Rough linear PDE’s with discontinuous coefficients - existence
of solutions via regularization by fractional Brownian motion
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Abstract

We consider two related linear PDE’s perturbed by a fractional Brownian motion. We allow
the drift to be discontinuous, in which case the corresponding deterministic equation is ill-posed.
However, the noise will be shown to have a regularizing effect on the equations in the sense that we
can prove existence of solutions for almost all paths of the fractional Brownian motion.
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1 Introduction

In this paper we study examples of the so called regularization by noise phenomenon for a class of linear
equations perturbed by fractional Brownian motion. In short, this is the name given to the phenomenon
that occurs when ill-posed deterministic equations becomes well-posed by adding stochastic terms.
More specifically, assume b € L' (R4; L> ([0, T]; R?)) N L*°([0, T] x R%;RY) is a given function and let
B be a d-dimensional fractional Brownian motion (fBm). In this paper we will study two different but
related linear stochastic PDE’s where b acts as a drift term. The stochastic transport equation reads

dpu(t, ) + b(t, x) - Vu(t,z) + c(t, x)u(t,z) + Vu(t,z) - BE =0,  u(0,z) = uo(x) (1)

where ug € C} (R), and we allow ¢ to be a distribution in the sense that c is the distributional derivative
of a bounded function. In the case that ¢ = divd this is called the continuity equation which we also
may define as the measure valued equation

O + div(bpy) + div(w Bf') =0, pli=o = po (2)

where pg is a given measure. We see that u(¢,z) is equal to the Radon-Nykodim derivative of u; w.r.t.
Lebesgue measure.
Both equations are related to the stochastic ordinary equation

bu(z) = o + /0 b(r, é0(x))dr + B (3)

in the sense that the push-forward s := (¢¢)spu0 solves the continuity equation (2) and the composition
u(t, z) == ug(p; () exp{— fot c(r, (o7 ' (x))dr} solves the transport equation (1). This means that if
we can show the regularization effect of the fBm on (3) there is hope to solve the corresponding stochastic
PDE’s (1) and (2).

Both equations involves terms of the form YtBtH , but we know that the fBm is P-a.s. not differentiable
so one should integrate the equations in time to produce terms on the form fot Y,dBE . But even at this
stage there is ambiguity. Indeed, since for H # % the fBm is not a semi-martingale there is no Ito-theory
to make sense of this integral. Moreover, to enjoy the regularization effect of fBm on (3) we need to
have H < % Since the trajectories of B¥ are P-a.s. Holder continuous with exponent strictly smaller
than H, and the solutions themselves cannot be expected to have higher regularity, also the integration
theory by Young is out of reach for these equations.
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As the title of the paper suggest, we shall interpret the integrals in the rough path setting, meaning
we will use the iterated integrals of B¥ and the theory of controlled paths to give meaning to these
integrals.

We will discuss the equations separately. For notational simplicity we write B for the {Bm.

1.1 The stochastic continuity equation

Integrating the continuity equation in time, and assuming we have the above mentioned integration
theory, we get

¢ ¢
Lt +/ div(bus)ds +/ div(psdBs) = po (4)
0 0

regarded as a measure valued equation, namely for every n € C°(R9)

o) = po(n) + / s (b(s, ) - Vp)ds + / 1a(Vn - dB)

where (1) = [ga n(2)dpe(x), (V) = (1e(82,m), - - -, 1t (82,m)) and - is the dot-product on R<.

We will show that the solution is on the form z1; = (¢;)go. To see this, heuristically, take n € C2°(R?)
and suppose we have some kind of Ito-Stratonovich-formula for the fractional Brownian motion in the
rough path setting. We should have

n(én(x)) = n(z) + / Vi () - blr, 60 (x))dr + / Vi(on(z)) - dBY.

Integrating w.r.t. po produces the desired formula provided we can use integration by parts.
The authors in [2] show existence of a unique solution to (3) and the results will be included in Section
4.

1.2 The stochastic transport equation

Integrating the linear transport equation in time gives

u(t, ) +/0 b(s,x) - Vu(s,z)ds +/O c(s, x)u(s, z)ds —|—/0 Vu(s,x) - dBs = ug(x). (5)

It is well known that the corresponding deterministic equation might develop discontinuities when b is
irregular. Moreover, a weak formulation of the deterministic equation is not straightforward. Integrating
against a test function 7 € C°(R), we see that the term [ b(t,z) - Vu(t, z)n(z)dz does not allow for
integration by parts unless there is some regularity on b. We will choose the noise in such a way that
the solution is weakly differentiable, thus circumventing integration by parts. Notice, however, that we
will still use a (spatially) weak formulation of the equation.

1.3 Related literature and main contributions

The linear transport equation has been studied extensively. When the noise term is removed, Di Perna
and Lions [5], showed that when b € L([0, T]; VV;C1 (R9)) with linear growth and divb € L'([0,T] x R%),
the equation is well posed. Notice that the regularity restrictions on b is needed in order to make a
definition of a solution as indicated above. These results were later generalized to the setting of bounded
variation vector fields by Ambrosio in [1].

The stochastic version driven by Brownian motion with Stratonovich formulation, i.e. fg Vu(s,z) o
dBs, has also received some attention. We mention the results in [9] and [17], developed simultaneously
and independently, using two somewhat different techniques.

An approach of using rough paths for regularization by noise was used in [6], building on [7]. The
techniques of [6] and [7] are similar in spirit to the present paper in the sense that they both use
calculation on the occupation measures. The main advantage of [6] and [7] is that they offer a more
defined separation between the probabilistic considerations and the analysis of the involved ODE and
PDE’s, thus making the approach suitable for different types of driving noise. In the present paper one
needs to carefully keep track of P-null sets because many of the estimates are only shown to be true
under expectation. On the other hand it gives some flexibility since some of the expressions are semi
explicit via the local time.



The paper [6] consider drifts for which divb € L>([0,T] x R?), and allow for linear growth. When
d = 1 this is restricts to (locally) Lipschitz drift, but when d > 1 this condition is much weaker than
Lipschitz. Another difference from the current paper is that [6] considers H € (3, 3). For the technique
in the current paper to work, we need to have H < % which makes the rough path theory a bit more
involved.

The main advantage of the technique of the present paper is that the solution can easily be seen to
be smoother in space, so that there is no need for integration by parts on the drift term, which is the
reason for restricting to bounded divergence on b in [6].

In addition, we include a part where d = 1 where the proof is much simpler. The proof is based on a
local-time technique that was introduced in [18] to study the Stochastic Heat Equation.

The main contribution of the present paper is to introduce the notion of "local time solutions", see
Definition 6.3. This notion is introduced to compensate for the lack of integration by parts for the
drift term in (5), and in fact allows to define a notion of solution when the multiplicative term ¢ in (5)
is allowed to be a distribution. Section 6.3 presents examples where one can check that the local time
solutions actually gives rise to solutions that fits into the framework of the rough path integration theory.

1.4 Notation

For Banach spaces V,WW we denote L£(V; W) the set of all continuous linear mappings from V to W.
For simplicity we denote £(V) := L(V;R). If the spaces V and W are finite dimensional, and we can
identify £(V @ W) with £(V; £L(W)). In particular, for a sufficiently smooth function f : V — W the
k’th derivative is considered as a map V¥f : V — L(VEk, W),

For T > 0 define the simplex A (s,t) := {(r1,...,7,) € [0,T]" : s <71 < --- <71p <t}. Fory>0
denote by C3([0,7]; V) the space of all functions f : A (0,7) — V such that ||f|, := sup,, ||J:Ss:|2| <
o0. Given a path X : [0,7] — V its increment is denoted X := X; — X and we denote by C7([0,T]; V)
the set of all path such that its increment belongs to C3 ([0,T]; V).

