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Abstract

We show that the Lipschitz-free space with the Radon-
Nikodym property and a Daugavet point recently con-
structed by Veeorg is in fact a dual space isomorphic
to ¢;. Furthermore, we answer an open problem from
the literature by showing that there exists a superreflex-
ive space, in the form of a renorming of #,, with a
A-point. Building on these two results, we are able to
renorm every infinite-dimensional Banach space to have
a A-point. Next, we establish powerful relations between
existence of A-points in Banach spaces and their duals.
As an application, we obtain sharp results about the
influence of A-points for the asymptotic geometry of
Banach spaces. In addition, we prove that if X is a
Banach space with a shrinking k-unconditional basis
with k < 2, or if X is a Hahn-Banach smooth space with
a dual satisfying the Kadets—Klee property, then X and
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its dual X* fail to contain A-points. In particular, we
get that no Lipschitz-free space with a Hahn-Banach
smooth predual contains A-points. Finally, we present
a purely metric characterization of the molecules in
Lipschitz-free spaces that are A-points, and we solve an
open problem about representation of finitely supported
A-points in Lipschitz-free spaces.

MSC 2020
46B03, 46B04, 46B20, 46B22 (primary)

1 | INTRODUCTION

Let X be a (real) Banach space with unit ball By, unit sphere Sy, and topological dual X*. For
X € Sy, we will write

D(x) :={x" € Sy« : x*(x) =1}.

A slice of a nonempty, bounded, and convex subset C of X is a nonempty intersection of C with
an open half-space of X. Thus, a slice of By can be written

S(By,x*,e) ={y € By : x*(¥) > 1—¢},

where x* € Sy« and ¢ > 0. We usually omit By and write S(x*, ) instead of S(Bx, x*, ) when it
is clear from the context what set is being sliced. If X is a dual space and the defining functional
x* is in the predual of X, then we call the slice a weak™-slice.

The main characters in our story are pointwise versions of the well-known Daugavet property,
the slightly less known space with bad projections, and the more obscure property ©. We start by
recalling the definitions from [3] and [32].

Definition 1.1. Let X be a Banach space, and let x € Sy. We say that

() x is a Daugavet point if sup g [|x — y|| = 2 for every slice S of By.
(i) xisa A-pointifsup,eg ||x — y|| = 2 for every slice S of By with x € S.
(iii) x is a D-point if sup,eg [|x — y|l = 2 for every slice S = S(x*,¢) of By with x* € D(x) and
€>0.
(iv) x is a super A-point if sup ey, ||x — y|| = 2 for every relatively weakly open subset W of By
with x € W.

For dual spaces, we will also consider the natural weak® versions of Daugavet and A-points
where we simply replace the phrase “every slice S” in the definition with “every weak*-slice S,”
and replace “weakly open” by “weak™® open” for super A-points.

Note that if X is a subspace of a Banach space Y and x € Sy is a A-point, D-point, or super
A-point, then x is still such a point regarded as an element in Y. This is not the case for Daugavet
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points as can be seen by regarding C[0, 1] as a subspace of C[0, 1] @, C[0, 1] (this is Example 4.7
from [3]).

In Sections 2 through 4, we show that Daugavet points, super A-points, and A-points can exist
in some well-behaved Banach spaces. The role played by D-points will be more negative, in the
sense that spaces with certain properties do not even admit a D-point.

We start the paper with a study of the metric space M constructed by Veeorg in [41]. The
Lipschitz-free space F(M) was the first example of a Banach space with the Radon-Nikodym
property admitting a Daugavet point. We will show that in fact (M) is isomorphic to ¢, and
is isometrically a dual space. Thus, there exits a separable dual space with a Daugavet point (see
Theorem 2.1).

It was shown in [7, Corollary 6.10] that finite-dimensional Banach spaces do not admit A-points,
and it was asked if the same holds for superreflexive spaces in [7, Question 6.1] and [32, Ques-
tion 7.7]. In Section 3, we answer this question negatively. We modify a renorming of £, from
[18] to show that #, can be renormed so that both £, and its dual have a super A-point. These
super A-points are not Daugavet points as there are strongly exposed bits of the original unit ball,
which are still left in the new unit ball and which are at a distance strictly less than 2 to them. We
also provide a positive answer to [32, Question 7.12] by proving that those super A-points actually
belong to the closure of the set of strongly exposed-points for the new norm.

In Section 4, we combine the ideas and results from the previous two sections and show that any
infinite-dimensional Banach space admits a renorming with a A-point. Spaces failing the Schur
property (and in particular spaces that do not contain a copy of #;) always contain a normalized
weakly null basic sequence, and using this as a starting point, we can adapt the (dual) renorming
of Z, from Section 3 to get a renorming with a super A-point. For spaces containing #;, the ¢, iso-
morphism from Section 2 together with a classic norm extension result will allow for a renorming
with a A-point.

Having established that Daugavet points and A-points are very much isometric notions we go
looking for conditions that will prevent the existence of such points in a Banach space. Let us men-
tion that it is known that neither uniformly nonsquare [7, Corollary 2.4], asymptotically uniformly
smooth Banach spaces [7, Theorem 3.7] nor real Gleit and McGuigan spaces [33, Corollary 3.8]
contain A-points. It is obvious that no strongly exposed point can be a D-point and that no dent-
ing point can be a A-point and, in fact, neither can be quasi-denting points by [40, Corollary 2.2].
It was also recently proved in [27, Theorem 4.2] that no locally uniformly nonsquare point can be
a A-point.

The main result of Section 5 is Theorem 5.6, which says that as soon as a space contains a -
point or its dual contains a weak™ A-point, then the dual actually contains a weak™ super A-point.
This powerful result will have many implications so let us mention a few.

In Section 5.1, we prove Theorem 5.6 and use it to improve results from [7] and [40] and show
that asymptotically uniformly smooth spaces cannot contain D-points and their duals cannot
contain weak™ A-points.

It is well known that a separable Banach space with the Daugavet property does not embed
into a Banach space with an unconditional basis [28, Corollary 2.7]. However, for Daugavet points,
there is no such obstruction. There exists a Banach space with a 1-unconditional basis such that
the set of Daugavet points is weakly dense in the unit ball [8, Theorem 4.7]. A 1-unconditional
basis does however prevent the existence of super A-points [8, Proposition 2.12]. The main result
in Section 5.2 is Theorem 5.12. The proof of this theorem relies on Theorem 5.6 and the theo-
rem is used to show that if a Banach space X has a shrinking k-unconditional basis for k < 2,
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then X contains no D-points and X* contains no weak™ A-points (see Corollary 5.15). This result
answers [6, Question 5.6] affirmatively and can be used to strengthen [6, Proposition 4.6]. If X has
a monotone boundedly complete k-unconditional basis for k < 2, we only get that X has no A-
points. Furthermore Corollary 5.14 says that if X is a reflexive Banach space with a k-unconditional
basis for k < 2, then X and X* do not contain D-points. This strengthens previous results in this
direction.

In Section 5.3, we study the implications of Theorem 5.6 for M-embedded spaces. A question
that has not appeared in print, but has been in the back of the mind of several people studying
A-points, is the following: Do (nonreflexive) M-embedded Banach spaces and their duals fail to
contain A-points? Recall that X is M-embedded if X is an M-ideal in its bidual, which means that
we can write X*** = X* @, X*. Using the renorming of #, from Section 3, we can answer the
above question negatively by showing that there exists a nonreflexive M-embedded Banach space
X such that both X and X* have a super A-point.

However, all is not lost. M-embedded spaces are known to be Hahn-Banach smooth and
Asplund (cf. [24, Chapter III]). We are able to show that if the dual unit ball is weak™ sequen-
tially compact, then we get a sequential version of Theorem 5.6 and that if X contains a D-point
or if X* contains weak™ A-point, then X* fails to be Kadets—Klee. For Lipschitz-free spaces, this
implies that if M is a metric space such that (M) is a dual space and Y is an M-embedded (or
more generally, Hahn-Banach smooth) predual, then Y contains no ®-points and 7 (M) contains
no weak™ A-points (see Corollary 5.27).

Finally, in Section 6, our main goal is to obtain a purely metric characterization of those
molecules m,, that are A-points of 7(M), called simply A-molecules (see Theorem 6.7). In par-
ticular, we get that, when M is proper, m,, is a A-point if and only if x and y are connected with
a geodesic (see Corollary 6.8). These results improve Proposition 4.2 and Theorem 4.13 in [26],
respectively. We also prove that every A-point of 7(M) with finite support is a finite convex sum
of A-molecules (see Theorem 6.9), solving [41, Problem 3] in the positive.

Notation

Let X be a Banach space and let x € Sy. Recall that x is a denting point of By if for any § > 0,
there exists a slice S of By such that x € S and diam(S) < &. Furthermore, x is said to be strongly
exposed if there exists x* € D(x) such that diam S(x*,¢) — 0 as ¢ — 0. An element x* € By is
weak™ strongly exposed if its strongly exposed by some x € D(x*) N X. Replacing the diameter
of the slices with the Kuratowski measure of noncompactness a, we can define the notion of a-
strongly exposed point. This is similar to how quasi-denting points were generalized from denting
points by Giles and Moors [22].

We will follow standard Banach space notation as found in the books [4] and [20], but let us
also say a few things about Lipschitz-free space notation since it is not yet completely standard.

For a metric space (M, d), we denote by B(x, r) the closed ball centered at x € M with radius r,
and we define the metric segment between points x,y € M by

[x,y] :={ze M : d(x,z)+d(z,y) = d(x,y)}.

If M is pointed, that is, it is equipped with a distinguished base point usually denoted by 0, we
let Lip,(M) be the space of Lipschitz functions f : M — R such that f(0) = 0 equipped with the
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Lipschitz norm

lf ) —fOI .

||f||L:=sup{ ay) .x,yeM,x;éy}.

Letd : M — Lipy(M)* be the map that assigns each x € M to the corresponding point-evaluation
d(x) in Lip,(M)*, that is, f(x) = (8(x), f) for x € M and f &€ Lip,(M). It is well known that & is
a nonlinear isometry and that F(M) = span(§(M)) is a predual of Lip,(M) called the Lipschitz-
free space over M. The Lipschitz-free space is also known by the name Arens-Eells space and the
notation A£(M) is sometimes used, for example, in [42].

Recall that a function f : M — R, where M is a metric space, is locally flat if

. f)=f)
A ey

for every z € M. We will follow [2] and define

=0}

For compact M, lip,(M) is simply the set of locally flat f : M — R such that f(0) = 0.
A molecule my, € F(M), x # y, is an element of Sy of the form

lipy(M) := { f € Lipy(M) : f islocally flat and lim || ]y1\s0,)

._8(x) =460
T dCy)

For a subset K of M, the Lipschitz-free space F(K U {0}) is identified with the subspace span(§(K))
of F(M). The support of u € F(M), denoted supp(u), is the intersection of all closed K C M such
that u € F(K U {0}) C F(M). It holds that 4 € F(supp(u) U {0}) (see [11, Section 2]).

