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When the quality of multi-junction solar cells becomes sufficiently high, radiative exchange of photons between cells

must be included to properly model such devices. In this work it is shown how constants called transfer coefficients

can account for radiative coupling in series-connected multi-junction solar cells consisting of several sub-cells which

obey the single diode equation. The introduction of the transfer coefficients allows the relation between the voltage

and current of the device to be expressed by a convenient closed-form expressionthat captures the general physics of

radiatively coupled multi-junction cells analogous to how the single diode equation describes single-junction solar cells.

Another advantage of this model is that it allows the short circuit current and open circuit voltage of radiatively coupled

multi-junction cells to be easily calculated. The possibility of extending the model by including some non-idealities is

briefly discussed.

In this letter, a model that describes the behavior of opti-

cally thick, series-connected multi-junction solar cells is de-

rived. The approach is inspired by the model previously pub-

lished by Friedman et al.1, where an inverse JV -characteristic

is applied. The starting point of the work in Ref.1 is the dou-

ble diode equation, whereas the present work is based on the

single diode model. As will be shown, the latter allows the

impact of the radiative coupling to be captured by a set of

parameters called transfer coefficients whose interpretation is

related to observable device parameters. The model may be

used to investigate the general behavior of radiatively coupled

multi-junction devices in a role similar to that played by the

single diode equation for conventional solar cells.

In the traditional single diode model, the individual cells in

a series-connected multi-junction device have current densi-

ties Ji that follows

Ji = JG,i − J0,ie
qVi
kT , (1)

when they are operated as single junction cells2,3. JG,i is the

generation current density experienced by the cell, J0,i its re-

combination current density in equilibrium4 and Vi is the cell

voltage.

When two or more cells are stacked into a series-connected

multi-junction device, the device voltage V is the sum of the

voltages from the individual cells. If radiative coupling does

not occur, inverting the JV -characteristic in Eq. (1) and sum-

ming the voltages gives V as a function of the current density

J of the stack by5

V = ∑
i

Vi =
kT

q
ln

[

∏
i

JG,i − J

J0

]

, (2)

which is a special case of the model from Ref.1. If radiative

coupling is present, the JV -characteristic of a top cell in an

ideal device can be expressed as6

J1 = JG,1 −
(

1+n2
)

J0,1e
qV1
kT +n2J0,1e

qV2
kT , (3)

where n is the refractive index of the cell material. The value

of J0,1 is found by integrating over the photon energies that

cell 1 may absorb or emit, i.e. from its band gap to infinity7.

The last term in (3), which accounts for photons emitted from

cell 2 to cell 1, is proportional to J0,1 because only photons

with energy larger than the band gap of cell 1 can be absorbed

by the latter. Terms proportional to n2 are accounting for the

radiative coupling between sub-cells, whereas the remaining

terms describe interactions with the surroundings. Assuming

n to be constant throughout the device, the bottom cell in a

stack of N optically thick cells is described by6

JN = JG,N −
(

J′0,N +n2J0,N−1

)

e
qVN
kT

+n2J0,N−1e
qVN−1

kT , (4)

if there is a perfect reflector at the back of the device. The

remaining cells will follow6

Ji = JG,i −
[(

1+n2
)

J′0,i +2n2J0,i−1

]

e
qVi
kT

+n2J0,i−1e
qVi−1

kT +n2J0,ie
qVi+1

kT . (5)

The values of J′0,i are found by integrating from the band gap

of cell i to the band gap of cell i−1 as discussed in Ref.6. The

terms containing this parameter account for radiation emitted

by cell i that cannot be absorbed by cell i− 1. It holds that

J0,i = J′0,i + J0,i−1. Since the series-connection dictates that

Ji = J, for all i, Eqs. (3)-(5) constitutes a set of equations

which are linear in the N unknowns exp(qVi/kT ). From the

solutions of this set, the V J-characteristic can be constructed

by

V =
kT

q
ln

(

∏
i

e
qVi
kT

)

(6)

where Vi are functions of J. Reorganizing the solution for a

stack of two cells to isolate J, gives the JV -characteristic de-

rived in Ref.6. For stacks with more cells, the set of equations
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2

is easily solved numerically. To further explore the behav-

ior of radiatively coupled cells analytically, it is convenient to

exploit the fact that in useful devices, practically all the lu-

minescence propagates from cells with higher band gaps to

neighboring cells with smaller band gaps, i.e. from cell i to

cell i+ 1. This is true as long as Vi is more than a few times

kT larger than Vi−1. Since the point of a multi-junction device

is to extract the current generated by high energy photons at a

higher voltage, this criterion is normally fulfilled for meaning-

ful band gap combinations. Beware, however, that exceptions

may exist, for example if the stack has many cells.