For an integer p the p-step truncated tensor algebra

P

T® (RY) := PHRY)*"

n=0

is equipped with the product (a® b)™ = 3"} a»=*) & p*).
We recall the following Taylor formula for a function f:V — W that is m + 1 times differentiable

m k
1)~ 1) = T ) 4 R (0,) ©

k=1

where |R] (z,y)| < |z — y|™ L. More specifically, we shall use the explicit formula

R'iz(x’y) = % /0 varlf(y + UJ(IE - y))(l - u)mdU(x - y)®(m+1)' (7)

We shall frequently use the space L'(R%; L>([0,T];R¢)) with norm denoted by

i = [ 1A gomymade

For simplicity the norm in the space L>([0,T] x R% R?) will be denoted || - ||oo-

2 Elements of Controlled Rough Paths

The theory of rough paths was first introduced by Terry Lyons in the late 90’s, see [16]. The insight of
this work is that even though solutions to ODE’s driven by rough signals are typically not continuous
as a function of the signals themselves, by adding extra information, namely the iterated integrals of
the driving signals, one obtains a topology for which there is continuity of the solutions. The theory
was further developed by Gubinelli, [12] and [13], who introduced the notion of controlled paths which
defines spaces that are well suited for constructing solutions of the rough ODE’s.



In the present paper we shall use controlled paths as one of our main tools. See [10] for an introduction.
It should be noted that the full theory of rough paths is not necessary for the present paper since there
will be cancellations of the "area" of the rough paths due to the structure of the noise term in (1) and
(2). Still, this machinery is convenient to understand the equations as expansions in the driving noise.

Throughout this section we fix some € (0, ) and let p be the integer part of =. A ~-rough path is
a mapping

X : A®(0,T) —» TP(RY)
(s,8) = (1, X5, x{)

that satisfies an algebraic (Chen’s) relation
Xst = Xsu ® Xy, (8)
and an analytic relation
\XS(?)|§C|1€75|"”’ n=1,...,p, forsome C >0. (9)

We denote by €7 the set of all rough paths equipped with the metric

ZSUp x§) - x) \.
n—1 t7s tfs‘n’y

Given a function X € C1([0,T]; R%) we can consider its canonical lift to a rough path
t . . .
Xyt = (l,Xst,/ XST®XTdr,...,/ X @@ X, dry ... dry). (10)
s AP (s,t)

We denote by 4, the closure of the canonical lift of C ([0, T7; R?) in the rough path topology * . An
element X € ¢ will be referred to as a geometric rough path and it satisfies the identity

my _ 1y
sym(X()) = (th) (11)

Given a rough path X € €7, we shall say that a mapping
p
Y 2 [0,T] — €P L(RY®™)

n=1

s (Yt(l)’ ) “Yt(ll))

is a controlled (by X) path if the functions

P

are such that Y(®)t ¢ C’2(p+1_k)'y([0,T];ﬁ((]Rd)@k), ie.
YV S 1t = s (12)

We denote by 2%’ the set of all paths controlled by X, and we equip this linear space with the
semi-norm

p
1Y lx =Y 1Y i1-p)s-

sometimes written %Y in the literature, whereas %, is reserved for paths satisfying (11). While %37 is strictly

!
included in ¢, one can use “geodesic approximations” and interpolation to show 6, C %ﬁ?” C €4 for v/ < v, so that one
can still approximate elements satisfying (11) at the expense of choosing a smaller ~.



y®»

Conditioned on (Y
AL P Y™ XM so that

We have Yt(k)
P
Y ® oo < WY Oy gy, + 37 ¥ XD
n=k
(13)

YO( )) we get a norm which controls the || - ||-norm of Y in the following way.

S Y x + 04(0, X)[Yol.
If we consider two paths Y and Y, controlled by X and X respectively, we introduce the “distance

p

||Y§YHX,X = Z HY(k)u - Y/(k)”'(pﬂ—k)y-
k=1

Similar as above have the following estimate
< Y3 Y5 x + 04(X,0)[ Yo — Yo| + 0,(X, X)[Yy|

max Y™ —y ™) <

n= ..

We define the total space
¢ x g = | | (X} x 2R
Xe€r

equipped with its natural topology, i.e. the weakest topology such that

p
C X P — T x P CFTT(0,T]; L(RYFH))

k=1

(X, Y) — (X, @f_, v %)

is continuous.

If f is a scalar valued function with higher Holder regularity, i.e. |fs| < |t — s|? for some 8 > py and
a controlled path Y € 257 we can define the product as a controlled path fY.

Lemma 2.1. The mapping
bx 9% — 9%

(£, Y) = (fYD, . fY®)

is bilinear and continuous when 8 > py
Proof. To see that the mapping is well defined is sufficies to notice that

()W = p v 4y

satisfies the required time-regularity when S > pvy. To see continuity of this map we can similarly write

sII1F = FllsllY @l
- Y/(k)jj||(p+17k)'y-

FY) B8 _ (7 WE < —
st
PEE f — flloo|| Y
O

+ |t —s]

Integration of Controlled Rough Paths

2.1
Following [10] we denote by C5?([0,T7]) the space of functions Z : A (0, T) — R such that
5:5u
=

- |: |
= = su < oo and [[0= Su
|| HOé s<It) |t ‘ || H,B p |t ‘5

Eut- We equip the space with the semi-norm ||Z||4,5 := |||l + ||0Z]|5. The

where 6Esut = Est — Zsu
following result is sometimes referred to as the “sewing lemma’



Lemma 2.2. Assume 0 < a <1 < 3. Then there exists a unique continuous linear map
Z:C57([0,T]) — ([0, T))
such that (ZZ)o = 0 and
(Z5)st — Zetl S [t = 517
More specifically,
I(E)a = lim > Ey, (14)

|P|—0
[u,v]€P

where P denotes a partition of [s,t] and |P| its mesh. The limit can be taken along any sequence of
partitions and is independent of this choice.

For a proof, see [10]. It is clear from (14) that C§([0,T]) C ker(Z) for 6 > 1.
We are ready to define the integral of a controlled rough path. For X € €7 and Y € 25" let

p

Chen’s relation (8) gives X =57 x07% @ x50 that

[I]

ut
P n
n=1 el i1 —
= i zp: ys(n)X(n k) ® X Z y(k)X(k) i (i Ys(n)XgZ—k) . Yu(k)> Xff?
k=1n=k k=1 k=1 \n=k
i Ys(f)ﬁX(k
k=1

From (9) and (12) each term can be bounded by C|t — s|("*1)7 for an appropriate constant C. Conse-
quently [0Zy¢| < |t — s|PTD7. Since (p + 1)y > 1 we arrive at the following definition:

Definition 2.3. Let X € €7 and let Y € 25'. We define the rough path integral of Y w.r.t. X as

/ Y.daX, = (IE) s (15)

with Z and Z as above.

Remark 2.4. For a smooth path X with its geometric lift (10) the rough path integral and the usual

calculus coincide, i.e.
t t
[ viax, = [ vixar

for allY € CV([0,T]; L(RY)). Indeed, we may define Y™ =0 for n = 2,...p. Even though in general
(12) is not satisfied for k =1, if we define

Est = YsXst
we get 02,1 = — Yo, Xy 50 that 2 € 021’1+7([0,T]).

The rest of this section is devoted to obtaining a “local Lipschitz’-type estimate when we regard the
above as a mapping

¢ x 97 — 3P ([0, T)).
Indeed, let X, X € € and let Y and Y be controlled by X and X respectively. Define = as before and

[1]2

s v (n)
=D VXY



Lemma 2.5. Assume 0,(0,X),||Y||x,[Yo| < M for some constant M, and similarly for X and Y.
Then there exists a constant Cys such that

||E - é”'y,(erl)'y < C’M(|YO - Y~v0| + ||Y7YHX,)~( + Q’y(X7X))

Proof. We begin by decomposing

p
E.st - ést - Z Yg(n)X(n) Z Y(n)X(n)
n=1 n=1
p _ p ~ ~
=Y VI - X))+ 3o =y )R
n=1 n=1
so that
~ p ~
Zet — Bt < ) IV oo | X — IInVIt—SI”“rZIIY(”) YO o X0 [lnr [t = ™
n=1 n=1

<t —s|" max 1Y ™| 04(X, X) + |t — 57 0,(0, X) max Y™ — ™)
n=1,...,p n=1,...,p

Using (13) we can find a constant C); such that

IE —Zlly < Cur(IIY: Yllx x + Yo = Yol + 04(X, X))

Similarly,
- p P
0 sut — 0% sut = — Z ys(l?)ﬁX(n Z n)uX(n
n=1 n=1
p p
= - 2N )+ (- TR
n=1 n=1
so that

P P
16(E = E)llgpayy < DIV H 1y | XT = Xy + D Y EE = VO g [ Xy
n=1

n=1

< M(0y(X,X) + Y3 Ylx %)-

2.2 Controlling solutions of ODE’s

In this section we will show how to control solutions of ODE’s perturbed by a rough path X € ¢7. Fix
a function b € C}([0, 7] x R4 R?) and denote by ¢.(z) the solution of the perturbed ODE

o(z) =+ /0 b(r, ¢r(x))dr + X;. (16)

When there is no chance of confusion we shall denote the solution of (16) by ¢: for notational
convenience. Notice that we shall later on be interested in ¢, as a function of x, but for this section we
leave it fixed. We have

t
¢st = / b(?", ¢7')dr + Xst = th + Xst

where |R%,| < |t — s| by the boundedness of b. Let f € CP(R%R%), so that we can view V*f : R4 —
L((RH)® (k+1)) We shall lift the composition f(¢) to a controlled path in Z§.

