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Abstract — This paper presents a geometric street scattering channel model
for car-to-car (C2C) communication systems under line-of-sight (LOS) and
non-LOS (NLOS) propagation conditions. Starting from the geometric model,
we develop a stochastic reference channel model, where the scatterers are uni-
formly distributed in rectangles in the form of stripes parallel to both sides of
the street. We derive analytical expressions for the probability density func-
tions (PDFs) of the angle-of-departure (AOD) and the angle-of-arrival (AOA).
We also investigate the Doppler power spectral density (PSD) and the autocor-
relation function (ACF) of the proposed model, assuming that the mobile trans-
mitter (MT) and the mobile receiver (MR) are moving, while the surrounding
scatterers are fixed. To validate the reference channel model, its Doppler pa-
rameters are compared to those of a real-world measured channel for urban
and rural areas. The numerical results show a good fitting of the theoretical
results to the computer simulations. The proposed geometry-based channel
model allows to study the effects of the street scatterers on the performance of
C2C communication systems.
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I. INTRODUCTION

C2C communications have recently received great attention due to some traffic
telematic applications that make transportation safer, more efficient, and more en-
vironmentally friendly [1]. Robust and reliable traffic telematic applications and
services require C2C wireless communication systems that can provide robust con-
nectivity. To develop such wireless communication systems and standards, accurate
channel models for the C2C communication systems are required. In this context,
several mobile-to-mobile (M2M) fading channels have been proposed, for example,
one-ring [2], two-ring [3], and elliptical [4] channel models. A two-dimensional
(2D) reference model for a single-input single-output (SISO) M2M Rayleigh fad-
ing channel has been proposed by Akki and Haber in [5]. In [6], a three-dimensional
(3D) model for wideband multiple-input multiple-output (MIMO) M2M channel is
studied. Its corresponding first- and second-order channel statistics have been in-
vestigated and validated by using an experimental MIMO M2M channel sounding
campaign.

In C2C communication systems, the transmitter and the receiver are in motion,
in this respect the underlying radio channel model differs from the traditional cellu-
lar channels. Consequently, new channel models are required for C2C communica-
tion systems. For instance, several geometry-based street models have been studied
and analyzed in [7-10]. Especially, the T-junction model has widely been investi-
gated by assuming different scattering scenarios. In [7], a geometry-based channel
model has been proposed, where scatterers are located in one line. A non-stationary
MIMO vehicular-to-vehicular (V2V) channel model based on the T-junction model
has been derived in [8]. The proposed channel model takes into account double-
bounced scattering from fixed scatterers. To study the statistical properties of the
proposed channel model, the Choi-Williams distribution has been used. In [11],
a GPS-enabled channel sounding platform for measuring V2V wireless channels
under LOS and NLOS propagation conditions has been presented.

In the literature, a number of fundamental channel models with different scat-
terer distributions, e.g., uniform, Gaussian, Laplacian, and von Mises, have been
used to characterize the AOD and AOA. For example, in [12] the author discusses
a Gaussian scatterer distribution model by assuming a circular scattering region
around a mobile station. It has also been analyzed the spatial and temporal proper-
ties of the first arrival path in multipath environments. The authors of [13] and [14]
focused on the modeling of narrowband and wideband SISO mobile fading chan-
nels for indoor radio propagation environments, respectively. It has been assumed

that scatterers are uniformly distributed in the 2D horizontal plane of a room. The
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base station is considered as the transmitter while the mobile station is the receiver.

In contrast to [13], in this paper, we propose a new geometric street scattering
channel model for outdoor propagation environments, while both the MT and the
MR are in motion. The main contribution of this paper is that it presents a geometric
street model with an infinite number of scatterers, which are uniformly distributed
in rectangles in the form of stripes parallel to both sides of the street. A typical
propagation scenario for the proposed model is shown in Fig. A.1, where the build-
ings and the trees can be considered as scatterers. The analytical expressions for the
PDFs of the AOD and the AOA, as well as the transmitter and the receiver Doppler
frequencies have been derived. We have also investigated the Doppler PSD and the
ACEF of the proposed model. To confirm the correctness of the proposed model, the
Doppler parameters of the reference model have been compared to those of the mea-
sured channel in [11]. The numerical results show that the statistics of the proposed
model fit very well to those of the computer simulations.