2 | A SEPARABLE DUAL SPACE WITH A DAUGAVET POINT

This section is dedicated to studying the example given by Veeorg [41, Example 3.1] of a Banach
space with the Radon-Nikodym property whose unit sphere contains a Daugavet point. We con-
sider a metric space M constructed from a subset of R? as follows. Let p :=(0,0),q :=(1,0),and
foreveryn € N, let

S, :={27"k,27") : k=0,1,..,2"}

and finally M :={p,q} U J;_, S,. (See Figure 1.) Endow M with the metric

|x; = x5, ify; =y

d((xq,y4), (x5, =
(G20, 0272) {|J’1 — Y| +min{x; +x,,2 = (x; + X))}, ify; # o

and take p as its base point.
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FIGURE 1 ThesetsS,,...,S,.

Veeorg showed that 7(M) has the Radon-Nikodym property and that the molecule m,,, is a
Daugavet point. In this section, we will show that F(M) is isomorphic to #; and that it actually
has a predual. Let us start by introducing our candidate for a predual.

Denote

Vi={xy)eM:x=0orx =1}
and let & : M — R be the function defined by
h(x,y) := x.

Observe that h € Sy, (- Define

Y := {f € Lipy(M) : lim||(f = f(@) - )5 ||, = 0and f], is locally ﬂat}.
We can now state the main theorem of this section.

Theorem 2.1. Let M and Y be as defined above. Then the following holds:

(i) The Banach spaceY satisfies Y* = F(M);
(ii) F(M) is isomorphic to ¢.

Thus, there is a separable dual space isomorphic to ¢, that admits a Daugavet point.

Proof of Theorem 2.1(i). According to a theorem by Petunin and Plichko [35, Theorem 4], given a
separable Banach space X, a subspace Y of X* is an isometric predual of X when it satisfies the
following conditions:

(a) Y isnorm closed,
(b) Y separates points of X,
(c) all elements of Y attain their norm on Sy.

We will apply this result to X := F(M) and the subspace Y of Lip,(M). Let us verify that Y
satisfies all three Petunin—-Plichko conditions.

We start with (a). Suppose that (f,,) is a sequence in Y that converges in norm to f € Lip,(M).
Fix ¢ > 0, then there is k such that || f — f;||, < ¢, and we get for every n,
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|0 = 1@ - |, < |0 =10l ], * |G =@ -wls, |, + | @ - @ -ml |,
<2+~ i@ W, |

Since f}, € Y, this will be less than 3¢ for n large enough. Moreover, V' is compact and so the space
lipy(V) is closed (see, e.g., [42, Corollary 4.5]). Since fy|,, = fly in norm, we get f|;, € lipy(V)
as well, so that f € Y. Thus, Y is closed.

Let us now verify (b). Fix 4 € F(M), u # 0. Suppose first that supp(u) contains no isolated
point of M. Then, supp(u) = {q} as, by definition, the base point cannot be an isolated point of
supp(u). Thus, u is a nonzero multiple of §(q), so that h(u) # 0 with & € Y. Now suppose that
supp(u) contains some isolated point x of M. Then, {x} is an open neighborhood of x, and so
by [11, Proposition 2.7], there exists f € Lip, (M), supported on {x}, such that f(u) # 0. In other
words, )({x}(,u) # 0, where Xix} is the characteristic function of the set {x}. But Xy € Y, so this
finishes the proof of (b).

Finally we check (c). We will see that, in fact, every f € Y attains its Lipschitz constant between
two points of M, and thus it attains its norm as a functional at some molecule. Fix f € Y and
assume || f||; = 1. Suppose that f does not attain its Lipschitz constant. Then, we may still find
a sequence of pairs of points (u,,v,) in M such that f(m, , ) — 1. Note that x € [u,v] implies
that m,,, is a convex combination of m,,, and m,,,, hence

max {f(myy), f(my,)} > f(my,).

Thus, by replacing each pair u,,, v, with other points in [u,, v, ] and passing to a subsequence if
necessary, we may assume that either u,,v,, € V for all n or there is a sequence (k,,) in N such
thatu,,v, € S forall n.

In the first case, all u,,, v, belong to the compact set V, so by passing to a subsequence, we get
u, — u,v, — vforsomeu,v € V. Note that it is impossible to get u = v, as that would contradict
the fact that f|, is locally flat. Thus, u # v and so f(m,,,) = 1.

Now suppose u,,v, € S for all n. If (k,) is bounded, say by N, then this implies that f
restricted to the finite set S; U --- U Sy has Lipschitz constant 1, and so it must attain its Lipschitz

constant in that set. Otherwise, we may assume k,, — oo. Then we have ” fls, ”L > f(m, , )and,

given that ” fls, HL — | f(q)|, we obtain | f(q)| = 1. So f attains its Lipschitz constant between p

and q.
Thus, all conditions in the Petunin-Plichko theorem are satisfied, and this finishes the proof
that Y* = F(M). O

Remark 2.2. The definition of Y is not equivalent if we ask that f is locally flat instead of f|,,. For
instance, & is not locally flat while h|y, is. It is conjectured that whenever a Lipschitz-free space is
a separable dual, it must admit a predual that consists entirely of locally flat functions. Preduals
of Lipschitz-free spaces are not unique in general, so there might be an alternative predual Y
satisfying that condition.

Remark 2.3. The argument in the proof of Theorem 2.1(i) can be easily adapted to show that the
Lipschitz-free space from [9, Example 4.2] is also a dual space. The corresponding predual has a
simpler description, as the local flatness condition can be dropped. Note that the molecule m,, in
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that example is a A-point (this can be shown, e.g., by using Theorem 6.7 below) but not a Daugavet
point as there are denting points in the unit ball of this space at distance strictly less than 2 to it.

Before we engage with the proof of Theorem 2.1(ii), let us note that the proof below can be
adapted to show that the Lipschitz-free space over other similar metric spaces, such as [9, Exam-
ples 4.2 and 4.3], is also isomorphic to #;. It is based on the next general lemma, which can be
understood as a finite version of the approach followed in [1].

Lemma 2.4. Let M be a complete pointed metric space, and ¢, ..., ¢,, be nonnegative Lipschitz
functions on M with bounded support and such that ¢, + --- + ¢,, = 1. Suppose that A,, ..., A, are
subsets of M containing the base point, and supp(g;) C Ay for all k. Then, F(M) is isomorphic to a
complemented subspace of F(A;) @ --- @ F(A,).

Proof. Foreachk =1,...,nlet W : F(M) — F(M) be the weighting operator defined by

Wik, [) 2= (s f - @)

for u € F(M) and f € Lip,(M). By the results in [11, section 2], this is a well-defined bounded
operator. Moreover, its range is contained in F7(A;), which we identify with the corresponding
subspace of F(M). Now define operators

T: F(M)— F(A) @ - ®F(A,),

S: F(A)® - ®F(A,) - F(M),

by Tu := (Wil,...,W,u) and S(iy, ..., 4,,) 1= gy + -+ + u,,. Both of them are clearly bounded,
and for every u € F(M) and f € Lipy,(M), we have

(STu, f) = (Wi, ) + =+ (Wot, f)
= e+ A )
=)

by the choice of ¢,. Thus, ST is the identity on 7(M). Therefore, P := TS is a projection of
F(A;) @ --- & F(A,) onto its subspace T(F(M)), which is isomorphic to F(M). O

The following provides a simple sufficient condition allowing Lemma 2.4 to be applied.

Lemma 2.5. Let M be a bounded complete metric space, and let Uy, ..., U,, be an open cover of M.
Suppose

n
ggﬂfd’;d(x,M\ U,) > 0.

Then, there exist ¢, ..., ¢,, nonnegative Lipschitz functions on M, such that ¢, + --- + ¢,, = 1 and
each ¢, vanishes outside of U,,.
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Proof. 1t is enough to take

d(x,M \ Uk)
Yim A, M\ U))

Pr(x) 1=

for x € M. The denominator is Lipschitz and bounded below by assumption, so each ¢, is
Lipschitz (see, e.g., [42, Proposition 1.30]), and the other conditions are satisfied trivially. O

Proof of Theorem 2.1(ii). Fix real numbers o, F with0 < < o < % and consider the sets
A:={x,y)EM : x<a},

B:={x,y)EM : B<x<1-p}

C:={x,y)EM : x>1—a},

which form an open cover of M to which we wish to apply Lemma 2.5. Note that A N C = @ while
B intersects both A and C. For z = (x,y) € M, denote

D(z) := d(z, M\ A) +d(z, M \ B) + d(z, M\ C).

Let us see that D(z) > o — §8 for all z. By symmetry, it is enough to verify this when x < =. Then,

we have three cases:

1
2

* If z € A\ B, then D(z) = d(z, M \ A).So either z = p and then D(z) > a,or x < fandy > 0,
then the closest point to z in M \ A has the form (x,,y) for x, > @, and so D(z) = x, —x >
a-—p.

* Ifz € AnB,then D(z) = d(z, M \ A) + d(z, M \ B),and we have y > 0and 8 < x < a. Thus,
the closest points in M \ A and M \ B are (x,,y) and (x;,y), where x, > « and x;, < 3,
respectively, so D(z) = (x, —x) + (x —x,) > a — B.

« If ze B\ (AUC), then D(z) =d(z, M\ B), and we have y >0 and o < x < % Thus, the
closest point in M \ Bis (xp,y), where x, < f,and D(z) = x — x;, > a — 5.

Thus, inf D(z) > 0, and we may apply Lemma 2.5 followed by Lemma 2.4 to conclude that 7 (M)
is isomorphic to a complemented subspace of

F(A) ® F(B U {p}) & F(C U {p)).

We will prove that each of these three Lipschitz-free spaces is isomorphic to #,, and then the result
will follow by Petczynski’s classical theorem that complemented infinite-dimensional subspaces
of ¢, are isomorphic to #;.

Note that the set A is an infinite weighted tree, that is, a connected graph with no cycle. In
particular, it is isometric to a subset of an R-tree that contains all of its branching points (0, 27"),
n € N. Thus, F(A) is isometric to ¢, by [23, Corollary 3.4].

LetK, :={p}and K, := {(x,y) €EB:y= 2_"} for each n € N. Then, each 7(K,,) is isomet-
ric to a finite-dimensional ¢, -space, and there is a bound above and below on the distance between
elements in distinct K,;’s. Using [23, Proposition 5.1], we get that 7(B U {p}) is isomorphic to #;.
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liinally, notice that F(C) = F(A) as C and A are ig)metric. On the other hand, F(C) and
F(C U {p}) are isomorphic by [1, Lemma 2.8]. Thus, F(C U {p}) is also isomorphic to #; and this
ends the proof. O

We end this section by showing a couple of geometric properties of the predual Y of F(M).
Recall that a Banach space X is almost square if for every finite subset x, ...,x, € Sy and € > 0,
there exists y € Sy such that ||x; £ y|| < 1+ ¢ fori =1,...,n [5]. The space c, is the prototypical
almost square Banach space.