Lemma 2.6. Assume X is a geometric rough path. Then the mapping s — (f(ds),..., VP71 f(ds))
belongs to 2%, i.e. if we introduce the ad-hoc notation

P

FOW =V (0) = Y Vi) XGTY k=1,

n=k

we have f(¢)F)E € C§p+1_kh([0,T];L((Rd)®(k+1)))_



Proof. Begin by writing

n

n n n n—
¢5" = (RS, + Xo)® —Z<q>sym<<RZ’t>®< D@ X5
q=0

For a sufficiently smooth function g : R? — £(V') where V is a finite-dimensional Banach space, we have
from Taylor’s formula

9(60) — 9(6) = 3 LI (4 yen 1 Ra (6,6

n!

= Vg(0) XY + RE, (s, 1) (17)

#3007 (1) T (g 6 3

n!

In the above we have used that X satisfies (11) so that V"g(¢s)x1§n = V”g(¢s)X£f) since Vg only
acts on symmetric tensors. Furthermore, the second term < |py |+ < |t —s|(™+1)7 and the third term
< |t —s|. With g = VAf and m = p— k — 1 it follows that f(¢)®% e CP™™7([0, T]; L((R)?)E*+D),
thus proving the lemma. O

Remark 2.7. We note that the symmetry of V"g in the proof of Lemma 2.6 is the reason that the full
generality of the theory of rough paths is not needed in this paper.

Corollary 2.8. For f € CF(R%RY) we may define [ f(¢.)dX, as the rough path integral of f(¢) w.r.t.
X as in (15).
2.3 Stability w.r.t. the driving path
The purpose of this section is to prove local Lipschitz continuity of the mapping
€ — €7 x PPV
X = (X, f(¢))

where ¢ is the solution to (16), f € C¥(R%R?) and f(¢) denotes the lift as described in the previous
section. We begin with some trivial bounds, namely let X € 7 and denote by ¢ the solution to (16)
when we replace X by X, i.e.

t _
st = / b(r, ¢ )dr + Xg =: th 4+ Xt

One can check that (see [6], Lemma A.7)
l¢ = dll, < C(T, V)| X - X |, (18)

Clearly this implies [|¢ — ¢, < 0,(X,X) and also ||R? — R<5H.Y < 0,(X, X).
It follows that [|¢p®" — ¢®"| .y < 04(X, X) by induction: assume this holds for n — 1. Then

1627 — 27 < 1657 |dar — bat| + 1057 — ST |G|
<2t — s|""g7(X,)~()

by the induction hypothesis combined with (18).
The main result of this section is the following.

Lemma 2.9. Assume QW(X,O),QW(XJ)) < M and f € CI(R%R?Y). Then there exists a constant Cyy
such that

1£(8); F(D)llx x < Caroy(X, X).



Proof. We shall use the formula (17) to show that || f(¢)*)% — f(qz)(k)ﬁﬂ(p_k)v < Curo4(X, X), which will
prove the claim. Towards this goal, for a function g smooth enough, the remainder term of the Taylor
expansion satisfies

- - L1 = pymtt -
RS, (96.00) — RS, (95, 61) = /0 =D Grtig(g, + rou)dr (65 - G5m+H)

m:

m!

1
1—r m+1 7 7 T®(m
b [ O (000 + 1) = T g b)) ar (350,
0
For the first term above we have < [t — 5|tV 1g|| 0, (X,X). For the second term we use,
uniformly in r € [0, 1]
|vm+1g(¢s +rdst) — Vm+1g(¢~ss + Tﬁgst” < ”vm+29”00(|¢s - Q~55| +7pst — (ngt‘)
S V™2 glloc 04(X, X).

Together with the bound [¢5™ ™| < |t — s|(M*+D7 we see that

Fix integers ¢ > 1 and n > 0. Using the estimate [a®b—a’ @ V| < |a — d/||b] + |a'||b — V| repeatedly,
it is easy to check that

Vg(6s)(X5G" @ (RE,)®) — V() (X5" @ (RS)®| S [t = s]04(X, X).
This combined with (17) gives
||f(¢)(k)1i - f((;)(k)u”(p—k)'y 5 Q“/(X7X>
which ends the proof of the lemma. O

Combining the above Lemma, Lemma 2.5 and Remark 2.4 we get

Corollary 2.10. Let X € €. Then there exists a family of smooth paths X such that

/ F(e9)Xedr — / (60X, in CV(0,T)),
0 0

as € — 0.

2.4 Stability w.r.t. the drift

Let us fix X € €7 and we consider the ODE (16). Assume we have a sequence of functions b, such that
there exists a solution of for every € > 0 to

t
o) =+ / be(r, o5 )dr + Xy
0
We will show stability in the sense of controlled rough paths when we assume that ¢¢ converges in an
appropriate topology. This convergence will be shown to hold in Proposition 4.15 for our particular case.

Lemma 2.11. Assume ¢¢ converges in C7 to the solution of (16). Then for any f € C¥(R%R?) we
have that the lift of f(¢°) converges in 2% to f(¢$), and as e — 0

/0 F(65)dX, - /0 F(6)dX,

where the above convergence is in C7.

Proof. Note that the second claim follows from the first in connection with Remark 2.2.
To see the first claim, one has to show

12% () ** — f(¢£)(k)u||(p*k)v =0

for all £ = 0,1,...,p — 1. The proof follows the same lines as the proof of Lemma 2.9 with minor
modifications, noting that X = X. O



2.5 An It6-Stratonovich formula

For the sake of being self-contained, we include a change-of-variable formula for our particular case. Let
n € C>(RY) and assume ¢. solves (16). If X is a smooth path usual calculus yields,

21(0) = Vn(¢r) - b(t, ¢1) + Vn(dy) - X

We can generalize this to geometric rough paths.

Lemma 2.12. Suppose n € C®(R?) and X is a rough path above X. Then we have

n(ér) = n(z) + / n(r) - b(r, 8,)dr + / Vn(,)dX

where the last term is the rough path integral.

Proof. Let 0 < u < v <t and use Taylor’s formula to write, as in (17)

1(P)uv = Z n(%) (Dun)®" + R (bu, d0) = V(du) RS, + Z V() X + o
n=1

where
P

S0 = RI(60r60) +ZZ( )T (5,200 x3)

n=2 qg=1

and notice that Z € C;77([0,T]) C ker(Z). We have

gy 32 Voo [ oiro0dr = i, A 3 SO 0) bl

- /0 Vn(r) - b(r, 6,)dr

where we used continuity of Vn and dominated convergence in the last step. Note that the above
reasoning does not use any regularity requirements on b.
Finally, we have

() —n(x) = Z(n(¢.))or = lim > n(@)u

P
= Jim_ (w(m)Riv + 2 VIn(gu) XL + :)
[u,v]€P

n=1
p

= Z(Vn(¢.)R?) + Z(D_ V() X)) + Z(E)

n=1

:/ Vn(¢r)~b(r,¢)r)dr+/0 Vn(ér)dXy

0
by definition of the rough path integral. O

2.6 Integrated ODE’s

To emphasize that the solution of (16) depends on the initial value z, we denote its solution by ¢.(x),
ie.

o) =$+/O b(r, ¢ (x))dr + X;.