When the radiative coupling works in only one direction,

we can solve for exp(qVi/kT ) one cell at the time, starting

at the top. Assuming that the band gaps of the sub-cells are

sufficiently different allows the approximations J′0,i ≈ J0,i and

J0,i >> J0,i−1 to be applied – which is done in the following.

To generalize the approach, cells or intermittent layers in the

stack will be allowed have different refractive indices. ni is

used for the refractive index which limits the transfer of pho-

tons to cell i from cell i−1. From the system of equations, the

first unknown is found from (3) as

e
qV1
kT =

JG,1 − J
(

1+n2
2

)

J0,1
. (7)

For the next cell, assuming it is not the bottom cell, one arrives

at

e
qV2
kT =

JG,2 − J+
n2

2

1+n2
2

(JG,1 − J)
(

1+n2
3

)

J0,2
. (8)

For optically thick cells8, the quantity n2
2/(1 + n2

2) corre-

sponds to the upper limit of the coupling efficiency as de-

scribed by Steiner and Geisz9. This parameter quantifies the

fraction of surplus photons transferred from one cell to the

next. Eq. (8) can be rewritten by introducing a transfer co-

efficient T2 that equals the fraction of the current mismatch

∆JG2
= JG1

− JG2
which is transferred from cell 1 to cell 2.

The result is

e
qV2
kT =

JG,2 +T2∆JG,2 − J

(1−T2)
(

1+n2
3

)

J0,2
, (9)

where

T2 =
n2

2

1+2n2
2

:= T2. (10)

The reason for defining this fraction as both T2 and T2 will

become clear below. The numerator in Eq. (9) is now written

as the difference between a generation current and the device

current as in Eqs. (2) and (7). Proceeding with cells further

down the stack, some ink can be saved by defining J̃0,i = (1+

n2
i+1)

1−δ (N−i)J0,i. The Dirac delta function δ (N − i) appears

here since the bottom cell is not emitting luminescence to a

cell below. The solution for the remaining cells then becomes

e
qVi
kT =

JG,i +Ti∆JG,i − J

(1−Ti) J̃0,i
(11)

with

Ti =
Ti

1+(Ti −1)Ti−1
, (12)

which can be initiated by T1 = 0. The value of Ti is given by

a straightforward generalization of Eq. (10), i.e.

Ti =
n2

i

1+2n2
i

. (13)

Ti corresponds to the maximum theoretical coupling factor

between neighboring cells as defined by Derkacs et al.10.

∆JG,i is a measure of the spectral mismatch of the sub-cells,

and given by

∆JG,i = JG,i−1 +Ti−1∆JG,i−1 − JG,i (14)

for i > 1, whereas ∆JG,1 := 0.

The solutions above allow the V J-characteristic of the en-

tire stack to be conveniently written as

V =
kT

q
ln

[

N

∏
i=1

JG,i +Ti∆JG,i − J

(1−Ti) J̃0,i

]

. (15)

The appearance of Ti in the numerator of Eq. (15) accounts for

the part of the radiative coupling that originates from differ-

ences in external photon fluxes experienced by the sub-cells.

Its presence in the denominator is related to the dark current of

the device. By assuming that the voltage is sufficiently high to

give J >> max{J0,i}, thermal generation can be ignored, and

the dark current is found by setting JG,i and ∆JG,i to zero in

(15). It then becomes clear that 0 < Ti < 1 leads to an increase

in the voltage required by cell i to carry a current density J

due to luminescence received from the cell above.

For a perfectly current-matched device, where JG,i = JG,

for all i, Eq. (15) can be solved for J, which yields the JV -

characteristic

J = JG −

(

N

∏
i=1

(1−Ti) J̃0,i

)
1
N

e
qV

NkT . (16)

This is on the form of the JV -characteristic of a single-

junction solar cell with an ideality factor of N. Consequently,

expressions for the maximum power point on the form found

by Khanna et al.11 for single junction cells, can be applied for

this special case, as can textbook expressions for the open cir-

cuit voltage. For stacks that are not current matched, the open

circuit voltage is easily found by setting J = 0 in Eq. (15).

The short circuit current density is found when V = 0,

which implies that the argument of the logarithm in (15) must

equal 1. Since the values of JG,i are several orders of magni-

tude larger than the values of J0,i, the numerator of the factor

belonging to the current-limiting cell in Eq. (15) must be so

close to zero at short circuit that its small value is negligible.

It follows that the short circuit current density is given by

Jsc = min{JG,i +Ti∆JG,i}, (17)

which is a concretization of Eq. (10) in Ref.9.
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3

The transfer coefficient Ti can thus be interpreted as the

fraction of ∆JG,i that is transferred to cell i at short circuit -

provided that cell i is the current limiting cell. Another inter-

pretation can be found if one assumes that the cells above cell

i, that is cells 1 to i− 1, are current-matched. ∆JG, j is then

zero for j < i. If cell i has a generation current JG,i < JG,j,

Ti will equal the fraction of the difference JG,j − JG,i that is

transferred to cell i as a result of the radiative coupling.