The rest of this paper is organized as follows. Section II describes the geometric
street scattering model. In Section III, the reference channel model is reviewed. We
also study the statistical properties of the proposed geometry-based street scattering
model, such as the PDFs of the AOD and the AOA. In Section 1V, the parameters
of a measurement-based model have been computed. The evaluation of the main
statistical properties of the proposed model is the topic of Section V. Finally, Sec-

tion VI provides the conclusion of the paper.

Figure A.1: A typical propagation scenario at a straight street.
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II. THE GEOMETRIC STREET SCATTERING MODEL

We consider the geometric street scattering model as depicted in Fig. A.2. In our
model, the geometric street scattering model describes the scattering environment
for an M2M channel, which constitutes the starting point for the derivation of the
reference model. We consider rectangle areas at both sides of the street with length
A; (i=1,2) and width B; (i =1,2). The MT and the MR are placed in the street
with distance D, denoted by D = xg +x7. We assume that the MT with coordinates
(x7,yr), moving with speed vz in the direction of the x-axis, is communicating with
the MR with coordinates (xg,yg), moving with speed vg in the opposite direction
of the x-axis. The transmitter (receiver) is located at a distance yr, (yg,) from the
left-hand side of the street and at a distance yz, (yg,) from the right-hand side of the
street. The symbols o and B stand for the AOD and the AOA, respectively.
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Figure A.2: Geometric street scattering model with local scatterers uniformly dis-
tributed in the rectangles at both sides of the street.
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III. THE GEOMETRIC STREET SCATTERING CHANNEL MODEL AND ITS
STATISTICAL PROPERTIES

In this section, we first review the reference channel model of M2M communi-
cation systems under LOS and NLOS propagation conditions. Then, we derive the
PDFs of the AOD and the AOA. Thereafter, by using the PDFs of the AOD and the
AOA, we obtain the PDFs of the transmitter and the receiver Doppler frequencies,
as well as the total Doppler frequency, which enables us to analyze the Doppler
PSD of the proposed geometric street scattering channel model.

A. Review of the Reference Channel Model

The reference channel model can be modeled by a complex process

Hp (1) = () + m(1) A

where p(z) denotes the sum of the scattered components and m(t) represents the
LOS part. The LOS part of the received signal can generally be described by a

complex sinusoid (cisoid) of the form [14]
m(t) = pej(znfpt“’ep) , (A.2)

where p, fp, and 6, denote the amplitude, the Doppler frequency, and the phase
of the LOS part, respectively. If not otherwise stated, then it is supposed that the
parameters p, fp, and 6, are constant; meaning that the LOS part m(t) is a time-

variant deterministic process.

Usually, it is assumed that the real and imaginary part of the scattered compo-
nent u(t) are zero-mean Gaussian processes, each having the variance Gﬁ /2. The
absolute value of 1, (¢) in (A.1) leads to the Rice process, i.e., &(1) = |up(r)|. Un-
der NLOS conditions the Rice process & () reduces to the Rayleigh process, i.e.,

C(r) = |u(o)] [15].
B. Derivation of the PDFs of the AOD and the AOA

We use boldface letters to denote random variables and normal letters for the val-
ues that the corresponding random variable can take. Let us assume that in Fig. A.2
the position of all scatterers in the rectangle is presented by (x,y). The positions of
the MT and the MR are denoted by (x7,yr) and (xg,yr), respectively, each having
non-zero positive value. Accordingly, the AOD & and the AOA B can be expressed
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as
( arctanii—g, it x> —xr,
a = 7r+arctan§i}yc;, if x<—xr and y > —yr, (A.3)
\ —7r—|—arctan§j;yc;, if x> —xr and y < —yr,
( arctan%, if x> xp
B = T+ arctan%, if x<xg and y > yg, (A.4)
\ —7t+arctani':—)yq’§, if x>xp and y <yg.