Let v be a finite signed measure on R%, and f = (f(M,..., f@) ¢ CP(R%RY). In later chapters we shall
be interested in expressions on the form

= (1) X vix),... (d) Ax vix d
)(/Rf (6.(@))du(@) .. f <¢<>>d<>)e.c<R>

as a controlled path in order to define fot v(f(¢,))dX, in the rough path sense. Similar results as the
previous chapters holds, summarized below.

10



Proposition 2.13. Retain the hypotheses and notations respectively from Corollary 2.8, Corollary 2.10,
Lemma 2.11 and assume f € CY(RYR?). The following holds.

1. The rough path integral fot v(f(¢r))dX, is well defined.

2. Let X € €. Then there exists a family of smooth paths X such that

/ () Xedr / (6K, in C(0,T)),
0 0

as € — 0, where ¢¢ denotes the solution of (16) with X replaced by X¢.
3. I v(f(¢9)) = v(f(¢.)) in C7 we have

/0 W (60)dX, / (f@)dX, i C(0,T]),

as € = 0.

Proof. Begin with the first assertion. Integrating (17) w.r.t. v gives

p—k—1 n n
flo(x ) o ﬁdy Z Z M(th(w))@)q ®X§(niq)dl/($)
Rd

n=1 ¢=1
+ /Rd RZ—£—1(¢S($)7¢t($))dV($).

Since v is finite and b is bounded we get for each k,n and ¢

|/ W(Rax))@qdy(xﬂ <t - sl
» st ~

q!
Furthermore
'/Rd By {1 (60(), 0u(@)dv(a)] £ /R osal@)PRdu() 5 e s P,
so that [L, f(¢.(2))dv(x) is a controlled path and

(k) L
( f(¢(x))dV(x)> — [ o) Pav(a).
R R

st

Using linearity, boundedness of b and dominated convergence the reader is invited to complete the
remaining steps of the proof. O

3 Fractional Brownian motion and Girsanov’s theorem

In this section we introduce the fractional Brownian motion as well as the technical tools we shall need
in the remainder of the paper. More specifically the representation in terms of a fractional integral
operator allows us to formulate the appropriate version of Girsanov theorem. The notion of strong local
non-determinism is then used to infer technical bounds that are useful for studying local time estimates
later in the paper. Finally we mention how one can construct a rough path lift of the fractional Brownian
motion.

A 1-dimensional centered Gaussian process, B = {B;,t € [0,T]}, is called a fractional Brownian
motion (fBm) with Hurst parameter H € (0, 3) if the covariance is given by

1
Rp(t,s) = E[BBs] = 5 (27 + 20 — |t — s?H).

Observe that B has stationary increments and its trajectories are Holder continuous of index H — ¢ for
all e > 0.

11



Denote by & the set of step functions on [0,7] and denote by H the Hilbert space defined as the
closure of £ with respect to the inner product

(110,115 Ljo,s))% = Ru(t, s).

The mapping 19 4 + B; can be extended to an isometry between H and a Gaussian subspace of L%(Q).
For a function f € L?([a,b]), we define the left fractional Riemann-Liouville integral by

I3.£0) = e / “(— )" f(y)dy

for o > 0. Denote by I§, (L*([a,b])) the image of L?([a,b]) under I, and by Dg, its inverse.
We define Ky (t,s) as

1 1_
KH(LS) = CHF <H—|— 2> SéfH (th_ H’U,Hfé) (S),

1
for some constant ¢y and write Ky for the operator from L?([0,7]) onto I$_+2 (L?) associated with the
kernel Ky (t,s). It follows that

tAs
Ry(t,s) = Ky (t,u)Kg(s,u)du.
0

Moreover, if W = {W, : ¢t € [0,T]} is a standard Brownian motion B can be represented as

t
By :/ Ky(t,s)dWs. (19)
0
A d-dimensional fractional Brownian motion is a d-dimensional process where the components are
independent 1-dimensional fractional Brownian motions.

Theorem 3.1 (Girsanov’s theorem for fBm). Let u = {u,t € [0,T]} be an R¥-valued, {F;}icpo1-
adapted process with integrable trajectories and set Et = B; + f(f usds, t€[0,T]. Assume that

(i) [iusds € (I3 (L2([0, 7)), P-a.s.
(i) E[¢r] = 1 where

&r ::exp{—/OTK;,l (/Olurdr> (s)~dWs—;/0T K (/Olurdr> (s) st}.

Then the shifted process B is an {Ft}repo,m-fractional Brownian motion with Hurst parameter H under

the new probability P defined by % =&r.
Moreover, for every p > 1 we have E[|{r|P] < Cp(||b]|oc), where Cp(+) is an increasing function.

For a proof we refer to [19]. In particular, the moment-estimate is found in the proof of Theorem 3,
[19].

In the absence of the independent increments one has for H = %, we shall use the following fact (see
[21, Theorem 3.1]).

Lemma 3.2. The fractional Brownian motion is strong local non-deterministic, i.e. there exists a
constant c such that
Var(By : (Bs)s:jt—s|>r) > er?f. (20)

Given an m-dimensional Gaussian vector Z ~ N(0,%) it is well known that
|| =Var(Zn)Var(Zm—1|Zm) ... Var(Zi|Zm, . . . Z2), (21)
and so from Cramer’s rule we get
(Y5 = (Var(Z| 2y, ..., Zj,. .. Ze)) ™! (22)

From the above we can prove the following technical estimates on the fractional Brownian motion.
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Proposition 3.3. Given a fractional Brownian motion there exists C' such that

m 1 m m
/]R H v |* exp —iVar ZvaS.f dvy ... dvpy, < C™y/(km)! H |sj — 55| HA+ZR) (23)
=1 j=1 J=1

for all (sy1,...,5,) € AU™(0,T), and we read sy = 0.

Proof. Define the matrix A;; = E[B,By,], let X ~ N(0,A™") and denote by X the km-dimensional
Gaussian vector }
X; =X for (j—1)k+1<i<jk.

Rewrite the right hand side of (23) as

m km
(@2m)"™ 2| ATV E( T 117 = (2m)m /21 A - 2B T 1XG]

j=1 i=1

km 1/2
< (271')711/2|A‘—1/2 < Z HE[XiXa(i)}>

0ESkm 1=1

Em. 1/2
< (2m)™/2 AT ( > HE[XE]I/ZE[Xg(i)Pﬂ)

TESkm =1
1/2

= n A (ST [TERE ) = @om2al e | )

oc€Skm j=1

E[X7]*

=P

where we have used [15, Theorem 1] in the first inequality. Then we get from (22) that
(A7Y);5 > clsjr — 8527 Alsj — sj-1)*H > c|sj — sjq |

where we have used (20) and |s;4+1 — s;| < 1 in the two last steps, respectively. Using (21) and (20) we
get that

A2 < e [ sy — sl
j=1
The result follows. O

As noted in Remark 2.7, it turns out that the structure of the noise will not see the full rough path
lift of the fBm. Still we mention that the fractional Brownian motion can be lifted to a rough path,
as was first done in [22]. We shall, however, refer to [20] for a different construction where the authors
construct the iterated integrals using a Stratonovich-Volterra-type representation.

Theorem 3.4 (Theorem 1.1. in [20]). Let B be a fractional Brownian motion admitting the representa-
tion (19). For 1 <n < L%J define

B™ : A@(0,T) — (R)®"

component wise, i.e. for any tuple {i1,...i,} in {1,...,d}, as the Stratonovich iterated integral

n

(B‘g?),e“ S ®e) Z 1) 1/ HK s, m)[K(t,r;) — K(s,rj)] H K(t,r)) o dW}' - o dW;r
j=1 7= I=j+1

where

AT = {(r1,...mn) €[0,8]" i1y = min(ry,...,10),r1 > - > 1 and 141 < - < Tyt

Then there exists a set Qy with full measure such that

B, := (1, B, — B,, B, ... B{L//HD)

st aeee

satisfies (8) and (11) on Q. Moreover, for v < H we have |B(")| < |t —s|m.
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Assume now that H is such that 2 is not an integer. We can choose v < H such that L%j =%l

and from the above theorem we have, P-a.s., B € €.

Let us remark that for H € (i, %) there exists a lift of B to a rough path building the iterated integral
from linear interpolation of B. For the method of the current paper to work we need smaller H, see
Section 4. When H € (0, i) the dyadic interpolation fails to give a converging sequence of rough paths,
see [8]. Nevertheless, the construction in [20] gives a geometric rough path so that we may approximate

B by a sequence of lifted smooth paths, in the rough path topology.

