Layout
	Overview of Stienen's Model
	Stienen's Cell based SBS Deployment
	Soft Frequency Reuse

	Analysis of Coverage Probability
	Coverage Probability for Uniform SBS Deployment with SFR
	Coverage probability of uniform SBS deployment with SFR for MBS-AU in  AcM
	Coverage probability of uniform SBS deployment with SFR for MBS-AU in  AoM 

	Coverage Probability for Uniform SBS Deployment without SFR
	Coverage Probability for SFR-enabled Stienen's Cell based SBS Deployment
	Coverage probability of SFR-enabled Stienen's cell based SBS deployment for MBS-AU in  AcM
	Coverage probability of SFR-enabled Stienen's cell based SBS deployment for MBS-AU in  AoM

	Coverage Probability for Stienen's Cell based SBS Deployment without SFR

	Numerical Results and discussions
	MBS Edge User Coverage versus SIR Threshold
	MBS Edge User Coverage versus Densities of MBSs, SBSs, MBS-AUs, and SBS-AUs

	Conclusions and Future Work
	Appendix A: Proof of Step (2) in (8) 