For ease of analysis of the AOD and the AOA, we shift the origin of the coordi-
nate system to the positions where the MT and the MR are located in Figs. (A.3a)
and in (A.3b), respectively. We introduce new coordinate systems for the MT and

the MR, where we have X' = x+x7, Y =y+yr andx’ =x—xg, ¥/ =y — yr,

respectively.
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Figure A.3: Geometric street scattering model: Illustrating a) the AOD « and b) the
AOA B.

It is mentioned in Section II that all scatterers are uniformly distributed in the
rectangle areas at both sides of the street. Hence, the random variables x" and x” are
also uniformly distributed over the ranges [—A;/2 +x7,A;/2+x7|, (i =1,2) and
[—A;/2 —xr,Ai/2 —xg], (i=1,2), respectively; while y’ and y” follow the uniform
distribution in the intervals [yr,,B1 +yr,|U[—B2 —y1,, —y1,| and [yg,,B1 +yg,] U
[—B> — YRr,, —YR,), respectively. Thus, the densities py(x'), py(x"), py(y'), and
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py' (") of X', x",y', and y”, respectively, are given by

1
pe(x) = R if yel,i=1,2, (A.5)
i
1
per(x") = T if y'eJ,i=1,2, (A.6)
i
1
/ / f— /! ! :—, A.7
py (') Py (y") B 1B (A7)

where Il = [yTlaBl +YT1]7 12 = [_B2 _yTzu_yTz]v Jl = [yR17 Bl +yR1]7and J2 =
[—B2 — YR,, —YR,]. Assuming that the random variables x, x”, y', and y” are inde-
pendent, the joint PDFs pyy (,y) = pu(¥) "Dy (') and DPx'y" (") = par(x”) -
py' (") of the random variables x’, y' and x”, y”, respectively, can be expressed as

1
(XY — . if yerI,i=1,2, A.8

1
(XY = ———— it y'el,i=1,2. A9
Px''y (x7,y") A:(B1 +By) Yy i (A.9)

The transformation of the Cartesian coordinates (x,y’) and (x”,y”) into polar
coordinates (z', a) and (2, B) gives the joint PDFs pyq(z',a) and pg(z”,B) of
7=/ (@2 +y?)andz” = \/(x"? +y"2) with the corresponding AOD @ = arctan(y’/x)
and AOA B = arctan(y” /x"), respectively. Hence, the joint PDFs p,q (7, ) and
pyg(Z’,B) can be expressed as

Z/

o, 0) = ————— if yelL, i=1,2 A.10
Pza(% ) Ai(Bl—f—Bz)’ 1 y € ir 1 )~ ( )
Z//
! . 1 .
g (2", = if yYl'eJ,i=1,2. A1l

By integrating the joint PDFS p,¢, (7, @) and p,rq (7", ) over 7 and 7, respectively,
we obtain the PDFs of the AOD & and AOA B, respectively, as

;2 ;2
Zmax Zmin
o) = _ : A.12
pa( ) ZAi(Bl —{-Bz) 2Ai(Bl —{-Bz) ( )
7! 2 7. 2
Pﬁ (ﬁ) — max min (A13)

2A,'(Bl —|—Bz) - 2Al'(Bl —I—Bz),

where 7)., Z.. (see Fig. (A.3a)), zn.x, and Z/. (see Fig. (A.3b)) stand for the

min max> min
distance from the origin to the boundaries of the rectangle area.

Using the geometrical relationships, we derive an expression for zj,,,., /... ., Zimaxs

"
min

and 7. in form of a piecewise function depending on the AOD o and the AOA f,
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respectively, and A;, B;. The AOD and AOA ranges are separated by dash lines in
Figs. (A.3a) and (A.3b), respectively. For brevity, we only present here the final
expressions for the PDFs of the AOD ¢ in (A.31) and the AOA B in (A.32), which
can be found in Appendix A.A.
C. Derivation of the PDF's of the Transmitter and the Receiver Doppler Frequencies
Due to the assumption that the AOD @ and the AOA B are random variables, it
follows that the corresponding transmitter and receiver Doppler frequencies defined
by

fr = fr(a)= fr,, cos(a—or), (A.14)
frR = JR(B) = fRuax €OS(B — &), (A.15)

are also random variables. The quantities fr, and fg . stand for the maximum
Doppler frequencies of the transmitter and receiver, respectively, while @r,and @g
denote the angles between the direction of the transmitter and receiver w.r.t the x-
axis, respectively.