4 Fractional Brownian motion SDE’s

For this section we shall study a SDE driven by an additive fractional Brownian motion, i.e.

di(x) =+ /o b(r, ¢ (x))dr + By. (24)

Existence and uniqueness of a solution to this equation under low regularity on b was recently proved in
[2] as demonstrated in the next Proposition. For proofs the reader is referred to [2].

Proposition 4.1 (Theorem 4.1 and Corollary 4.8 in [2]). Assume H < 2(T1+1)' Let {b,}n>0 C
C2([0,T] x R%:R?) be a sequence of functions such that

sup ({[bnlloo,1 V [[bnloc) < oo
n>0

Denote by ¢, (t,x) the solution to (24) when b is replaced by b,. Then for fived (t,z) € [0,T] x R?
the sequence is ¢, (t,x) is relatively compact in the strong topology of L*(Q2).

Furthermore, if lim, o by (t, ) = b(t, ) for almost all (t,z) € [0, T|xR? for b € L*(R%; L>([0, T]; R?))N
L>=([0,T] x REGRY) then ¢, (t,x) is converging for every (t,z) € [0,T] x RY to the unique solution of
(24)-

The proof of this Proposition relies on a compactness criterion from [4] based on Malliavin calculus.
Without going into too much detail there is compactness in L?(€2) if we can bound the Malliavin derivative
of ¢ (t,x) by a constant depending only on |[b, || 1 (ra; o0 (jo,77;r4)) V [|bnll Loo (j0,7] xR ;R4 -

Once one has strong convergence, one can use a somewhat standard trick, see e.g. [14] or [19], to
show that fot by (1, G (1, 2))dr — fg b(r, ¢ (z))dr which gives that the limit solves (24).

Furthermore the following result shows how the fBm regularizes the flow of (24).
Lemma 4.2 (Theorem 5.1 in [2]). Assume H < (dTlﬁ-%) and let p,k be integers, p > 2, k > 1. There

exists an increasing function C : [0,00) — [0,00) only depending on H,d,p and k such that

swp_ B[V, (t,2)]"] < Cllballoo V llbull ).
te[0,T],zeR4

Using the two previous results together with weak compactness in L?(€; WP (U)) for an open and
bounded U C R? we get the following result.

Theorem 4.3 (Theorem 5.2 in [2]). Assume H < (2(2;“) A 2(d7i+2k)) andb € L*(R%; L>([0, T]; RY))N

L>=([0,T] x R*:R%). For every open and bounded U C R? the solution to (24) is k-times weakly differ-
entiable in the sense that
¢ € LY (QWHP(U))

for every p > 1. Moreover, ¢,,(t) converges to ¢, in the weak topology of L?(Q; W*P(U)).

4.1 The one-dimensional case

In this section we include a proof of Proposition 4.1 when d = 1 and H < %. From [19] it is already
known that there exists a unique strong solution to this equation when b is of linear growth. From [19]
it also becomes clear why the proof is simpler when d = 1 - one can use comparison of SDE’s to generate
the strong convergence as indicated in Section 4.1.3.

We shall restrict our attention to when b is bounded and integrable, but we are interested in how the
solution depends on the initial value z. More specifically we will show the following.
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Theorem 4.4. Assume b € L'(R% L>°([0,T];R)) N L>([0,T] x R) . If H < ¢ there ezists a unique
strong solution to (24). Moreover the mapping (x — ¢+(x)) is weakly differentiable in the sense that for
fized t we have

¢i() € LAH(Q;WHP(U))

for all open and bounded U C R.

This theorem is proved in three steps. In the first step we establish an integration by parts formula
for the fractional Brownian motion. In the second step we assume that b is smooth and has compact
support. It is then well known that ¢.(-) is smooth, and we use the integration by parts formula to
bound ||¢¢||L2(;w1.» () independently of &'. In the third step we approximate a general b by smooth
functions. We use comparison to generate strong convergence in L?(Q) of the corresponding sequence
of solutions. From step one and two we can bound the sequence in L2(2; W1P(U)) and argue via weak
compactness to prove Theorem 4.4.

4.1.1 An integration by parts formula

The purpose of this section is to prove a integration by parts type formula involving a random variable
inspired by local time calculus. More specifically, we have

/t b (s, Bg)ds = — / A’(t,y)dy P —a.s. (25)
0 R

where

t
Ab(t,y) = (271')*1/]1%/0 b(s, y)iue "B dsdu. (26)

We start by defining A®(t, 2) as above, and prove that it is a well defined element of L?(Q) for every
p> 1.

Lemma 4.5. Assume b is bounded. Then A’(t,y) ezists and all moments are integrable provided H < .
More precisely if m is an even integer

C™[b( y)[[sem!vm!

E[|IA*(t,y)|™] < C(m(1—3H)+1) °

Proof. Since we assume m is an even integer, we may write
t
E[|A’(t,y)|™ = (2m) ™ E| / / b(s,y)iuexp{—iu(Bs — y)}dsdu|™

(2m)~ m'/ / bE™ (s,7) H Elexp{—iu;(Bs; —y)}|duds
m(0,t) JR™ =1

(2m) _mm'/ / 1b%™ (s, ) H |uj| exp{— Var(z u;Bs,) }]duds
m 0 t) m = j=1

where for notational convenience we have used B, = y and v;41 = 0, ds = ds1 ... dsm, du = duy ... duy,

and b¥™ (s,y) := [[;_, b(s;,y). Using (23) the above is bounded by

Cmiml|[b(-, y)||%
C™m!Vml||b(-, m/ - s < o
mIvVm!|[b(-,y)|| % A (0 7)H|83 sj—1|7"ds < (1 —3H)m +1)

O

From (26) we see that supp A(¢,-) C U,,suppb(s,-). In particular, if the latter set is bounded,
A’(t,) is integrable P-a.s.

It remains to show that A® satisfies the integration by parts formula (25). Notice that one has
to be careful interchanging the order of integration in (26). Indeed, if b = 1, one should think of
Jp iue" " Be=¥dy = —9,6p (y) where dp, (y) is the Donsker-Delta of Bj, which is not a random variable
in the usual sense (one could introduce the Donsker-Delta as a generalized random variable in the sense
of White Noise theory, but we shall avoid this).
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To circumvent this difficulty we define an approximating sequence

A% (t,y) = (2m)~ / / b(s, y)iue™ " B=Y) dsdu.

It is immediate that

t
Ay (t,y)] < Cie / 1b(s, y)lds,
0

for an appropriate constant, so that A% (t,-) is integrable if [, fot |b(s,y)|dsdy < co. One can show that
Ab (t,y) — Ab(t,y) in, say, L?() for all ¢ and y. To see this the reader is invited to modify the above
proof to see that

—ivar(ui Bs uo By
B :) = A0 < ORI [ [ Loy sy o aale™ 702
,t

which converges to zero as K — co. In the above C' is a constant that is independent of K. Now we
have

/Ab (t,y)dy = (27) 1/2/ / Fb) (s, u)ive "X dsdu

/ (2m)~ 1/2/ (F710) (s, u)iue™ "X+ duds.
0 -K
Provided b(s,-) € S(R) we have

K
lim (271‘)_1/2/ (]: 1b)<5 U)'Lue ’LuX;du_ 27(' 1/2/ 1b S u iue Zqudu
_K R

K—oo

= F(iu(F~0)(s,u))(Xs) = =V (s, X)

thus proving (25).
We summarize these considerations.

Lemma 4.6. Let b: [0,T] x R — R be such that b(s,-) is smooth for every s and |J,.,suppb(s,-) is a
bounded set. Then (25) holds on a set of measure 1. a

We can however extend (25) to bounded and differentiable b.

Lemma 4.7. Assume b € L>=([0,T); C}(R)). Then (25) holds for b and we have P-a.s.
Supp Ab(t7 ) C [_B;7 B:]
where B} = supg<,<; | Bs|.