For a proper metric space M, we have that lip,(M) is, for any € > 0, (1 + €)-isometric to a sub-
space of ¢, by [16, Lemma 3.9]. Hence, lip,(M) is almost square [5, Example 3.2]. Next we show
that the predual of 7 (M) shares this property. At the end of Section 5.3, we will see that, unlike
lip,(M) for M proper and purely 1-unrectifiable, Y is not M-embedded.

Proposition 2.6. The predual Y of the space F (M) is almost square.

Proof. Let (f l-)lii L CSy and € > 0. As f;|,, is locally flat, we can choose § > 0 such that for all
a,b € B(q,8)nV,

I(fismgp)| <e

for all i = 1,...,N. Choose k such that 2% < ¢ and such that the points (1,27%+1), (1,27%), and
(1,2 %1 are all in B(q, §). Define g € Y by

2=k+Dp(a), a €S,
9(a) := .
0, otherwise.

Leta, = (1, 27Ky e Sy Itis clear that || g||; = 1, since the closest point to a; is at distance 2~ (k+1)
and h(a,) = 1. Let us check that || f; + g, <1 +e.
Ifa,b & supp(g) C Sy, then

I(fi £ g map)| = I{fi-map)| < 1.
Ifa,b € Sy, then
[(fi £ 9:map)] < [(Fio map)| + 27 D (h,myy)| <1+
If a € S; and b € Sy, then we can find a’ € V NS and b’ € V (at the level of b) such that a’ €

[a,b] and b’ € [d’, b]. Now m,,, is a convex combination of m,, and m;,, and m, is a convex
combination of m,, and m;,,. Hence,

|<f1 * g’mab>| < maX{l(fl + g’maa’>|’ |<fl * grma’b’”’ |(fl + g’mb’b>|}

<max{l +¢ [(f; £ g, myp )}

If a’ and b’ have first coordinate 0, then we are done by the above. If a’ and b’ have first coordinate
1, then by the convex combination trick, we may assume b’ € B(g,6) (e.g., b’ = (1,2 %) or b’ =
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(1,27%-1)). But for a’, b’ € B(q, §), we have

|<f1 ig,ma’b’)l < |<fi’ma’b’>| + |<g’ma’b/>| e+l

as desired. O

So while our predual Y shares some properties with c,, we will now give a short proof that,
unlike c,, Y is not polyhedral. Recall that a Banach space X is polyhedral is the unit ball of every
finite-dimensional subspace of X is a polytope.

Proposition 2.7. The predual Y of F(M) is not polyhedral.

Proof. 1t suffices to prove that the set of E of weak™ strongly exposed points of By, is not a
boundary for Y (cf., e.g., Theorem 1.4 in [21]). Now every weak™ strongly exposed point is also a
preserved extreme point and so, by, for example, [42, Corollary 3.44] and [10, Theorem 1.1], for
every u € E, there are a,b € M, a # b, with [a, b] = {a, b} such that u = m,;,. Now, define the
function f : M — R by

fGy) i=x(1—y%)

for z = (x,y) € M. Itis easy to check that f € Sy.
By construction, | {f,mg;,) | < 1for all a, b with [a, b] = {a, b}, except for | <f, mpq> | = 1. But

m,, is a Daugavet point, so E is not a boundary, and thus Y is not polyhedral. O

Pq

3 | A SUPERREFLEXIVE BANACH SPACE WITH A A-POINT

In [18], a renorming of ¢, was used to show that there exists a Banach space whose norm is
asymptotically midpoint uniformly convex, but not asymptotically uniformly convex. We will use
a slight variation of this norm to answer Question 6.1 from [7] negatively; there exists an equiv-
alent renorming of #, with a A-point. We will also show that this A-point fails to be a Daugavet
point in a very strong way by providing a sequence of strongly exposed points of the new unit ball
that converges in norm to it. It is still open whether there exists a reflexive or superreflexive space
with a Daugavet point.

Let (e,),>; be the usual basis in #, and denote the biorthogonal elements in #, by (e}),,5;. We
follow [18] and introduce an equivalent norm on ¢, by defining the unit ball by

B(5. - ) := SOV (Br, U {£(er + e)nsa} ).

where we take the closure of the convex hull in the topology of || - ||,. From [18, Lemma 2.5], we

havethat|| - || < || - I, < \/Ell - |I, that (e, ), is a normalized bimonotone basis for (¢, || - ||), and
that ||e; +e,|| = 1forn > 2.
We trim down the || - || norm and define for x = Z:’:l X,e, €7,
x| - = max{|[x]l, sup |x; — 2x,[},
n=2

and Y := (&5, || - I)- We have |[[y|| < |lI¥lll < 3lly|l for all y € Y. Figure 2 shows a picture in
span(e;, e,) of Sz, .y in red and Sy in blue.
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€n oxy — 2w, = —1

x]— 2z, =1-""

FIGURE 2 Geometric idea of the renorming.

It is clear that ||le; ||| = 1, [lle, ]Il = 2, and |||le; + e, || = 1 for n > 2. These are all the ingredients
needed to show that e, is a A-point.

To prove that e, is not a Daugavet point, we will find strongly exposed points at distance strictly
less than 2 from e,. As previously mentioned, we will actually prove something more, as we will
show that e; belongs to the closure of the set of all strongly exposed points of By.. This will be done
in the lemmas that follow the main theorem of this section that we will now state.

Theorem 3.1. Let Y be the renorming of £, above. We have that both e; € Sy and e} € Sy« are
super A-points, but neither of them is a Daugavet point.

The proof of the theorem uses a few simple lemmas. In [18], explicit expressions for how to
calculate the || - |-norm and its dual were given. These will turn out to be very useful even for the
Il - [Il-norm, so let us provide right away some more detail.

Recall that in any given vector space V/, we have

conv(AUB)={la+(1—-A)b: a€ A, beB, 1€[0,1]}
for every convex set A, B C V. In particular, B(¢», ||-]|) is equal to the closure of the set

C:={ly+(1—=2Au:y€B,, ucconvix(e, +e,), n>2} 1€[0,1]} )

The above description of the unit ball of (¢,, || - ||) is used in [18, Lemma 2.5(b)] to show that the
norm of x* = }'% | a,e’ in the dual is given by

Ix* Il = max{l|x*|l,,sup |a; + a,}.
n=2

A more or less identical argument shows that

BY* = conv {B(fz,””)* U {i(ef - 26:),122}},
hence By is equal to the closure of the set
D:={Ay"+(Q-A)u*: y"'e B, -+ u* € convit(e; —2e;), n>2} A1 €[0,1]}. (2)

Next, let us identify some strongly exposed points of By near e; and in By near e;.
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Lemma3.2. Foreachn € Ndefinex := x(n) € Y andx* := x*(n) € Y* bylettingk :=32n—16
and setting

1 1 k+1
X 1= 1——)e + — e, €Y
( n/ 1t an sz !
and
1 1 k+1
x*:=(1——>*+— efeyY”.
n/ 1 4n Z i
i=2
We have [||x||| = |[x]| = llx|l, = x*(x) = 1, and [|Ix*||| = |[x*|| = |x*|l, = 1 foreach n € N.

Furthermore, ||le; — x||| = 0 and [lle; — x*||| - 0.
n n

Proof. We have

, 1)\? 1 2 1 2n-1
x*x=x2=<1——> +k- =1-=+=+ =1
() = IIxll; n 16n2 n n? n2
As for the dual, we always have [|x*|| < ||x*|| and if we write x* = 2{21 a,-e;k, then by
Lemma 2.5(b) in [18],
#* ® 3
x| = max 4 [|x*l,, sup la, + a :max{1,1——}:1.
i>2 4n
Since |(1 — %) — ﬁl < 1, we also have [||x|| = [Ix]| < ||x|l, =1 (Lemma 2.5(a) in [18]). Hence,
(1l = fllx*{ll = 1.
Finally,

ller — x|, = RO T a, G
i=2

1
1 1k+e _\/16+k_\/5
~ 4an  \n
and this expression tends to 0. Hence, [|e; — x[|| =, 0. The calculation for [[le; — x*[|| =, 0 is
similar. O

Lemma3.3. Letn € N. With x := x(n) € Sy and x* := x*(n) € Sy~ as in the previous lemma we
have that x is strongly exposed by x*.

Proof. Recall that [|x*|| = [|x*||| = 1. The slice S(B;.;;, x*, 8) is contained in S(By., x*, ), so it is
enough to show [|x — z||| = 0 uniformly on S(B,x*,6) N C as § — 0, where C is the set given
by (1), and whose closure is equal to B(¢, ||-|).

Lete > 0. By uniform convexity, there exists > 0 such that |[x — y||, < e whenever ||x + y]||, >
2—6 and ||x]|,, [I¥]l, £ 1. We may assume § < min {5, ﬁ } Let z := Ay + (1 — A)u, where 0 <
A1<1,y €B, ,and u € conv{x(e; + ¢;);,}. We have

[x*(w)| < sup|x*(e; +¢)| <1— 3 <1-s
i>2 4I’l
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Soif x*(z) > 1 — &, this implies x*(y) > 1 — 8. Hence
Ix+yl,2x"(x+y)>2-6
and thus ||x — y||, < . We also get
1-8 < Ax*() + (1 = Dx (u)</l+(1——)(1—/1):1——(1—/1)
4n 4n

sothatl — 1 < 4?"5. Now

1
glllx —zll < llx =zl < llx =yl + Iy = Ayl + 1(X = Dull
< \/5||x—y||2+(1—/1)+(1—/1) <2+ 8?"5< (2+ 8;")5,
and since n is a fixed constant, the conclusion follows. O

Lemma 3.4. Letn € N. With x := x(n) € Sy and x* := x*(n) € Sy« as in Lemma 3.2, we have
that x* is strongly exposed by x.

Proof. Again, it is enough to show |||x* — z*||| = 0 uniformly on S(x,d) N D as § — 0, where D is
the set given by (2), and whose closure is equal to By. Let € > 0. By uniform convexity, there exists
d > 0 such that ||u — v||, < € whenever |[u +v||, > 2— 6 and |ul|,, ||v]l, < 1. We may assume
6 < min(e, %). Letz* :=Ay*+ (1 —A)u*,where0 <A< 1,y* € B, and u* € conv{i(e;‘ -
2¢});5,}. We have

[u*(x)| < sup (e —2¢)(x)| <1— loi-s
i>2 n

Soifz*(x) > 1 — &, thisimplies y*(x) > 1 — 6. Note that ||y*||, < ||y*]| < 1and ||x*|, = [|x*| = 1.
Hence,

Iy* +xll, > (x* +y)(x)>2-6
and thus ||y* — x*||, < €. But then |[y* — x*|| < \/Elly* —x*, < \/Es. We also get
* * 1 1
1-8 < Ay"(x)+ (1 - Du (x)</1+<1—E>(1—/1)=1—Z(1—/1)
so that 1 — A < nd. Finally,

™ =zl < X = ™l + (@ = DIyl + @ = Dkl

<X =y +2Q-24)
< \/5£+2n5 < <\/§+2n>£,

and we are done. O
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‘We are now ready to prove the main theorem of this section.