171

Cell 1 Cell 2 Cell 3

J

J
sc

0

2 J
G

J
G

271352

81

9

271

81

19

81

FIG. 1. In this example the middle and bottom cells receive a photon

flux equivalent to a generation current density of JG = 271mA/cm2

from an external light source. The generation current of the top cell is

twice as large. The refractive index is set to 3 in this example. After

computing the values in Tab. I, the short circuit current-density can

be determined which allows the radiative transfer between the cells to

be backtracked. The numeric values in the figure show the equivalent

current densities, in mA/cm2, involved in different processes. The

dashed rectangles indicate contributions emitted to the cell below,

whereas the lighter color indicates contributions received from the

cell above. The fields between the line indicating Jsc and the dashed

rectangles corresponds to the photons emitted to the surroundings at

short circuit.

An example of how the transfer coefficients can be used

to track the propagation of the radiative coupling in a stack

of three cells is shown in figure 1. Here the middle and bot-

tom cells receive an external generation current density JG,

while the top cell receives a generation current density which

is twice as large. Assuming a refractive index of 3 allows

the values in Tab. I to be calculated. From the table it be-

comes clear that the bottom cell is the bottleneck that will

limit the short circuit current. If we, for simplicity, assume

that JG = 271mA/cm2, the short circuit current density be-

comes 352mA/cm2. Consequently, photons corresponding to

81mA/cm2 must be radiatively transferred from cell 2 to cell

3. A refractive index of 3 gives a luminescent efficiency of

9/10, which implies that 1/10 of the emission from the mid-

dle cell, i.e. photons corresponding to 9mA/cm2, is emitted

to the surroundings. To assure current-matching, additional

photons, equivalent to 81mA/cm2, need to be transferred to

the cell in the middle. In total, photons corresponding to

171mA/cm2 are thus emitted from the top cell to the middle

cell. The top cell should also emit 1/10 of its total emission,

i.e. an equivalent of 19mA/cm2, to the surroundings. This

TABLE I. Parameter values to guide the interpretation of Fig. 1. The

refractive index is set to 3 in this example.

Cell JG,i Ti Ti ∆JG,i JG,i +Ti∆JG,i

1 2JG 0 0 0 2JG

2 JG
9
19

9
19 JG

28
19 JG

3 JG
9
19

171
271

9
19 JG

352
271 JG

leaves 352mA/cm2 in the top cell — exactly what it needs to

be current-matched to the other cells.

Introducing the external radiative efficiency (ERE) enables

the inclusion of types of non-radiative recombination that

gives an ideality facor of 1 into the modeling. The ERE was

originally defined for single junction cells as the fraction of

the total number of net recombination events that leads to

emission of photons from the cell12. For radiatively coupled

cells in a multi-junction stack, it makes sense to slightly rede-

fine the ERE as the fraction of the net recombination events

that lead to emission of photons to the surroundings. That

is, photons emitted to another cell are not taken into account

when calculating the ERE. This assures that a cell of a partic-

ular quality will be characterized by the same ERE regardless

of whether it is utilized as a single junction cell with a reflector

at the back, or as a cell in a multi-junction device radiatively

coupled to neighboring cells. This definition of the ERE is

in line with the work of Pusch et al.13, but differs from the

approach of Xia and Krich14.

The incorporation of the ERE is done by a couple of smaller

tweaks. Firstly, non-radiative recombination increases the

dark current density, so J̃0,i must be modified. In accordance

with the modified definition of the ERE, J̃0,i now becomes

J̃0,i =

(

1

EREi

+n2 [1−δ (N − i)]

)

J0,i (18)

where EREi is the ERE of cell i. Secondly, non-radiative re-

combination reduces the fraction of surplus photons that may

be transferred from one cell to another, which leads to smaller

transfer coefficients. Using Eq. (18) when deriving the trans-

fer coefficients gives

Ti =
n2

i
1

EREi
+2n2

i

. (19)

All other expressions are unaffected by the introduction of

non-radiative recombination by means of the ERE.

A combination of a refractive index of 3 and an ERE equal

to 1/9 gives the transfer coefficients T2 = 1/3 and T3 = 3/7.

Fig. 2 illustrates the transfer of luminescence throughout a

three-cell stack with this combination of parameters when the

two upper cells receive a generation current density JG from

an external light source, while the bottom cell receives no ex-

ternal illumination at all. With a luminescent efficiency of

9/10, 90% of the photons emitted by the top cell will end up in

the cell below. For every photon emitted to the surroundings,

8 electron-hole pairs will recombine non-radiatively. Half of
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3/7 3/7 3/7

3/7
2/7

2/7
1/7

2/7

Cell 1 Cell 2 Cell 3

J

J
sc

0

J
G

FIG. 2. In this example, cell 1 and cell 2 both have an external gen-

eration current density JG, while cell 3 receives no photons from the

external light source. The device is assumed to be short-circuited.