Proof. Assume first that b satisfies the assumptions of Lemma 4.6, and let ¢ € C}(R). From (26) we
have A®’(t,y) = ¢(y)A’(t,y). Consequently, using (25)

b = ¢b =— t s 'ds
/R ()AL, y)dy /R AP (¢, )dy /0 (6(B.)b(s, B.))'d

—/ ¢’(Bs)b(s,BS)ds—/ S(BY (5, B.)ds,
0 0

so that for all ¢ € C}(R) such that supp ¢ N [—B;, Bf] = 0, we have [, ¢(y)A"(t,y)dy = 0. In particular,
Ab(t,-) has compact support independent of b P-a.s.

From linearity of b — A® and Lemma 4.5 we may approximate a general b by smooth, compactly
supported functions. The result follows by elementary calculations. O

Using A?(t,y) = ¢(y)A’(t,y) as in the above proof we get that if b is time homogeneous, A®(t,y) =
b(y)9, LB (t,y) where LB(t,y) denotes the local time of the fractional Brownian motion (which is well
known to be differentiable when H < 1, see [11]).
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Proposition 4.8. There exists a constant C > O such that for all even integers m

™ om|b||m  m™ 2 /(2m)!
B[ ([ na) | < SR VL
R VI(m(1—3H) +1)
Proof. We write

p[(fwewm) = [ E[ﬁ At )l < [ ﬁE[A%,ymm]”mdyl...dym

Cmm|r om mr
ST —3E)m+1) /MHIIb 2 Y5) loodyn - = A —smm 1 e

for an appropriate constant C', where we have used Lemma 4.5. O

4.1.2 Derivative free estimates

In this section we assume that b € L>°([0,T]; C}(R)) and denote by ¢.(z) the solution to (24). It is well
known that ¢,(-) continuously differentiable, and we have

Dobe() =1+ / (1, 60(2))0utr (1) (27)

= exp {/Ot b (r, qﬁr(x))dr} . (28)

We are ready to prove our main estimate on SDE’s.

Theorem 4.9. There exists an increasing continuous function C' : [0,00) — [0,00) such that for all
be L(0,T]: G (R))

sup B [(0:60(2))°] < CIblloe A bll0),

te(0,T],z€R

where ¢.(x) is the unique solution of (24) driven by b.
Proof. Set 8, == (Kj' (Jy b(r, ¢, (x))dr)) (t) and consider the Doléans-Dade exponential

T 1 T
Z = exp / odeS—f/ 02ds 3 .
0 2 0

dP := ZdP.

Define the measure P by

Then P is a probability measure and under P the solution {¢;(x)}; is a fractional Brownian motion
starting in z. From (28) we get

Pl = E o {2 [Vio e = 2 e {2 [ v vy} 2]

/2

< (E [exp {4/ V(.60 (2)d }D (Brz-2)".
Now we write
E {exp {4/otb’(r,¢,«(x))drH = F [exp{ / V(r,oz+ B, drH = [exp ({4/Ab t,y) dy}]

_ 5 PEUp A 0)d)"] g~ @O (2ml) 2y )

= m! o m!y/T((1 —3H)2m + 1)

=: C([|bllos,1)
which converges by Stirling’s formula.

From Theorem 3.1 we know that we can bound E[Z~2] by a function depending on ||b||s. The result
follows.

17



4.1.3 Singular SDE’s

For this section we shall consider a bounded and measurable b : [0,7] x R — R and the corresponding
SDE (24). As indicated above we shall use an approximation b,, of b and comparison to generate strong
convergence in L?(Q2). The technique is somewhat classical, and we refer to [19] for a proof, but let us
briefly explain the idea:

Let b be bounded and measurable and define for n € N

mawyznépmu—mwwm@

where p is a non-negative smooth function with compact support in R such that fR p(y)dy = 1. We let

k 0o
bni = [\ bj, n<k, and B, = /\ b,

j=n

so that INJn,k is Lipschitz. Denote by qzn,k(t,x) the unique solution to (24) when we replace b by Enk
Then one can use comparison to show that

klim Gni(t,x) = P(t, ), in L?(Q)

where ¢, (¢, z) solves (24) when we replace b by B,,. Furthermore,
lim gu(ta) = du(o),  in L2(9)
n—oo

where ¢¢(x) is a solution to (24). For details see [19].
We are ready to prove the main result of the section.

Proof of 4.4. Let U C R be open and bounded. We know from the discussion above that ¢, (¢, ) — ¢:(z)
in L%(Q). From Theorem 4.9 plus elementary bounds we see that ¢, (t,) is bounded in L?(Q; W12(U)).
Consequently we may extract a subsequence {¢,, (¢,-)}r>1 converging to an element f; in the weak
topology of L2(Q; W12(U)). Let A € F and n € C>°(U). Using strong convergence coupled with weak
convergence we get

u/@ hmﬂM/@Mmo<mﬂ—mmEu/@%wz 2)dal

Aﬂﬂgéaﬁ@M@Mﬂ

Consequently we have [;; ¢(x)n/(z)dx = — [;; 0, fi(x)n(z)dz on some Q, € F such that P(Q,) = 1. Let
now Q* be the intersection of a countable, dense in W2(U), set of n such that the above integration
by parts formula holds. It is clear that P(Q*) = 1 and that ¢, is weakly differentiable on this set. The
result follows. O

Remark 4.10. For fized tog > 0, consider the equation

o(y) =y — /bm—rW%DW—G% By ).

Since the fractional Brownian motion has stationary increments the above equation is on the same form
as (24) and we may apply the same machinery to obtain a sequence wto’ of corresponding smooth flows
that converges in the weak topology of L*(Q; W'P(U)) and ¢1°"™(x) converges in the strong topology of
L2(Q) to the solution of the above equation.

We have 1/)28 = qﬁt_ol, so that ¢y, is invertible with a Sobolev-differentiable inverse.

Let now f € C}(R). For every n € N we have

Duf (W™ () = f/ (0" (2))0uthy ™ (x)

which is bounded in any LP(U) forp > 1, U open and bounded. Consequently, there is a weakly converging
subsequence which by uniqueness must converge weakly in LP(U) and we have

O f(Wh(2)) = f'(WE(2)) 0k (z), for almost all z € R.

since 1" (x) — Yt(x) strongly in L?(Q). When b is time-homogenuous we have the following represen-
tation

o (y) =y — /O b(¢; ' (y))dr — By.
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4.2 Local time of the flow

We now return to the general case of d > 1.

In this section we develop a local time theory for the solutions ¢;(x) of (24). Assuming we have
a solution to ¢;(z), the results here will rely only on Girsanov’s theorem 3.1 meaning we only use
boundedness of b. Let now @ : [0,7] x R? — R be given and define ¢ = D®Q for some multiindex,
a = (aM,...ad). The main objective of this section is to prove that there exists a random field

A2 on [0, 7] x R such that

/ 4(s, 6a(2))ds = (~1)1° / ALERE, y)dy,
0 Rd

and that the right hand side above can be bounded in terms of ). Motivated by the previous subsection,
we define

$(@).Q = (2m)¢ tiu" s,y) exp{—iu - x) — sdu.
2299ty = ) [ [ () Qs ) expl—iu- (04(a) ~ s

We denote by AQ(t,y) the random field obtained by choosing B instead of ¢(z) in the above definition.
Note that from Girsanov’s theorem we have

E[f (A C(t,y))] = E[f(AL(t,9))ér]

for any f such that the above expressions exists and £ was defined in Theorem 3.1 and we have
E[|é71?] < C(||b]loo)- We get a similar result as Lemma 4.5.

Lemma 4.11. Assume Q is bounded and H < We have the following moments estimates on AS

d+2\ |

Ccmrm! T, /(ma®)!