Proof of Theorem 3.1. By Lemmas 3.2 and 3.3, there exists a sequence (x(n)),,.; of strongly exposed
points in Sy converging to e; in norm, so e; is clearly not a Daugavet point. Similarly, by Lem-
mas 3.2 and 3.4, there exists a sequence (x*(n)),,; of strongly exposed points in Sy. converging
to e} in norm, so e is clearly not a Daugavet point.

It is quite obvious that x € Sy is a super A-point if and only if there is a net (x,),c 4 C Sx such
that x, — x weakly and ||x — x, || — 2. This was observed in [32, Proposition 3.4]. Moreover, if X*
is separable, then we can clearly replace the net with a sequence in this characterization. Thus,
taking x = e; and x,, = e; + e,,, n > 2, it follows that e, is a super A-point.

Finally, let us show that e is a super A-point. We have [|[x*||| < [|x*|| for all x* € Y*. In particu-
lar, [[ley|ll < |le, ]| = 1foralln € N. For e} we have ej(e;) = 1and forn > 2we haveey(e; +e,) =1

1
SO e: € Sy~ for all n € N. Next, we have for x € Y that

I(ey = 2€,)()| = [x1 = 2x,] < [lIxl

and since (e} —2e,)(e;) =1, we get |[[le] —2e; || =1. As a conclusion, the sequence (e —
2e;),51 C Sy~ converges weakly to e] and satisfies

llley — (e — 2e)lll = 2llle,lll = 2,
for every n > 2, so e is a super A-point in By.. O

We can actually say a bit more about how the points e; and e} sit in their respective unit balls—
they are both extreme points.

Proposition 3.5. We have that e; € extBy and e, + e, € extBy for all n > 2. Similarly, e} €
extBy. and e] — 2e; € extBy. foralln > 2.
Proof. Let x := (x,),s; € ¢,. We have the following easy facts.

(i) Ifx, > 1forsome n € N, then x & B(Z>, || - ||)-
(ii) Ifx; =1andif x, < 0 for some n > 2, then x & By.

Let us see why (i) holds. We have

B, Uft(e; +e,), n>2} Clef <1in( e} <1},

n=2

and since this set is clearly (weakly) closed and convex, we also have

Bc{e; <uin( e <1}

n=2

and (i) follows. (ii) is clear by definition of ||| - [||. From this, it readily follows that e; and e; +¢,,
n > 2, are extreme points in By.
Next, let x* := (x,),51 € ¢,. For the dual case, we have following.

(iii) Ifx; > 1 or x,, > 2 for some n € N, then x* & By-.
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(iv) Ifx; =1, and if x,, > 0 for some n > 2, then x* & By-..

Similarly to the above, we have

B(KZ:””)X U {i(ef — 26;:), nz 2} C {el < 1} N ﬂ{en < 2},

n=2

and since this set is clearly (weakly) closed and convex, we also have

By. Cle, <1n|)le, <2}

n=2
and (iii) follows. (iv) is clear since [[le; + ¢, || = 1 and x*(e; +¢,) =1 + x,,.
From (iii) and (iv), it readily follows that e} and e] — 2e; are extreme points in By.. |

Using notation from [32], we can say more about e, and e}. If C is a convex set, then a given
subset D of C is a convex combination of relatively weakly open subsets (ccw for short) of C, if D is
of the form

n
D:= Z/liWi,
i=1

wheren € N, 4; € (0,1] fori =1, ...,n, Z?zl A; =1 and W; are relatively weakly open subsets of
C.

Then, we have that e; and e} are not only super A-points, but actually ccw A-points in the sense
of [32].

Corollary 3.6. If C is a ccw of By such that e; € C, then sup,c llle; — ylll = 2. Similarly, if D is a
ccw of By« such that e} € D, then sup,.¢p [le] — y*|ll = 2.

Proof. That super A-points that are extreme are ccw A-points is proved in [32, Proposition 3.13]
(see also the remark following the proposition). O

To end the section, let us emphasize that the points e; and e} satisfy the strongest possi-
ble A-property in Y and Y™ as they are both ccw A, but that they fail to be Daugavet points
in an extreme way as they both belong to the closure of the set of all strongly exposed points
in their respective unit balls. In particular, this example provides a positive answer to [32,
Question 7.12].

4 | RENORMING ANY BANACH SPACE TO HAVE A A-POINT

From [7, Corollary 6.10], we know that no finite-dimensional Banach space admits a A-point.
The following theorem, which is the main theorem in this section, highlights that the ques-
tion of whether or not a Banach space contains a A-point is very much an isometric and
not an isomorphic question. The proof combines ideas and results from the previous two
sections.
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Theorem 4.1. Let X be an infinite-dimensional Banach space. Then the following holds:

(1) IfX fails the Schur property, and in particular if X does not contain a copy of ¢, then there exists
an equivalent norm on X for which X contains a super A-point.

(ii) If X contains a copy of ¢, then there exists an equivalent norm on X for which X contains a
A-point.

As we will show in Section 5 (see Corollary 5.8), the existence of a A-point in a Banach space
automatically implies the existence of a weak™ super A-point in its dual, so we will essentially
focus here on the construction of A-points in our target spaces.

Our first step is showing that we can use similar ideas to the ones from Section 3 to renorm any
infinite-dimensional Banach space that fails the Schur property with a super A-point.

Proof of Theorem 4.1(i). That spaces which do not contain a copy of #; fail the Schur property
follows from Rosenthal’s #; theorem. Now if X fails the Schur property, then using classic results
on extraction of basic sequences (see, e.g., [4, Proposition 1.5.4]), we can construct a weakly null
basic sequence (e,,),»; C Sy. Let(e}),5; be the sequence of biorthogonal functionals on the space
span(e, )1, and for every n > 2, take a Hahn-Banach extension f,, € X of the functional e} —
2e’. As (e,),5 is basic, there exists a constant K > 1 such that sup,., || f,,|| < K. We define an
equivalent norm ||| - ||| on X by

il := max {%nxn, sup |fn(x>|}
nx2

for every x € X. Then, 1 Il < Il - Il € K |I-]l, and by construction, we have, for every n > 2,
llleylll = llley + e,lll = 1 and [lle, [Il = 2.
Ase; + e, — e; weakly, it clearly follows that e, is a super A-point in (X, ||| - [[])- O

Before proving Theorem 4.1(ii), let us state the following lemma that is an easy consequence of
a classical norm extension result.

Lemma 4.2. Let X be a Banach space. If there exists a subspace Y of X that can be renormed to
admit a A-point, then X can be renormed to admit a A-point.

The same holds for super A-points.

Proof. Assume that there is a norm |-| on Y that admits a A- or a super A-point. By [17, Lemma

I1.8.1], we can extend || to an equivalent norm || - ||| on X, which coincides with |-| on Y. In other
words, (Y, |-|) is isometrically isomorphic to a subspace of (X, ||| - [||), and since both A- and super
A-points pass to superspaces, the conclusion follows. O

Proof of Theorem 4.1(ii). If X contains a subspace Y, which is isomorphic to #;, then Y can be
renormed to admit a A-point by Theorem 2.1. We finish by using Lemma 4.2. 1

Let us end the present section with a few remarks.
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Remark 4.3.

(a) Note thatitis essential in the proof of Theorem 4.1(i) to go first through this process of extrac-
tion of a basic sequence in order to have complete control over the values of f,(e,,) for distinct
m, n. It is thus unclear whether a similar construction could be done on a weakly null nor-
malized net, and in particular whether it could be implemented in #; . Also, it is still unknown
whether the Daugavet point in the space F(M) from [41, Example 3.1] studied in Section 2 is
a super A-point (see Question 7.1 in [32] for further discussions). So we do not know whether
¢; can be renormed with a super A-point.

(b) If X is a Banach space with a normalized weakly null Schauder basis (e,),,,, then the con-
struction from Section 3 can be implemented in a natural way on this sequence in order to
provide a renorming of X for which e, is a super A-point and e} is a weak™ super A-point. So
using Lemma 4.2, we get an alternative geometric proof for Theorem 4.1(i).

(c) LetX be a Banach space with a normalized weakly null Schauder basis (e,),,»1. Up to renorm-
ing, we may assume that (e, ), is bimonotone. Then, it is straightforward to check that for
either the renorming from Theorem 4.1(i) or for the renorming copied from Section 3 that is
discussed in item (b) above, the point e, is also an extreme point of the new ball, hence a ccw
A-point in the sense of [32] (see Proposition 3.5 and Corollary 3.6). The same goes for e] if the
basis is moreover assumed to be shrinking, and in this case eik becomes a weak™® ccw A-point.
However, it is unclear whether those points pass to superspaces in general, and thus we do
not know whether Theorem 4.1(i) admits an analog for ccw A-points.

5 | DUALITY FOR A-POINTS AND APPLICATIONS

In this section, we provide a new powerful duality result for A-points, and collect a few strik-
ing consequences for the geometry of Banach spaces. The applications range from asymptotic
geometry and unconditional bases to Hahn-Banach smooth spaces. The main theorem in this
section is Theorem 5.6 where we prove that if a Banach space X contains a D-point, or if its dual
X* contains a weak™ A-point, then in both cases, X* actually contains a weak™ super A-point. As a
consequence, we show that D-points and weak™ A-points are incompatible with some geometric
properties of Banach spaces, such as asymptotic smoothness, shrinking, or monotone boundedly
complete k-unconditional bases with k < 2, or Hahn-Banach smooth spaces that have a dual
space with the Kadets—Klee property.

5.1 | Duality for A-points and asymptotic geometry

It was proved in [ 7] that A-points are incompatible with some asymptotic properties of smoothness
and convexity of norms. The following can be obtained by combining results from [7] and [40].

Theorem 5.1. Let X be a Banach space. If X is asymptotically uniformly smooth, then X contains
no A-point, and X* contains no weak™ A-point.

The ideas behind this result were related to the duality between asymptotic smoothness and
weak™ asymptotic convexity of the dual on one side, and to considerations on the Kuratowski
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measure of noncompactness a of weak™ slices on the other. More precisely, the two following
facts were obtained:

(i) If a point x € Sy is a A-point, then « (S(x, §)) = 2 for every § > 0 [7, Theorem 3.5] or [40,
Corollary 2.2]. In particular, no asymptotically smooth point can be a A-point [7, Proposi-
tion 3.6]. That is, x is not a A-point if lim,_,, 5(t, x)/t = 0, where p(t, x) is the modulus of
asymptotic smoothness at x (see, e.g., [4, Definition 14.6.1]).