The PDFs of the Doppler frequencies f7 and fr, denoted by ps, (f7) and pg,(fr).
respectively, can easily be computed by using the fundamental theorem of trans-
formation of random variables [16]. Consequently, the PDFs p¢, (fr) and pg,(fr)
can be defined as

pr(fr) = Z—Z‘”(“) (A.16)
=1 |m|oc:al

pre(fr) = 2—’;‘* 6) : (A.17)
u=1 ’%’B:ﬁu

where m and v are the number of the solutions of the equations in (A.16) and (A.17),
respectively, within the interval [—7, 7). If fr < |fr, .| and fr < |fr,..| . we find
two real-valued solutions within the interval, which are known as

o :—Oczzarccos(i)+(pT, (A.18)
Tmax
B1 = — B> = arccos( I]:R )+ @r, (A.19)

so that m = 2 and v = 2. After some mathematical computations and by using
(A.14)-(A.19), we find the following results for the PDFs p¢, (fr) and pg,(fr)

Pa(01) + pa(0)

PfT(fT) = ‘061=*0527
NE

(A.20)
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pre(fr) = PP+ o (Pe) 61—, - (A21)

V SR — i

The final expressions for the densities pg,. (fr) [see (A.33)] and pg,(fr) [see (A.34)]
are given in Appendix A.A.

Now, we introduce the total Doppler frequency, defined by f = fr + fr, of
the geometric street scattering model. Consequently, the PDF p¢(f) of the sum f =
Jr1+ fr of two independent random variables, f7 and f is equal to the convolution
of their densities. To obtain the PDF py(f) of f we use the characteristic functions
@, (@) and g, (@) of f7 and fr, respectively, which are defined as

@f (@) = E{ejwa}:/oopfr(fT)ejwadfT, (A.22)
s (0) = E{ejwfk}:/oopr(fR)ejwfRde. (A.23)

—o0

By using (A.22) and (A.23), we can find the characteristic function be(a)) of the

total Doppler frequency f by the product of two characteristic functions as
Pf(0) = Pp, (0) - Py (). (A.24)

Consequently, by using the Fourier transform inversion formula for (A.24), we can
derive the PDF p¢(f) of f as

17 ‘
pr(f) = ﬁ/cbf(w)e‘f“’fdw. (A.25)

Since no closed-form solution exists for the PDF p¢(f) in (A.25), this integral has
to be solved numerically.

D. Derivation of the Doppler PSD and the ACF
The Doppler PSD S, (f) of the process i,(t) in (A.1) can be presented as,

Supup (f) :Suu(f)+P25<f—fp) (A.26)

which is the sum of the Doppler PSD S, (f) of () and a weighted delta func-
tion at f = fp. In our model, we consider that the number of scatterers is infinite;
therefore, the Doppler PSD Sy, (f) of the scattered component fi(¢) is continu-

ous. According to [15], the mean power within an infinitesimal frequency interval
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df can be represented by Sy, (f)df. Therefore, due to [ Suu(f)df = o'ﬁ and
5. pr(f)df =1, it follows the relation

Suu(f) = oups(f)- (A.27)

By taking (A.27) into account and using (A.31), (A.32), (A.33), (A.34), and (A.25)
we compute the Doppler PSD Sy, (f) of pi(¢). Thus, the Doppler PSD Sy, 1, (f) of
Up (¢) can easily be derived by substituting (A.27) into (A.26).