Half of the photon surplus absorbed by cell 1 is transferred to cell

2, as marked by the dashed rectangle on the bar of cell 1. Of the

remaining half, 1/9 is emitted to the surroundings and the rest lost

through non-radiative recombination. This gives a total generation

in cell 2 amounting to 9
7 JG, where the contribution coming from the

top cell is drawn in a lighter color. Cell 2 also emits half of its sur-

plus, the 3/7 marked by the dashed rectangle, to the cell below. The

current-limiting bottom cell thus ends up with a short circuit current

equaling 3
7 JG.

the net recombinations in the top cell will therefore result in

transmission of photons to the middle cell. This gives the mid-

dle cell an additional generation current density equivalent to
2
7
JG. The middle cell, having the same ERE and luminescent

efficiency as the top cell, will also emit half of its electron

surplus to the cell below. The bottom cell thus ends up with a

generation current density corresponding to 3
7
JG, as it should

be according to Eq. (17).

The power density of a device can be calculated by multi-

plying Eq. (15) by J and optimizing the resulting function.

Figure 3 shows a plot of the efficiency as a function of the

ERE for tandem cells with band gaps of 1.60 and 1.11 eV.

The AM1.5G spectrum is used. The solid curves show the

efficiency of devices with and without radiative coupling cal-

culated using the model presented in this article. If the ERE

is smaller than about 0.1%, the radiative coupling becomes

irrelevant. For comparison, dashed curves calculated with a

two-diode model resembling that of Friedman et al.1 are also

shown. In the implementation of the two-diode model it is as-

sumed that all non-radiative recombination is taken care of by

the second diode. The ERE of the double diode model is then

calculated at the maximum power point. The difference be-

tween the solid and the corresponding dashed lines is smaller

than 0.2 percentage points. In the two-diode model, the ERE

is voltage dependent and calculating the ERE at the open cir-

cuit voltage, instead of at the MPP, increases the difference

by about an order of magnitude due to the different shapes of

the JV-characteristics of the two models. The good agreement

between the models in Fig. 3 suggests that Eq. (17) may also

give a good approximation of Jsc for cells with a two-diode

behavior, provided that the ERE at the maximum power point

is used. This is indeed the case for the example in Fig. 3,

where also the short circuit current density shows a deviation

of 0,2% or less between the models.

10−2 10−1 100 101 102

ERE (%)

22.5

25.0

27.5

30.0

32.5

35.0

37.5

40.0

42.5

Ef
fic

ie
nc

y 
(%

)

With RC

w/o RC

Tandem cell - single diode model
Tandem cell - double diode model
Single junction cell - single diode model

FIG. 3. The efficiency plotted as a function of the ERE for three

different cases. The upper pair of curves are calculated for tandems

cells with band gaps of 1.60eV and 1.11eV with radiative coupling

between the cells while the lower pair is calculated without radia-

tive coupling. For each pair, the present model is used for the solid

curves, while a double diode model is used for the dashed curves.

The curve at the bottom is calculated for a single junction device

with a band gap of 1.11,eV. A refractive index of 3.4 is assumed.

While its ability to give insight into the radiative coupling in

stacks with more than two cells is an important strength of the

model presented above, a crucial weakness is its inability of

incorporating recombination mechanisms that gives ideality

factors different from one. The model may therefore be more

suited for educational and explorational purposes than for ac-

curate curve fitting of the JV-characteristics of real devices9.

Some other non-idealities, like reflections or parasitic optical

losses in intermediate layers between the cells, may be taken

into account by introducing constants at the right instances

in the derivation above. Series resistance may be incorpo-

rated by adding a term to Eq. (15) as done by Geisz et al.15,

while shunt-resistance is usually negligible in high quality

devices15. Other aspects of real multi-junction devices, like

the impact of quasi-Fermi level gradients16, may be harder to

incorporate into the framework presented in this article, but an

approach similar to that found in Ref.15 might be applicable.

If the backside of the device is not a perfect reflector, J̃0,N may

be multiplied by a factor between 1 (perfect reflector) and 2

(no reflector).

To summarize, it has been shown that the current-voltage

characteristic of ideal radiatively coupled series-connected

multi-junction solar cells can be described with a short and

handy expression by means of Eq. (15). As an equivalent of

the single diode model for multi-junction cells, the model cap-

tures the general physics of such cells in the simplest possible
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5

way. Some aspects of non-ideal devices may be incorporated

into the model, while other may require more extensive mod-

els to fully capture the behavior of real cells. The main ad-

vantage of the new model is that its simplicity facilitates the

interpretability of the radiative coupling.
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