(ii) If a point x* € Sy is a weak™ A-point, then every weak™ slice S of By. containing x* has
Kuratowski measure a(S) = 2 [40, Corollary 2.4]. In particular, no weak™ quasi denting-point
can be a weak™ A-point.

As every point in the unit sphere of a weak™ asymptotically uniformly convex dual space
is weak® quasi denting (see, e.g., the discussion following Corollary 4.7 in [7]), Theorem 5.1
immediately follows.

The relation between asymptotic properties and D-points was left aside in those papers, but let
us point out that from the proof of [7, Theorem 4.2], we can collect the following lemma. Recall
that a unit sphere element x in a Banach space X is an a-strongly exposed point if there exists
x* € D(x) such that limg_,, a(S(x*,8)) = 0.

Lemma 5.2. Let X be a Banach space and let x € Sy be an a-strongly exposed point. Then x is not
a D-point.

Recall that a Banach space X has Rolewicz’ property («) if for every x* € Sy« and € > 0, there
exists § > 0 such that a(S(x*, §)) < €. We say that X has uniform property () if the same § works
for all x* € Sy-. These properties were introduced by Rolewicz in [36]. Implicit in Rolewicz [36,
Theorem 3] is the result that X is asymptotically uniformly convex and reflexive if and only if
X has uniform property («); Rolewicz uses the term “X is A-uniformly convex” instead of X is
asymptotically uniformly convex and reflexive.

As corollaries of Lemma 5.2, we get the two following results. The first corollary is a
strengthening of [7, Theorem 4.4].

Corollary 5.3. Let X be a Banach space. If X has Rolewicz’ property (), and in particular if X has
finite dimension or if X is reflexive and asymptotically uniformly convex, then X contains no D-point.

Proof. This immediately follows from Lemma 5.2 since from Rolewicz’ property (), every x € Sy
is a-strongly exposed. Ol

Corollary 5.4. Let X be a Banach space such that X* is weak™ asymptotically uniformly convex.
Then, X* contains no weak™ A-points and no x* € Sy that attains its norm on X is a D-point.

Proof. That X* has no weak™ A-points is part of Theorem 5.1. Let x* € Sy. be such that there
exists x € Sy with x*(x) = 1. Then x* is (weak™) a-strongly exposed by [7, Corollary 3.4], hence
not a D-point by Lemma 5.2. O

Remark 5.5. Note that this result is sharp, because as the dual of ¢,, we have that #; is weak”
asymptotically uniformly convex and that every x € S, with infinite support is a D-point (see
Proposition 2.3 in [3]).
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It is unclear whether either [7, Theorem 3.5] or [40, Corollary 2.2] admit analogs for D-points.
Yet, we can provide stronger duality results for those points that will in particular give new
information about asymptotically smooth points and asymptotically uniformly smooth spaces.

Theorem 5.6. Let X be a Banach space. If X contains a D-point, or if X* contains a weak™ A-point,
then X* contains a weak™ super A-point.

Proof. First, let us assume x € Sy is a D-point. We will distinguish between two cases. First
assume that the set D(x) contains exactly one element x*. For every n € N, there exists x,, €
S(x*,1/n) such that ||x — x,|| > 2—1/n. Let x; € Sy« be such that x(x) — x7(x,) > 2—1/n.
By weak™ compactness of By:, there exists a subnet (y}),c 4 of (x};) that is weak™-convergent
to some element y* € By. Since x7(x) > 1 — % for every n € N, we get x;(x) — 1 and thus also
y:(x) — 1. Hence, y* € D(x), that is, y* = x*. Furthermore,

" — x| > x*(x,) — x*(xn)>2—%

for every n € N. Therefore, |[x* — x7|| — 2 and thus also || x* — y}|| — 2, meaning x* is a weak*
super A-point.

Now assume that D(x) has at least two distinct elements. Since D(x) is convex, then D(x) is
infinite. Denote by A the directed set of all finite subsets of D(x) ordered by inclusion.

For every A € A, we have — Al Zx*eA x*(x) = 1, thus there exists x, € Sy such that

1

2 X G)>1-m

|A| X*€A

and ||x — x4l >2 - Therefore, there also exists X’ € Sy such that x(x —x,) > 2 —

|A| IAI
There exists a subnet (y;)pep Of (X})4c 4 that is Weak*-convergent to some element y* € By..
Since x:’;(x) >1-— IT}I for every A € A, we get xZ(x) — 1 and thus also y;(x) — 1. Hence y* €
D(x).

Fix a > 0. Let A, € A be such that y* € A4, and p<a Then for all A > A, we have y* € A

and thus

1 1 1
—yi(xy) 2 X(xg) =1+ = > = = s,
|A| *a xéA 4 A1 TAT T Tap
which gives us
,, 1 1 2
Iy =x,l 2y (x) —x;(x)>1——=+1-—=>2-——=>2—a.
” a) = X, \X4 |A| |A]| |4

Therefore, ||[y* — x’, || = 2 and thus also ||y* — y;|| — 2, meaning y* isa weak™ super A-point.

Second, let us assume x;; € Sy~ is a weak™ A-point. Let x, € Sy be such that x;(x,) > 1/2. We
construct recursively two sequences (X;);5; and (x});;; in Sy and Sy« in the following way. First
choose x] € S(xy,1/2) such that ||x; — x|l > 2 —1/4, and choose x; € Sy such that x;(x;) >
1-1/4and x¥(-x)) > 1—1/4.
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Then, assume that we have found x,, ..., x,_; € Sy and x,...,x; | € Sy such that

n

k-1
1 X 1
—x, () > 1 - S and Z X (x)>k—-1 and x5(x)>1- Jert
i=0

for every k € {1,...,n — 1}. Then,

n—1 n—1 1

*

xO(Z)xi> > ZO (1—2?) >n—1.
i= i=

%

Since X,

is a weak™ A-point, there exist x; € Sy such that

n—1
xZ(Z xi> >n—1
i=0

and ||x; — x| > 2 —1/2"*!. Choose x,, € Sy such that x;(x,,) > 1 —1/2"*" and —x(x,) > 1 —
1/2n+1.

So we end up with two sequences (x;);5; and (x;);;; in Sy and Sx. such that x7(x;) — —1.
Furthermore, we have

n—1
Y i)z Y xe) —(n— I >n—1—(n—|I) =[]~ 1
iel i=0

for every finite set I C {1,...,n — 1}. As By. is weak™ compact, there exist subnets (y,),c 4 and
(¥%)aeq of those sequences such that (y}),c 4 is weak*-convergent to some element y* € By...

Since
1 1
xX=)Yx |>1—-=
< ] ; ) I

«f 1 1
iel

for every finite set C N. We will finally show that there exists a subnet (zg)ge 5 such that y*(zg) —
1. Fixy > 0 and o, € A. Then, we can find a finite set A C{d € A: a > oy} such that1/|]A| <y
and all elements in A correspond to different elements in N. Then,

1 1
VN =5 Ve | > 1+
(IAIZ "‘) |A|

aEA

whenever n > max I, we get

and thus there exists « € A such thaty*(y,) > 1 —1/|A| > 1 — y.Itfollows that1is a cluster point
of the net (y*(y4))aec., and therefore there exist subnets (z5)ge 5 and (z;)/ge 5 such that y*(zg) —
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1. As we are working with subnets, z;; (zg) = —1 by construction of the original sequences, so
1Y* =251l 2 ¥*(z5) — 25(25) — 2.
Therefore, y* is a weak™ super A-point. [l

Remark 5.7. 1t is known that there are A-points that are not super A, and that there even exists a
Banach space with a large subset of Daugavet points that contains no super A-point (combine
Proposition 2.12 and Theorem 3.1 or Theorem 4.7 in [8]). So the previous result is completely
specific to the weak™ topology, and it is quite clear from the above proof that essentially all comes
down to the weak™ compactness of the dual unit ball.

Note that as a corollary of this result and Theorem 4.1, we get the following.

Corollary 5.8. Let X be an infinite-dimensional Banach space. Then, X can be renormed so that
X admits a A-point and X* admits a weak™ super A-point. Moreover, if X fails the Schur property,
then X can be renormed so that X admits a super A-point and X* admits a weak™ super A-point.

Recall that a (dual) Banach space X has the (weak™) Kadets property if the weak (respec-
tively, the weak™) and norm topology coincide on the unit sphere of X. As pointed out in
[32, section 3], it is clear that (weak™) super A-points are incompatible with being (weak™)
Kadets. So observe that it immediately follows from Theorem 5.6 that if a Banach space X
contains a ®-point, or if its dual X* contains a weak*-A-point, then X* fails to be weak”
Kadets. In particular, as weak™ asymptotically uniformly convex duals satisfy a uniform weak*
Kadets property in the sense of [30], we immediately get the following improved version of
Theorem 5.1.

Corollary 5.9. Let X be a Banach space. If X is asymptotically uniformly smooth, then X fails to
contain D-points, and X* fails to contain weak™ A-points.

Also observe that we can clearly get something more precise out of the proof of Theorem 5.6.
Indeed, looking back there, we can see that if a point x € Sy is a D-point, then the set D(x)
contains a weak™ super A-point. So as a corollary, we get the following pointwise result (see also
the discussion following Theorem 5.1).

Corollary 5.10. No asymptotically smooth point is a D-point.

Proof. Let X be a Banach space. If x € Sy is a D point, then as observed in the previous discussion,
the set D(x) contains a weak™ super A-point y*. As this point is also a weak™ A-point, it follows
from [40, Corollary 2.4] that a(S) = 2 for every weak™ slice S of By containing y*. In particular,
a(S(x,d)) = 2 for every § > 0 since y*(x) = 1. Then, by [7, Corollary 3.4], x is not an asymptoti-
cally smooth point (as the Kuratowski measure of the weak™ slices of the dual unit ball defined
by an asymptotically smooth point goes to 0 as § goes to 0). O

Finally, note that we also get the following D-version of [7, Corollary 4.6].

8518017 SUOWILLIOD BAIER1D) 8|qeoldde 3y} Aq psuienob a1 S VO ‘88N JO S9N Joj AReiq1T 8UIIUO AB]IM UO (SLONIPUCD-PUe-SWBY L0 AB| 1M Aed] U1 UO//SAIY) SUORIPUOD pue Swi | 84} 88S *[7202/50/20] Uo Areiqiauliuo Aojim ‘Bpby JO A1s1eAIIN AQ ET6ZT SW(/ZTTT 0T/I0p/L0D &3] 1M ARIq 1 [eulU0"d0SURWPUO|//Sd1y WO papeojumod 'S ‘v20g ‘052L697T



DELTA-POINTS AND THEIR IMPLICATIONS FOR THE GEOMETRY OF BANACH SPACES | 23 of 38

Corollary 5.11. IfX is asymptotically uniformly convex and reflexive, then neither X nor X* contain
D-points.