From the Sy, (f), we can directly compute the ACF of the scattered compo-
nents [L(¢) by taking the inverse Fourier transform of the Doppler PSD Sy, (f), i.e.,
ruu(T) = [, Suu(f)e/*™%d f. Consequently, we can express the ACF Tupp, (T) in
terms of the ACF ry, (7) of pu(t) as follows

rﬂpﬂp (T> =Tuu (T) + pZejZTEpr. (A28)
IV. MEASUREMENT-BASED MODEL PARAMETERS

The objective of this section is to compute the model parameters A;, B;, Y7i, Yri»
(i=1,2), xg, x1, f1,,,> and fg_. such that the average Doppler shift Bﬁtlp)ﬂ , and the
Doppler spread Bl(i)u ) of the reference model are close to those (BL% , and B;fﬁ p)
of the measured channel reported in [11]. To solve this parameter computation

problem, we compute the model parameters such that the following errors

_ |pr() (1)

EBillp)Mp - Bﬂpﬂp - B.Ulep (A.29)
_ p*®@ (2)

S ~ Bl | (A.30)

become a minimum. Finally, measurement-based model parameters and the corre-

sponding Doppler parameters are listed in Table A.1.
V. NUMERICAL RESULTS

In this section, we will discuss the main theoretical results by evaluating the
Doppler PSD and the ACF of the proposed model. We consider a rectangle area at
both sides of the street with length A} = A = 200 m and width B} = B, =40 m
as our outdoor street model. All theoretical results have been obtained by choosing
oy, =0y +p> =1, fp =65Hz, 6, =0° @r = 0°, pp = 180°, and finax = 182
Hz. The Rice factor cg = p2/ Gﬁ was chosen from the set {0,2,4}.

The theoretical results for the Doppler PSD S, (f) in (A.27) of the channel’s

scattered component p(¢) are presented in Figs. A.4 and A.5 for the different length
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Table A.1: Measurement-based parameters of the geometrical street scattering
channel model and its Doppler statistics.

Model Propagation Environment
parameters Urban LOS | Urban NLOS | Rural LOS
Ay (Az) (m) 993 (992) 1027 (1007) 1014 (957)
B; (B3) (m) 50 (50) 51 (50) 5(0)
e (fRoar) (HZ) 165 (165) 144 (164) 523 (574)
xr (xg) (m) 101 (103) 109 (169) 51 (51
yri1 (yrz2) (m) 12 (8) 13 (8) 12.(8)
yr1 (Yr2) (m) 8 (12) 8 (12) 8 (12)
p? 0.8 - 0.8
fp (Hz) 65 - 66
o 0.2 - 0.2
Measured average Doppler -20 [11] 103 [11] 201 [11]
shift By, (Hz)
Theoretical average Doppler -20 103 201

shift By, (Hz)

Model Propagation Environment
parameters Urban LOS | Urban NLOS | Rural LOS
Ay (A7) (m) 3814 (3446) 418 (421) 1206 (1399)
B; (B3) (m) 46 (43) 51 (47) 5(0)
S s (fRnar) (HZ) 164 (153) 152 (162) 482 (581)
xr (xg) (m) 105 (93) 209 (386) 51(52)
yri1 (yrz2) (m) 12 (8) 3(12) 12 (8)
YR1 (YR2) (M) 7(12) 7(8) 8 (12)
p? 0.9 - 0.8
fp (Hz) 59 - 67
o 0.2 - 0.2
Measured Doppler 341 [11] 298 [11] 782 [11]
spread BI*JE?L)L ) (Hz)
Theoretical Doppler 340.9 298 780

spread BLZP)# ) (Hz)
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and width of the rectangles at both sides of the street. Figure A.4 illustrates that by
increasing the length A;, (i = 1,2), the shape of the Doppler PSD at f > 0 becomes a
U shape. The Doppler PSD S, for different values of the area width B;, (i =1,2)

0.05 : ‘ : :
—Theory (A 1=A2=200 m) B 1=82=40 m
00451 imulati X,=X.=50 m S
o Simulation (A,=A,=200m)|  "R'T
0.04- |__Theory (A=A =300 Y dmptm -
---Theory (A,=A,=300 m) Yy Yy =8 M
$20.035/ | * Simulation (A,=A,=300m)| - -
3 . Theory (A,=A_=400 m) '
© o003 y_ 12 i
Qﬁ v Simulation (A1=A2=4OO m)
& 0.025¢ b
A :
—
Z 002 |
(o))
S 0015 1
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0.01f |
0.005 |
50050 100 - 0 50 100 150 200