E[AS(t,y)|™] < 29
where C = C(a, H) does not depend on m or Q.
Proof. The proof follows the same lines as in the proof of Lemma 4.5. Begin by writing
m! i 1
E[|IAC(t,y)|™] = / / (1u;)*Q(s;,y) exp{—=Var(u; - (Bs, — y) }dsdu
[ | } (27T)dm (Rd)m A(m) (0 t) ]=1_[1 J) ! ) { 2 J ( 7 )}
m d m
m! (00| ) g
—_— wy ¥ (sj,y)|ex =Var() wu;’'B;’)}dsdu
(27 )dm /(Rd)m /A(m) 0,t) Jl_[l kl_[l o ! pi- ,; Z J )}

d m
m'HQ(vy)Hm / / (k) | (k) p(1 k
< 2170 w; % exp —*VaT Uy B( ) dsdu .dusn)
(2m)dm A (0,t) i JR™ H| ;| t Z )}
where we have used the independence of the components of B in the second line. Using (23), the above

is bounded by
m m — aF)
Cm!|| Q> y)|I% I | \/ (ma(k)! / |sj —5j_|THOH2 ) ds

A (0,8) =

Cmm'l_[k 1V (ma®)QC, Hm

[(m(1 — H(d +2al)) +

provided H < d+2|a‘
Using Theorem 3.1 we get

Corollary 4.12. Let @, H and o be as in the previous lemma. There exists a constant C = C(||b|| 0o, H, d, @)

such that
o Jem T, /@ma®) Pict. i

VI2m(1 — H(d + 2[al) +

E[[A®C(ty)"] <
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If we assume integrability of @ in the spatial variable we see that we can define the stochastic process
#(x),Q
fRd AL (t,z)dz.

Lemma 4.13. If we assume Q € L*(R%; L>°([0,T))), |a| < 1 and H < ﬁ we have

Plexp | | ISt 2)/dz}] < (1 QU A )

where C' is an increasing function.

Proof. Begin by writing

EK/ IAi(”C”Q(t,z)Idz> ]:/ B |T] 1AL 9 )l | d=a - dzm
R4 (Rd)m

j=1

ME 1/m
g/ [1E [|A§<w>@(t,zj)|m} dz ... dzm
RH)™ 521

C’m\/ 2m) 14—, v/ (2ma®)!
< / I | Q- zj) |loodz1 . . . d2zpm
VIC@m(1 — H(d + 2|a]))

cmy/(2m)ly/(2m)!
T VT@m(l—H(d+2)+1

QN5

where C is as in Corollary 4.12. We get

Blesp [ | It 2zl = S m) ([ g2z m}

m>0

C™y/(2m)l\/(2m)! .
2 VI@m(1 = H(d+2)) + L)m! 1902

m>0
which converges as long as H < 5 by Stirling’s formula. O

We now proceed to prove stability of the vector field Aﬁ(”‘)’Q in both @ and ¢ in the following way.

Remark 4.14. We shall need stability of the mapping (¢(z), Q) — fRd A?@)Q (¢, 2)dz, but we only need
continuity in each variable separately. If ¢¢(x) converges to ¢.(x) in, say, Lebesque measure over [0,T]
and Q is smooth, we immediately get

. t t
lim [ A (”)’Q(t,z)dz:hné(—l)‘o‘l/o q(s,¢;<x))ds=(—1)\al/o q(s,qbs(ac))ds:/Rd AY@-Q(¢, 2)dz

€0 Jpd €—

by dominated convergence.

Stability in Q as a mapping L*(R?; L°°([0, T); RY)) — L™(R2) follows from the linearity of the mapping
Q — [pa AR (¢t 2)dz as well as the bounds from Lemma 4.13.
4.3 Convergence in Holder spaces

With the notation of Proposition 2.13 we shall need a result to ensure convergence of v(f(¢™)) is uniform
on a set of full measure.

Proposition 4.15. Let vy € (0,H), f € C}H(R%RY) and v be a finite signed measure on R:. Then there
exists a set €1y, of full measure such that on this set we have

lim v(f(¢") =v(f(9.))

n— oo

in C7([0, T);R9).
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Proof. We begin by showing that v(f(¢)) — v(f(¢:)) in L*(Q) for every t. To see this, consider
Ellv(f(#}) = v(f(90))] = E[lv(f(#}) — f(@0))I’]
<RIV fllo /Rd E[|¢} (z) = ¢e(2)*dv(z) — 0

as n — oo by dominated convergence, which proves the first claim.
Next we find a set universal in ¢ for which we have pointwise in w convergence. For the rest of the
proof we will abuse notation and write ¢(w), ¢™(w) etc, thus supressing the dependence on z. Denote by

{qj};?‘;l an enumeration of [0, T])NQ. We may extract a subsequence {v(f( Z}f’“’”))}@l c {v(f( 31))}7121
such that
lim v(f(¢p* (W) = v(f(dg, (@)))

k—o0

for w € Q; with full measure. Furthermore, we define inductively a subsequence {v(f (¢3}f;j H)))};@l C

{(f (@2 %)) sy such that
lim v(f(rEID (W) = v(f(dg;,, (W)))

k—o0

for w € ;11 with full measure. Let Qg = N52,€;, so that we have

lim I/(f(qﬁg(j’j)(w))) =v(f(dq(w)))

Jj—o0

for all w € ©Q and ¢ rational.
Now, we construct a set where {v(f(¢"))}n>1 is relatively compact in C([0,7];R¢). Let € > 0 be
such that v < H — € and choose a subset Qp_. with full measure such ¢. satisfies (3) and for every

w € Qy_. we have
(t = Bi(w)) € CH=<([0,T]; RY).

Note that v(f(¢.)) is continuous on this set.
From (3) we see

w(f(r (W) = v(f (65 (W) < v (f(6F (W) = f(5(w))) |
< RNV flloo (lonlloclt = 5] + | Bse (w)])
< RNV Fllos (Ibnlloolt = s + | B(@) e[t — ")

so that the uniform boundedness of b, implies that {v(f(¢™(w)))}n>1 is equicontinuous. Moreover,
the sequence is bounded in C([0,T];R?) and from Arzela-Ascoli’s theorem there exists a converging

subsequence {y(f(¢7(k’w) (WN}te>1 C {V(f(¢.”(j’j)(w)))}j21. For w € QyNQp_. - which has full measure
- we see that the limit coincides with v(f(¢.(w))). Applying the above reasoning to any subsequence
of {v(f(¢"(w)))}n>1 we get a further subsequence that converges to v(f(¢.(w))) in C([0,T]; R?). Since
C(]0,T); R?) is a Banach space this implies that the full sequence converges. By interpolation of Holder
spaces we see that the claim is true if we let €, , 1= Qo N Qpy_. O

5 Continuity Equation

In this section we study the measure valued rough linear continuity equation
with given initial condition po. The notion of solution is as follows.

Definition 5.1. Let g be a finite signed measure on R?. A measure valued function 1 : [0,T] — M(R?)
is called a measure solution to (30) if

t t
pect [ dioo(r e+ [ ditprdX,) = o
0 0

holds weakly in M(R?) meaning for every n € C°(R?) we have u.(Vn) € 2% and

) = o)+ [ o b0V + [ (V).
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If we know that there exists a solution to

bu(z) = + /0 b(r, b (2))dr + X,

then for any test function 7 € C2°(R%) we have from Lemma 2.12

n(on(a /Vnci)r b(r, én(a dr+/Vn¢T x))dX

We integrate the equation w.r.t. 1o to see that p; := (¢¢)gpo solves (30) if we can use integration by
parts for the rough path integral, namely

/Rd /Ot V(o (2))dX, dpio () = /Ot o (V(60))dX

Suppose now that b € C}([0,T] x R%:R?) and X € 6. Let X< € C'([0,T];R?) be such that X — X
in 7. Using Section 2 we get

t
Vn(p,))dX, = 1 (Vn(¢2) XEdr =1 Vn(oc(z)) X drd,
/Mo( n(¢r)) lm/ po(Vn(or)) X dr lm/Rd/ n(¢y.(z rdpo()

= / / Vn(or(x))dX, dug(x).
R4 J0
We summarize the above in a lemma.

Lemma 5.2. Suppose b € CL([0,T] x R:;RY) and X € %, . Then there exists a solution to (30) and the
solution is given by fu := (¢¢)ghto.
Given the previous sections the reader will not be surprised that we can extend this to when the drift

is discontinuous provided we choose the rough path to be the lift of a fractional Brownian motion with
low Hurst index.

Lemma 5.3. Assume H < m, b e L>2([0,T] x RGRY) N LY(RY; L2°([0, T); RY)) and po a finite

signed measure on R%. There exists a subset Q* C Q with full measure such that for every w € Q* we
have

e The fractional Brownian motion lifts to a geometric rough path B(w) € €, v < H.

e There exists a solution p.(w) to
t t
e (w) —|—/ div(b(r7~)ur(w))dr+/ div(py(w)dB,-(w)) = po.
0 0

Proof. Denote by Qp the set of w € 2 such that B(w) lifts to a rough path, B(w) € €.