Proof. Since X is reflexive and asymptotically uniformly convex, X has no D-points by Corol-
lary 5.3. Since X* is asymptotically uniformly smooth X* has no D-points by Corollary 5.9.  []

5.2 | Shrinking and boundedly complete unconditional bases

We know from [8] that there exists a Banach space X with a 1-unconditional basis that admits
a Daugavet point. This X contains copies of both ¢, and #;. In this section, we show that this is
no coincidence, a consequence of our results is that if X has a shrinking or boundedly complete
1-unconditional basis, then X cannot contain A-points (see Corollary 5.15 below for the precise
statement).

Instead of working with a basis, we can work with an approximating sequence of compact
operators. A kind of reverse bounded approximation property will then prevent the existence of
weak™ super A-points in the dual in a similar way to [32, Proposition 3.20], and as a consequence
of Theorem 5.6, it will also prevent the existence of D-point in the space and of weak™ A-points
in the dual. So here is the main theorem of this subsection.

Theorem 5.12. Let X be a Banach space. Assume that there exists a family (T;);ca of compact
operatorson X withsup;en ||y — T;|| < 2, suchthatT; — Iy. inthe strong operator topology. Then,
X contains no D-points, and X* contains no weak™ A-points.

Proof of Theorem 5.12. Let € > 0 be such that

sup ||[I = T, || + 4e < 2.
AEA

By Theorem 5.6, it is enough to show that if a net (x}),c 4 C By converges weak™ to some
y* € By, then for every a, € A, there exists a > «; such that

*

S 3k
ly* —x_ || <2—2e.

Pick 4 € A such that H y =Ty “ < €. By Schauder’s theorem, T7 is continuous as a map from
(By«, w*) to (X*, || - ||) (see, e.g., [14, Theorem 6.26]) and it follows that (T;:(x;))aeA converges in

norm to TZ(y*). Thus, there exists «, € .A such that |
Then, for every a > o, we get

0" = x;)” < eforevery a > .

Iy =zl < [y = | + o = || + i - Ty
S\ =Ty + 2
<2 -2,
and the conclusion follows. O
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Remark 5.13. In Theorem 5.12, we assume that X™ satisfies a version of the bounded compact
approximation property with conjugate operators. It is clear from the above proof that actually
all we need is a family A C X(X) such that supyc 4 Iy — T|| < 2 and such that given € > 0 and
x* € X*, there exists T € A such that ||x* — T*x*|| < e.

Let us now collect a few corollaries from Theorem 5.12.

Corollary 5.14. Let X be a reflexive Banach space with a shrinking basis with partial sum projections
(Py). If supen I — Py |l < 2, then X and X* contain no D-points.

In particular, if X is a reflexive Banach space with k-unconditional basis for k < 2, then X and X*
contain no D-points.

In [8, Theorem 2.17], it was shown that Banach spaces with a subsymmetric basis have no
A-points and this can be applied to show that the Schlumprecht space has no A-points. Unlike
previous results in this direction, Corollary 5.14 applies also to the Tsirelson space and many of
its relatives.

From Theorem 5.12 and the classic results from James on bases in Banach spaces, we also get
the result announced at the start of this subsection.

Corollary 5.15. Let X be a Banach space with shrinking k-unconditional basis for k < 2, then X
contains no D-points and X* contains no weak™ A-points.

Let X be a Banach space with a monotone boundedly complete k-unconditional basis for k < 2,
then X contains no A-points.

In particular, a Banach space with 1-unconditional basis and a A-point contains a copy of ¢, and
‘.

Proof. The first part follows directly from Theorem 5.12 using the partial sum projections.

If X has a monotone boundedly complete basis (e,), then the biorthogonal functionals (e}) is
a shrinking basis for Z = span(e;) and X is isometric to Z* (cf,, e.g., [4, Theorem 3.2.15]). The
unconditionality constants for (e,) and (e;) are the same and hence the second part follows from
the first.

Finally, if (e,) is an unconditional basis for X, then it fails to be shrinking if and only if X
contains a subspace isomorphic to #; (cf,, e.g., [4, Theorem 3.3.1]) and it fails to be boundedly
complete if and only if X contains a subspace isomorphic to c, (cf., e.g., [4, Theorem 3.3.2]). Since
a l-unconditional basis is monotone, the last part of the statement follows from the first two. []

Remark 5.16. Again, note that those results are sharp, as every norm-one element of #; with infi-
nite support is a D-point (see [3, Proposition 2.3]) and every norm-one sequence in ¢ converging
to 1is a Daugavet point [3, Theorem 3.4].

Also, note that if we view ¢; as the dual of ¢, then #; contains a weak™ super A-point by
Theorem 5.6. However, #; as the dual of ¢, contains no weak™ A-points by Corollary 5.15.

We have one final corollary of this subsection. Recall that D-points can be lifted from subspaces.

Corollary 5.17. If X is a subspace of a Banach space with a shrinking k-unconditional basis for
k < 2, then X contains no D-points.
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Let us note that there is no quotient version of Corollary 5.17 since every separable Banach space
is a quotient of #,. However, it is natural to ask the following.

Question 5.18. Can we conclude that X* contains no weak” A-points if X is a subspace of a
Banach space with a shrinking k-unconditional basis for k < 2?

According to Cowell and Kalton [15], a separable Banach space X has property (au*) if
lim,_, o [|x* + x;|| = lim lx* — x7|| whenever x* € X*, (x),5; is a weak*-null sequence
and both limits exist. In particular, spaces with Kalton’s property (M*) and spaces with a
1-unconditional finite-dimensional decomposition satisfy this property.

It was shown in [15, Theorem 4.2] that a separable Banach space X has property (au*) if and
only if for every ¢ > 0, we have that X is (1 + €)-isomorphic to a subspace of a Banach space Y with
ashrinking 1-unconditional basis. This is in turn equivalent to the fact that for every ¢ > 0, we have
that X is isometric to a subspace of a Banach space Y with a shrinking (1 + €)-unconditional basis.
Hence by Corollary 5.17, separable Banach spaces with property (au*) have no D-points.

n—oo

5.3 | Sequential super points and Hahn-Banach smooth spaces

Among the first nonreflexive examples of Banach spaces with no A-points were some M-
embedded spaces and their duals, for example, ¢, and ¢, K(¢,) and its dual, and the Schreier
space and its dual. For the Schreier space and its dual, this was shown in [6], but it also follows
from Corollary 5.15. The first two are covered by Corollary 5.9 and, in fact, both ¢, and X(¢,) have
Kalton’s property (M*). A not completely unnatural question to ask is the following:

Question 5.19. Let X be a nonreflexive M-embedded Banach space. Do X and its dual X* fail to
contain A-points?

In this section, we will show that the answer is positive when X* is a Lipschitz-free space or
more generally when X* is Kadets-Klee. However, the following example shows that in general
the answer is negative.

Example 5.20. There exists a nonreflexive M-embedded Banach space X such that both X and
X* have a super A-point.

Let Y := (&, ||| - lII) be the renorming of #, from Theorem 3.1. Then, both Y and Y* admit
a super A-point. Let X := c,(Y). Then, both X and X* = #,(Y*) isometrically contain a sub-
space with a super A-point. Since such points can be lifted to any superspace, both X and X*
admit a super A-point. Reflexive spaces are trivially M-embedded hence X is M-embedded by [24,
Theorem IIL.1.6].

Before we move on to Hahn-Banach smooth spaces in more detail, let us point out that Corol-
lary 5.9 already provides a positive answer to Question 5.19 for X* = F(M) where M is a proper
purely 1-unrectifiable metric space. Indeed, we have the following result.

Corollary 5.21. If M is a proper metric space, then lip,(M) is M-embedded and does not admit
D-points.
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If, in addition, M is a proper purely I-unrectifiable metric space, then F(M), the dual of lip,(M),
has no weak™ A-points.

Proof. Let M be a proper metric space. Dalet showed that, for any € > 0, the space lip,(M)is (1 + €)-
isomorphic to a subspace of ¢, [16, Lemma 3.9]. From the three-ball property [24, Theorem 1.2.2],
it follows that lip,(M) is M-embedded. It also follows that lip,(M) is asymptotically uniformly
smooth (see, e.g., [34, Lemma 4.4.1]). By Corollary 5.9, we get that lip,(M) does not admit D-points
and its dual has no weak® A-points.

It is known that if M is a proper metric space, then F(M) is a dual space if and only if M is
purely 1-unrectifiable and, in that case, lip,(M) is a predual [2, Theorem 3.2]. Note that duals
of M-embedded spaces are L-summands in their biduals and any Banach space has at most one
predual that is M-embedded [24, Proposition IV.1.9]. O

It was proved by Fabian and Godefroy [19, Theorem 3] that every M-embedded space is weakly
compactly generated and Asplund. In particular, the dual of any M-embedded space has the
Radon-Nikodym property. In fact, every M-embedded space X is Hahn-Banach smooth (see, e.g.,
[24, Proposition 1.1.12]), meaning that every x* € X* has a unique norm-preserving extension to
X

Sullivan proved in [39] that for a Hahn-Banach smooth space X, the relative weak and weak”
topologies on By agree on Sy (also see [24, IIl.Lemma 2.14]). So a direct consequence of The-
orem 5.6 is that if X is Hahn-Banach smooth, and X admits a D-point or X* admits a weak”
A-point, then X* admits a super A-point. In particular, X* fails the Kadets property.

Note that the sequential version of the Kadets property (the Kadets-Klee property, see below
for the definition) is not incompatible with super A-points in general since there exists a Banach
space with the Daugavet property and the Schur property [29]. However, it was pointed out in
[32, Remark 3.5] that natural sequential versions of those points would automatically prevent the
Schur property. So let us introduce the following.

Definition 5.22. Let X be a Banach space. We say that

(i) a point x € Sy is a sequential super A-point if there exists a sequence (x,,),»; in Sy that
converges weakly to x and such that ||x — x, || = 2;

(i) a point x* € Sy is a weak™ sequential super A-point if there exists a sequence (x}),; in Sy«
that converges weak” to x* and such that ||x* — x|| — 2.

Clearly, every (weak™) sequential super A-point is a (weak™) super A-point, and as we pointed
out in the previous discussion, the converse does not hold in general.

However, it is clear that weak™ sequential super A-points coincide with weak™ super A-points in
duals of separable spaces. With respect to the weak topology, recall that it is always possible by the
results from Rosenthal to extract from any given bounded weakly converging net in a space that
does not contain #; a weakly converging sequence, so sequential super A-point and super A-points
always coincide in this context. In particular, the two notions are equivalent in Asplund spaces.

As mentioned, sequential super A-points are incompatible with the Schur property. More pre-
cisely, they are incompatible with the Kadets—Klee property. Recall that a (dual) Banach space X
is said to be (weak™) Kadets-Klee if every for every sequence (x,),, in Sy, and for every x € Sy,
we have that x,, - x weakly (respectively weak™) if and only if ||x — x,|| — 0.