Doppler frequency, f (Hz)

Figure A.4: Doppler PSD S, (f) of u(t) for different values of the area length
A=A, (Bl =B =40 m, Xxg =Xr = 50 m, ypi =yr2 = 4-1’1’17 andsz =yYr1= 8 1’1’1)

are demonstrated in Fig. A.5. It shows that for different B; values, the Doppler PSD
gets its maximum peaks at f = fmax. The shape of the Doppler PSD resembles a
Gaussian shape when the length of B; is very large.

The theoretical results demonstrated in Figs. A.4 and A.5 are also confirmed
by simulations. In the simulation, we generate the scatterers, which are uniformly
randomly distributed in the rectangles. The locations of the scatterers have been
determined by outcomes of a random generator with uniform distribution in the in-
tervals [—A; /2 +x7,A; /2 +x7], (i=1,2) ([-Ai/2 —xg,A;/2—xg], (i = 1,2)) and
b1, B1+yn ] U[=B2 = yn, —yn] (R Bi +yr | U[=B2 — YRy, —YR,]). By using
(A.3), (A4), (A.14), and (A.15), we can obtained the densities of the transmitter
(receiver) Doppler frequencies. Thereafter, we can find the total Doppler frequen-
cies, i.e., f = fr + fg. Finally, we can numerically compute the Doppler PSD by
means of (A.27).

Figure A.6 shows the absolute value of the ACF ry,,, (7) of the process i, (t)
by considering different values for the Rice factor cg. As shown in Fig. A.6, under
NLOS condition (cg = 0) the curve of the ACF fluctuates with less peaks by gradu-

ally decreasing while the time lag increases. The obtained theoretical results in Fig.
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Figure A.5: Doppler PSD S, (f) of u(z) for different values of the area width By =
By (A1 =A; =200 m, xg = x7 =50 m, yg; =yr2 =4 m, and ygo = yr1 = 8 m).

o
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Figure A.6: The absolute value of the ACF ry,;,, (7) of the reference channel model
(A1 =A2 =200 m, 31 :B2 = 20m, XR = XT =50 m, Yr1 = Y12 :4m, andyR2 =

yr1 =8 m).

A.6 have also been confirmed by computer simulations.

VI. CONCLUSION
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We designed the geometric street scattering channel model with local scatterers,
which are uniformly distributed in the rectangles in the form of stripes parallel to
both sides of the street. We have derived analytical expressions for the PDFs of the
AOD (AOA) and the transmitter (receiver) Doppler frequencies. By obtaining the
PDF of the total Doppler frequency, we have numerically computed the Doppler
PSD and the ACF of the proposed geometric street scattering model. For the dif-
ferent size of scattering ranges we have studied the Doppler PSD of the proposed
model. We have also validated our model by fitting the Doppler parameters of the
reference model to those of the measured one. Numerical results show that the
theoretical results of the proposed model fit very well to the computer simulations.
To design an efficient C2C channel model, the properties of the wireless multipath
environments are of great importance. Therefore, the distribution behavior of the
scatterers and scattering regions play a key role in the design of future C2C com-

munication systems.
APPENDIX A.A

In this appendix, we provide the final results for the PDFs of the AOD & and
the AOA B, as well as the transmitter and the receiver Doppler frequencies f7 and

[r, respectively.
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THE FINAL EXPRESSIONS FOR THE PDFS OF THE AOD & AND THE AOA B

((A+2xp)* ¥
d1g1(a) Arga(a)’
(Bi+yr1)> v
Ag(a) Arga(a)’
(Ai—2xr)® ¥
dA181(a)  Ajgo(a)’
(Ay—2x7)> ¥
dr81(a)  Axga(a)’
(Batyr2)® _ vh
Argor(a)  Asgr(a)’
(Aat2xr)® 3%,

\ 4Axg1(a) Axgoa(a)’

where g1 (a) = 2(B; + B;)cos?(a) and g2 (o) = 2(B; + B>) sin* ().