Clearly, the existence of a (weak™) sequential super A-point is incompatible with the (weak™)
Kadets—Klee property.
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It turns out that Theorem 5.6 actually provides a weak™ sequential super A-point under the
assumption that the unit ball of the dual space is weak™ sequentially compact.

Theorem 5.23. Let X be a Banach space such that By is weak™ sequentially compact. If X contains
a D-point, or if X* contains a weak” A-point, then X* contains a sequential weak™ super A-point.

Proof. If X contains a D-point, then by Theorem 5.6, X* admits a weak™ super A-point, hence a
weak™ A-point, so it is sufficient to prove the second part of the statement.

So let us assume that X* admits a weak™ A-point x*. Looking back at the second part of the proof
of Theorem 5.6, it is clear that we can use weak™® sequentially compactness to extract sequences
instead of nets at each key step, so that we end up with a sequential weak™ super A-point y*. The
conclusion follows. Ol

Stegall proved in [38, Theorem 3.5] that if a Banach space X is weak Asplund, then the unit
ball of X* is weak™ sequentially compact. So every Asplund space satisfies this property, and
the same goes for weakly compactly generated spaces by the results from Asplund’s seminal
paper [13].

Smith and Sullivan proved in [37] that Hahn-Banach smooth spaces are Asplund, so for Hahn-
Banach smooth spaces, we get the following corollary.

Corollary 5.24. Let X be a Hahn-Banach smooth space. If X admits a D-point or if X*
admits a weak™*A-point, then X* contains a sequential super A-point. In particular, X* fails to be
Kadets-Klee.

In particular, note that in the reflexive setting, we even get the following result.

Corollary 5.25. Let X be a reflexive Banach space. If X contains a D-point, then X and X* both
contain a sequential super A-point. In particular, neither X nor X* are Kadets—Klee.

Proof. As reflexive spaces are Hahn-Banach smooth, the existence of a D-point in X implies the
existence of a sequential super A-point in X* by Corollary 5.24. But as super A-points are also
D-points, this in turns implies the existence of a sequential super A-point in X. O

Remark 5.26. In particular, note that this result shows that it is no coincidence that the exam-
ple from Section 3, which is the first example of a reflexive Banach space with a A-point, in
fact provides an example of a reflexive space with a super A-point and a super A-point in
its dual.

Also let us point out, in relation to the discussions from Section 5.1, that it was proved by
Montesinos [31, Theorem 3] that a reflexive Banach space X has property («) if and only if it is
Kadets-Klee (the latter being referred to there as “property (H) of Radon-Riesz”). So Corollary 5.25
can be seen as an improved version of Corollary 5.11.

Finally, we get some general results for Lipschitz-free spaces with a Hahn-Banach smooth
predual. For Lipschitz-free spaces, the Radon-Nikodym property and the Schur property are
equivalent by [2, Theorem 4.6]. Hence, as noted above, since Hahn-Banach smooth spaces are
Asplund, we get from Corollary 5.24 the following.
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Corollary 5.27. Let M be a metric space such that F(M) is a dual space with a Hahn-Banach
smooth predual Y. Then, Y does not contain any D-point and F(M) does not contain any weak™
A-point.

Let M be the metric space defined by Veeorg that we studied in Section 2. Since F(M) contains
a Daugavet point, we get from Corollary 5.27 that no predual of 7 (M) is Hahn-Banach smooth.
Similarly one can show that for the metric space M in [9, Example 4.2] the molecule my, is a
A-point (but not a Daugavet point), hence no predual of 7(M) is Hahn-Banach smooth. In next
section, we will study in more detail A-points in Lipschitz-free spaces. In particular, we will prove
in Theorem 6.7 that for any two distinct points x and y in a metric space M, the molecule m, , is
a A-point if and only if x and y are discretely connectable in M (see Definition 6.1). So let us point
out right away that together with this result, Corollary 5.27 also provides new information about
the metric spaces M such that the associated Lipschitz-free space has a Hahn-Banach smooth
predual.

Corollary 5.28. Let M be a metric space such that F(M) is a dual space with a Hahn-Banach
smooth predual Y. Then, no two distinct points in M are discretely connectable.

We started this subsection with an example showing that nonreflexive M-embedded Banach
spaces and their duals can contain A-points. We end with the corresponding question for Daugavet
points.

Question 5.29. Does there exist a nonreflexive M-embedded space X such that X or X* contains
a Daugavet point?

6 | METRIC CHARACTERIZATION OF A-MOLECULES

In this last section, we will focus on A-points in Lipschitz-free spaces. Our main goal is to obtain
a purely metric characterization of those molecules m,, that are A-points of 7(M) (see Theo-
rem 6.7). In [26, Proposition 4.2], Jung and Rueda Zoca gave a sufficient metric condition: that
x and y be connectable, that is, that they can be joined by Lipschitz paths in M whose length is
arbitrarily close to d(x, y). In particular, if x and y are connected by a geodesic, then m,,, is a
A-point. Moreover, the converse is true when M is compact under some additional assumptions
[26, Theorem 4.13]. We will show below that these extra hypotheses are, in fact, superfluous and
the existence of a geodesic characterizes A-molecules for proper M (see Corollary 6.8). For general
M, the notion of connectability is unnecessarily strong and it may be relaxed to allow for discrete
paths as follows.

Definition 6.1. Let x,y € M. Given ¢ > 0, we say that x and y are e-discretely connectable (in
M) if there exists a finite sequence of points py, p;, ..., Pp> Ppy1 in M, where p, = xand p,,; =¥,
with the following properties:

@) d(p;, piy1) <eforeachi=0,...,n,and
() Z?:o d(p;, piy1) < d(x,y) +e.

We say that x and y are discretely connectable if they are e-discretely connectable for every ¢ > 0.
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In the case where M is proper, this notion is still equivalent to the existence of geodesics.

Proposition 6.2. If M is a proper metric space and x #y € M, then x and y are discretely
connectable if and only if they are connected by a geodesic.

Proof. Denote I = [0,d(x,y)] C R and let U be a free ultrafilter on N.
For every n € N, we can find p, p, ... in M with pf =x and p
d(pi”,pl."ﬂ) <1/nfor0 < i< m(n)and

n

m(ny+1 = Y With

n
' Proy1

m(n) 1
Y d(plply) < d(x,y) + =
i=0 n
Fix n € N. For every a € I, there exists k = k,(a) with 1 < k < m(n) + 1 such that
k—1 1
n n
a< ;d(pi,piﬂ <a+;.

Define p; = p;. Then,

k—1

1

dCx,p) < X dp] pli) < a+
i=0

and
m(n) m(n) k-1 1
d(py,y) < Y, d(pl,pfy) = X d(pf, pliy) = X d(pf, ply) <d(x,y) + = —a,
i=k i=0 i=0
so that
pt e B<x,a + l) nB(y,d(x,y) —-a+ l).
a n n

Note that all points under consideration belong to the compact set B(x, d(x,y) + 1), so we can
define p, = lim,, pj;. In particular, we must have x = p, and y = py(,. ;).

Let us check that the map a — p, from I to M is an isometry. Leta,b € I witha < b. Given é >
0, choose A € U such that p}; € B(p,,8) foralln € Aand B € U such that p; € B(py, 6) for all
neB.LetC = AnB € V. Since U is free, we know that C is infinite. Therefore, we can choose
N € Csuchthat1/N < 6.Ifky(a) = ky(b), then p = pg € B(p,,8) N B(py,,8) and d(p,, pp) <
28. Otherwise ky(a) < ky(b) and we have

kn(b)—1
d(pa> py) <5 +d(pY,pl)+8 <25+ ). d(pY,pN,)
i=ky(a)
ky(b)—1 ky(a)—1
=25+ Y dY.pN)- Y, dpY.pY,
i=0 i=0

<25+b+%—a<b—a+35.
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Since § > 0 was arbitrary, we get d(p,, pp) < |b — a| for all a, b € I. Now, we also have

d(x,y) < d(x, pg) + d(pa, pp) + d(py, ¥) < (@ —0) + (b — a) + (d(x,y) — b) = d(x, )
so all inequalities must be equalities and d(p,, pp) = |b — a| forall a,b € I. O

The argument used in [26, Proposition 4.2] can be discretized to show that m,,, is a A-point
whenever x and y are discretely connectable. With a slight variation of that argument, we get the
following, more general result.

Proposition 6.3. Let u € Sy(yy). Suppose that, for every n > 0, u can be expressed as a series of
molecules

u= Z agmy,,, ~ with Z lag| <147 3)
k=1 k=1

such that each pair (xy, y;.) is discretely connectable in M. Then, u is a A-point in F(M).

The hypothesis clearly holds if u = m,,, where x and y are discretely connectable. More gen-
erally, it also holds if every pair of points in supp(u) U {0} is discretely connectable in M, as every
M € Spy) admits an expression of the form (3) (see, e.g., [10, Lemma 2.1]).

Proof of Proposition 6.3. Let S = {v € Bran t f(v) >1— oc} be a slice containing u, for some
fe SLipy(M) and « > 0. Fix#n > O such that f(u) > (1 — a)(1 + 1), and choose a representation of
w of the form (3) where every pair (x;, y; ) is discretely connectable. We may assume q;, > 0 for all
k by swapping x, with y, if needed. Then, by convexity, we must have f (mxk yk) > 1 — o for some
k, that is, there are x = x;,y = y, in M that are discretely connectable and such that my, € S.

Now fix § > 0 such that f(m,,) > (1 —a)(1 + ), and let € < § - d(x, y) be arbitrary. Choose
a sequence of points py, ..., p, € M as in Definition 6.1, and denote p, = x, p,,; = y. Then, we
have

F(p) = f(piy1) : i:O,...,n}

maxJ f(m, , ):i=0,..,n =max{
{f Pi>Pi+1 } d(pi’pi+1)

~§)(f(pi) —f(piy1)

2

S

. d(p;, biy1)

>f(X)—f(y)
d(x,y)+¢
fimy,) .
> 1+6 >

.

Therefore, we may choose u = py,v = py withd(u,v) < eand f(m,,) > 1 — «, thatis, m,,, € S.
By [26, Theorem 2.6], it follows that S contains elements whose distance to u is arbitrarily close
to 2, hence u is a A-point. O
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Discrete connectability does, in fact, characterize A-molecules in Lipschitz-free spaces. In order
to prove this, we will now construct a family of alternative metrics on M that provide infor-
mation about how “well connected” (in the sense of Definition 6.1) a given pair of points is,
by reducing their distance whenever there is a partial discrete path between them. We define
them precisely as the shortest possible distance when giving a preference to discrete paths with
sufficiently small step.

Fixa € (0,1). For any € > 0 and x,y € M, we write

xy) = d(x,y), ifd(x,y)>¢
Waedo V) == 1 —oa)d(x,y), ifd(x,y)<e

and
n
ba,e(x’ y) := inf { Z wa,s(pi’ pi+l) : DPo> P15+ > Pn+1 € M’ bo =X, Pp41 = y}'
i=0

Note that w, . and b, . increase as ¢ decreases, so we can also define
by(x,y) :=supb, (x,y) =limb, (x,y).
0 -0

Lemma 6.4. Fixa € (0,1) and ¢ > 0.