pg(B)

where ¢1(3)

\

((A1-2x%)° Yk
4A181(B)  A1g20B)°
(Bityr)® VR
A1g2(B) Aig2(B)’
(A1+2xR)2 . y12e1
44181(B)  A1g2(B)’
(A2+2XR)2 _ )’1232
4A2g1(B)  Ax82(B)°
(Batyra)® Vi
Arga(B)  Axga(B)’
(A-2xg)% ¥k
4A281(B)  Ax82(B)°

—=2(B; +B>)cos*(B) and g2(B)

if arctanf% <o < arctan%
if arctan % <a<m-— arCtaHZBLiyc?
if m1— arctanzfllf—iy;l <a<m— arctanﬁ
if — 7+ arctan y” -<a< 7t+arctan%
if — -+ arctan l/izzt—zzyx? < o < —arctan %
if — arctan% < o < —arctan AzzfrziT
(A31)
if arctan ;2% D B <B< arctan%
if arctanzfl'ir—zzxyk’f1 <p<m- arCtanzfllj:—zzxyR]f]
if 7 — arctan % < B < 7m—arctan AlszrRzlxR
if — 7+ arctan g JyrRzzx <B < —n+arctan%
if — 7T+ arctan iéfzyx R < B < —arctan %
if — arctanzfjf—zzxyk’f2 < B < —arctan Azszsz
(A32)

—=2(B| 4 B>)sin*(B).
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THE FINAL EXPRESSIONS FOR THE PDFS OF THE TRANSMITTER AND THE
RECEIVER DOPPLER FREQUENCIES

(B [(Gh)*Pr =43 /7] f,,,0

k k
lf _ GTZmeax < (_1)ka S _ GTlmeax k — O, 1

(Ghy)2+4v7, V(G )2 +4y7)
5 [(A2(Gh )2 +A1(GY,y)?) Fr —4Cr f7] f]%max’
(

S

o Gl;"l)meax 1)k < — (Gl;‘z)meax _
prr(fr)= zl) [(A2FT(GI%1)2 _4{%(CT _AlE%z)} f%max, .
: G meax k G meax
fo—Cplm () pp < —— il p g
! (G%,)2+4E2, <(=)ifr < V (G5)2+4E2, k=0,

F+/2 [(AZE%] +A]E%2) o CT] fj%max’
T
if — = <Jr< > ;
\ \/(Azl_xT> +Ef \/<A21+xT> +E7,
(A.33)

where Cr :AZy%“l —|—A1y%«2, D= SAIAQ(BI —I—Bz)f%(f% — f%)3/2, Eri=Bi+yri,

max

Ery=Bo+yra, Fr = (ff._—f7), G5y =A1—(=1)*2xp, and G5, = Ay — (—1)*2x7.

2 [(GK))2Fr —4y%, f2) fo

X max X
if_M<(_1)kfR§_ Gra/Rmax k=0,1

(Gri)*+45%1 V(Ghy)2+4v%,
% [(AZ(GI;?] )2 +A1 (G]I%Z)Z)FR - 4CRf1%j| fI%max’
if — (Glfzz)meax < (_l)kfR < _ Gﬁlfkmax 1

b - 07
(Gia)?*+4y7 V(G )>+4EZ,
pr(fR): ll) [4fI%(A2E]2?1 _CR)IC_AIFR(GII%Z)Z} f]%max’ "
if — GRr1/Rmax < <—1)kfR <— Gro fRmax k=0,1

(Gri)*+Eg, V/ (Gky)2+4ER, -
4 2
B (2B}, +AIER) — Cr] f3,.0
. ATZ 7XR> meax <A72+XR> meax
if —

2 < fR S 2 Y
\ \/ <A71—xR> +EZ, \/ (%er,e) +E2,
(A.34)

where Cr =Azyk| + A1k, D=8A1A2(B1 +Bo)f3(f2 — f2)3/%, Egi = Bi+yr1,
Ery=Bo+yra. Fr=(fz_ —f7): Gy = A1 — (—1)*2xg, and Gy, = Ay — (—1)*2xz.
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