(i) by and b, . are bi-Lipschitz equivalent metrics on M.
(ii) Forany x,y € M, we have

(I = a)d(x,y) € by (X, ) < by(x,y) < d(x, ).

(iii) Ifx,y € M are not e-discretely connectable, then

bye(x,y) 2 (1 —a)d(x,y) + ¢ min{a,1 —a}.

(iv) Two points x,y € M are discretely connectable if and only if

by(x,y) = (1 — a)d(x, y).

Proof. For any x,y € M, we have bm(x,y) < wa,g(x,y) < d(x,y). Notice also that for any finite
sequence py = X, Py, ..., Pp> Ppy1 = ¥ in M, we have

(1 —a)d(p;, piy1) 2 (1 — @)d(x, ),

n
i—0

n
Z Wy (P> Pit1) =
i=0

and hence b, .(x,y) > (1 — a)d(x, y). This proves (ii) for b, . and thus also for b, by taking limits.
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It is clear that w, . and b, . are symmetric. For any x,y,z € M and 6 > 0, we may find two
finite sequences p;, ..., p, and pi, ..., D}, of points in M such that
wa,e(x’ pl) + wc{,a(pl’ p2) + ot woc,e(pn’ z)< ba,s(x’ z)+6,

wa,g(zy p{) + wo(,g(piap;) + et wa,g(p;{n’ J’)< ba,g(z’ y) + 6’

and therefore,

ba,g(x’ J’) < woc,g(xy pl) + o+ wo{,g(pna Z) + wc(,g(z’ P;) + o+ wo(,g(p;na Y)
<bg(x,2) + by (2z,y) + 26.
Letting § — 0 yields the triangle inequality for b, .. Together with (ii) this shows that b, is an
equivalent metric on M, and letting ¢ — 0 we get (i).

For part (iii), the assumption is that for any finite sequence p, = x, py, ..., p,4; =y in M, at
least one of the two following statements holds:

(@) Xiiod(ps piy1) = d(x, ) +e.
(b) d(py,Pr4+1) = € forsome k € {0, ..., n}.

In case (a), we have

Y Wee(pis Pi) > D (A = )d(p;, piyy) > A — a)(d(x, ) +€) > (1 — a)d(x, y) + (1 — a)e.
i=0 i=0

In case (b), we have

n k-1 n
D Wao(pis Piat) > (1= @) Y d(py, piay) + APy, prs) + (L= @) Y d(pi, Pigr)
i=0 i=0 i=k+1

n
= (1= @) ) d(py, pisr) + 2 d(Pps Prsr)
i=0

> (1 —-a)d(x,y)+ ac.

Taking the infimum over all choices of p; yields (iii).

Finally, one of the implications in (iv) is given by (iii). For the converse, assume that x and y are
discretely connectable. Let ¢/ > 0 and § € (0, ¢’). Then, one may find finitely many points p, =
X, P15 s Pps Ppy1 = ¥ in M such that d(p;, p; 1) < 8 and X\ d(p;, piyq) < d(x,y) + 6. Thus,

Dot (%,9) < Y\ Weor(Py Piat) = (1 = @) D" d(py, piyy) < (1 — a)(d(x, y) + 6.
=0

i i=0

Letting § — 0 followed by &’ — 0 yields b, (x,y) < (1 — a)d(x,y), and an appeal to (ii) ends the
proof. ]
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Note that Lemma 6.4(ii) implies that (M, d) and F(M, b,) are linearly isomorphic comple-
tions of span §(M), and in particular || - Iz, is an equivalent norm on F(M). The same holds
for b, . in place of b,. We have

(= lullran < l1llracs,,) < 1#llFas,) < I-llFn

for u € F(M), and similarly
(@ = @BLipyv.d) € BLipya.b,.) S BLipya.b,) € BLipyvr.a)-
We also have the following.

Lemma 6.5. Forany u € F(M) and a € (0,1), we have
Um |l b, ) = I-IFLb,)-

Proof. Suppose first that u has finite support and put S = supp(u) U {0}. Let » > 0. Then, since S
is finite, we can find ¢, > 0 such that b, (x,y) < (1 +n)b, .(x,y) forall x,y € Sandall ¢ € (0, ).
For any such ¢, we can, by, for example, [42, Proposition 3.16], write y as a finite sum of molecules
in F(M, b, ;) in the form

z": S(x) —8(yi)

k= ag(xk’yk)

where x; # Y. € S and ¥ |ai| = ll#llq,p, )- This implies

Zn: a by (Xk, yi) 6(xi) — S(y)

”/"”P(M ba s) ”lu”F(M b ) ba 5(xkgyk) ba(xkayk)

F(M,b,)

<@+ lullron

ae)

ZZ: by (g, Y1)

zxs( koY k)

for € < ¢;. Thus, the lemma holds for this u.

Now let 4 € F(M) be arbitrary, and taken > 0. Find v € (M) with finite support and such that
It = Vllrarp,) <0 Then, [|[v|lrnp D < VllFarp, B/ when ¢ is small enough, by the previous
paragraph. For such ¢, we have

Nkl b,y < HHllF@eb,) < IVIF@eb,) +7
< Pllrerp,,) + 27
< lellraep,) + 14 =Yllrars, ) + 21
< Millraa b, + 118 =2llrarn,) + 27
< lllrap, ) +39-
So the lemma also holds for this u. O
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The relevance of the next lemma lies in the fact that condition (i) characterizes A-points when
w is a molecule (see [26, Theorem 4.7]) or, more generally, a finitely supported element of Sy
(see [41, Theorem 4.4]).

Lemma 6.6. Let 1 € Sy(yp). Then the following are equivalent:

(i) Every slice of By that contains u also contains molecules m,,,, for arbitrarily small d(u, v).
(ii) Il pp, ) =1 —aforalla e (0,1)andalle > 0.
(iii) Il pp,) =1 —aforalla € (0,1).

Proof. (i) = (ii). Assume that (i) holds and suppose ||u|l 7y, by > 1—a for some e > 0and o €
(0,1). Then, there exists h € Sy, (v, ) C Brip,au Such that h(,u) > 1 — a. By assumption, there
exists a molecule m,,,, in (M) such that h(m,,) > 1 —aand d(u,v) < ¢. Thus,

by (u,v) = h(u) — h(v) > (1 — a)d(u,v) = w, (u,v) > b, (u,v).

This contradiction proves (ii).

(ii) = (iii) follows from Lemma 6.5.

(iii) = (i). Assume that (iii) holds and fix € > 0 and a slice S(f, «) such that u € S(f, a), where
fe SLipy(M) and a > 0. By [25, Lemma 2.1], we may assume « € (0, 1). From (iii), we have

fw l1—a
[ g g )
Lipo(M.,by) ||M||P(M»bzx) 1-a

Thus, there exist x,y € M such that

f(x) - f(}’) > bo((xyy) > ba,g(xyy)'

By the definition of b, .(x, y), we can find py, p;, ..., p,4+1 € M such that p, = x, p,,; =y and

FG) = f0)> Y waelpys pra)-
i=0

Letl, = {i €{0,..,n} : d(p;, piy;) <€} andlet I, ={0,...,n} \ I,. Then,

(1 - OC) Z d(pl’ pl+1) + Z d(pl’ pl+1) - Z woc E(pl’ pl+1)

i€l i€l

<f)-f»

(f(p) = f(Pir1)

NV

(f(P) = (i) + D, d(pis Pis1)

i€l i€l

m
i

and therefore there exists i € I} such that f(p;) — f(p;4+1) > (1 — a)d(p;, p;+1)- Since we have also
d(p;, pi+1) < €, we conclude that (i) holds with u = p;, v = p;,;. O
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‘We are now in a position to prove our characterization of A-molecules.

Theorem 6.7. Let x #y € M. Then, m,,, is a A-point of F(M) if and only if x and y are discretely
connectable in M.

Proof. One implication follows immediately from Proposition 6.3. For the converse, suppose that
m,., is a A-point and fix o € (0, 1). Then, u = m,,, satisfies condition (i) from Lemma 6.6 by [26,
Theorem 4.7], so it also satisfies (iii) and

8(x) —4(y)

_ H _ b,(x,y)
F(M,bg) d(x,y)

F(M.by) Cd(x,y)

l-a= ”mxy

That is, b,(x,y) = (1 —a)d(x,y). Now Lemma 6.4(iv) shows that x and y are discretely
connectable. O

Corollary 6.8. Let M be a proper metric space and x # y € M. Then, m,,, is a A-point of F(M) if
and only if x and y are connected with a geodesic.

By [41, Corollary 4.5], every convex sum (finite or infinite) of A-molecules of F(M) is again a
A-point. It is then natural to ask whether the converse holds. Note that the question only makes
sense for elements of Sy, that are actually convex sums of molecules, which is not all of them
in general (see [12, Section 4]). This question was raised explicitly in [41, Problem 3] for those
A-points u € Sy with finite support. In that case we have:

* u can always be written as a convex sum of molecules (see, e.g., [42, Proposition 3.16]), and
 u also satisfies property (i) from Lemma 6.6, by [41, Theorem 4.4].

The techniques developed in this section allow us to answer the question in the positive.

Theorem 6.9 (cf. [41, Problem 3]). Suppose u € Sy is a A-point with finite support. Then, u can
be written as a finite convex combination of A-molecules in S ).

Proof. Fix a € (0,1). By Lemma 6.6 and [41, Theorem 4.4], we have ”/"”P(M,ba) =1—a. Thus,
since u is a finitely supported element of F(M, b, ), we may write u/ || Ml p,) s a finite convex
combination of b,-molecules (e.g., by [42, Proposition 3.16]). That is,

o, 80x) —8()
A
Z{ b (X, yp)

for some x; # y; € M and 4; > O such that )" | 4; = 1. Then,

z": d(x;, y;) 6(x;) —6(y;)
lb (xl’yl) d(xi’yi)

“ ) dCy)
D RO

= baxiyi) S

L= llullrora =0 —a)

F(M,d)
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and so all inequalities are actually equalities. In particular, u = Y\ Aymy, is a finite convex
combination of molecules such that b, (x;,y;) = (1 — a)d(x;,y;) for all i. By Lemma 6.4(iv) and
Theorem 6.7, this means that each m, ), is a A-point. O

We finish by remarking that the existence of A-points in 7(M) does not necessarily imply the
existence of A-molecules in general. For instance, if M is the Smith-Volterra-Cantor set, then
F(M) is isometric to L, @, ¢; by the proof of [23, Corollary 3.4], which admits A-points since L,
does. However, M is compact and totally disconnected, so F(M) cannot contain A-molecules. In

particular, the converse of Proposition 6.3 does not hold.
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