Let n € C*(R?). Consider the approximation from Section 4, i.e. we have €, , ., such that
lim,, 00 f0(V(¢™(w))) = po(Vn(é.(w))) in C7([0,T];R?). From Propositions 2.13 and 4.15 we get
that

/ 0(Vi(7(@)))dBy () — / 0 (Vs ()))dB, ()
0 0

on €2y 4 N 2B
For every n we have that pf := (¢})spo satisfies

1) = o) + / 2 (b (r, ) Vi) + / 2 (V)dB
t(77

on Qp. Denote by €, ,, the set of w € Q such that ;i (n) — p(n), so that we must have that all the
above terms converges on {1, ,, N €1y, ., N OB, to

t

112(n) = proln) + / 1o (b, ) + / 41r (V) dB

Let now
O =00 [ Qe NQ

k>1

~¥,mk, 1o

where {n*}p>1 C C°(R?) is dense in C2°(R?) equipped with the ususal test function topology. Then
Q" is the desired set. O
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6 Transport Equation

In this section we want to study (5). Morally, the solution to this equation should be given by

ult.2) = w7 (@) exp(= [ el 0.0,y 000}

When ¢ is a distribution this expression does not make sense, but using Section 4.12 we can however
define the solution to be

u(t.a) = w67 @) exp{ (<) [ KDl )

where ¢ = D*C, i.e. the distributional derivative of a function C.

A question that arise in this setting is in what way does this function defined above satisfy (5). To
answer this we should look for a spatially weak formulation of the equation, namely for every n € C>°(R?)
the function should satisfy

(ult),m) + / (b(r) V() m) + / (u(r)e(r), m) + / (Vu(r), n)dB, = (uo,1).

In order to make sense of the stochastic integral term we need to guarantee that (Vu(r),n) is a path
controlled by B as described in Section 2. Using integration by parts we get

(Vu(r),m) = - / o6 (@) exp{(~ 1)/ / AR (1, )2,y ()
_ / un(y) exp{(~1)lI+1 / ALOC (1, 2)dz} V(e (1) Vo ()| dy

where we have used the change of variables ¢,.(y) = z. It is clear from Section 2.2 that Vn(¢.(y)) can
be regarded as a controlled path. However, the terms

/ ALWC (L 2)dz and [Vo.(y)| = exp{— Z/ A‘j’(y)b 2)dz}
R4

are not expected to be more than 1 — H(2+d) regular in time (at least at the current level of knowledge)
so we can not invoke Lemma 2.1 and it is not clear how to define the product as a controlled path. In
fact this seems to require that also e.g. |Vé.(y)| is controlled by B and we do not yet know how do this
construction.

In its full generality we still cannot show that « defined as above solves the equation, but we provide
some examples (d = 1, divb bounded, ¢ = div b and time-homogenuous drift) where we can.

First, let us study the equation when the coefficients and the noise are regular.

6.1 Regular Case

Assume for a moment that the drift b € L>([0,T]; CL(RY)) and we want to study the rough linear
transport equation
Ou + bVu + cu + VudX; =0 (31)

with given initial condition u|;—g = ug. If we assume that X is the geometric lift of a smooth path
X € O, we may read (32) in a classical way:

dwu(t, z) + b(t, x) - Vu(t, ) + c(t, z)u(t, z) + Vu(t,z) - X; = 0 (32)

with initial condition u(0,x) = ug(x). To solve this equation, let us define
t
u(t,z) 1= o671 (2)) exp { | et @(y))drlmw}
0 :
where ¢¢(x) is the solution to (16). Immediately, u(t, ¢:(z)) = ug(x) exp{— fo r, ¢ (x))dr} and so

et ute) exp { [ el vt} = Lutt uta)

dt
= dyu(t, ¢(x)) + Vult, ¢ ()) - de()
= dyu(t, du(2)) + Vu(t, du(2)) - blt, ¢4(x)) + Vu(t, ¢:(x)) - X,
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Making a change of variables we see that u(t, x) is indeed a solution of (32).
Integrating the above w.r.t. ¢ and approximating a rough path X by smooth paths and taking the
limit, it is reasonable that we should get

u(t, ) —|—/O b(r,x) - Vu(r, z)dr +/O c(r, x)u(r, z)dr +/0 Vu(r,x)dX, = ug(x)

provided the solution is such that Vu(-, ) is controlled by X. Unfortunately, to guarantee that Vu(t, z)
is a controlled path we need higher order differentiability of the solution than the regularization of the
fractional noise can provide. To circumvent this we use a spatially weak notion of solution.

Definition 6.1. Let ug,c: [0,T]xR? = R and b : [0,T] x R — R be given locally integrable functions.
Let u:[0,T] x R — R be such that for all t € [0, T] we have u(t,-) € WH2(U) for all open and bounded
U C R We call u a weak controlled solution to (31) if for all n € C*(R?) the path [5, Vu(-,z)n(x)dx
is controlled by X and the following equality holds

/Rd u(t, x)n(x)dx + /Ot /Rd Vu(r,x) - b(r,x)n(x)dxdr + /075 /Rd u(r, z)e(r, z)n(z)dedr (33)

—I—/ Vu(s, z)n(z)dzdX, = uo(x)n(z)dz.
0 JRrd R

Existence of such a solution when the drift is nice is relatively straightforward. The proof is a
consequence of the discussion in Section 2.3 together with the above computations.

Lemma 6.2. Assume b,c € L*([0,T]; C;(R?)), and X € 6. Then there exists a weak solution to (31).

Proof. Consider a smooth approximation X¢ of X and let

) = i @) e - [ etronir 0,

so that u€ satisfies

us(t, x)n(x)ds + t Vul(r,z) - b(r, z)n(x)dedr + t o(r, 2)u (r, @) (x)dadr
“ 0 B 0 Jrd
+ /Ot y Vs (r, x)n(x)de X sdr = /Rd uo(z)n(z)dz.

Consider now [, Vu®(r,z)n(x)dz as above. Using integration by parts we get
VU%nxﬁmﬂdw=-—A;ud¢?_W$DeXp{—l£ dn¢ﬂy»ddy¢?1@;}Vnuﬁm
=~ [ uatesw { - ["cts.oxt001ds b 1965 )t )
R4 0

Rd

where we have used a change of variable y = ¢%~1(x) in the last equality. From Liouville’s formula we
get [Vos(y)| = exp { f; divb(s, ¢5(y))ds}

From Section 2.2, if we can show that exp{ [, div b(s, ¢5(y)) —c(s, ¢5(y))ds}n(¢%(y)) converges in 25"
to exp{ [y divb(s, ds(y)) — c(s, ¢s(y))ds}n(¢r(y)), then it follows immediately that

t
/ u(r, z)n( da:Xdr—>//Vu7“x x)dxdX,.
0 Rd

Towards this goal, we notice that from Lemma 2.1 it is enough to prove that [;divb(s,¢S(y)) —
c(s, ¢5(y))ds converges in C? to [, divb(s, ¢s(y)) — c(s, ¢s(y))ds. From Hélder’s inequality we get

[ divb(s. 650)) = cls. 65(0)) — divbls. 6,(0) + el 6. ()i
<[t = 1} div (6°(5) — (6°(0)) — divb(o(s) + (o) v ry:

The result follows by dominated convergence and continuity (of ¢ and divbd) as long as we choose 8 =

py < 1.
Convergence of the remaining terms follows by similar considerations. O

24



6.2 Singular case

Motivated by the previous section we define our solution via the flow transformation.

Definition 6.3. Let b: [0,T] x R? — R? be a given function and c : [0,T] — D'(RY) be a distribution
such that there exists functions C; : [0,T] X R? — RY for j = 1,...,J and multiindices o, ..., oy
satisfying c(t) = ijl D*iC;(t) where D% denotes spatial differentiation in the weak sense. We call
the function

J

ut.) = uo(7 (@) exp 4 D (<11 [ ALt el

=1 Re

a local time solution of (81) with initial condition ug provided all the terms exists as in Section 4.2
We go on to prove existence of such a solution for almost all sample paths of the fBm.
Theorem 6.4. Assume we have
e bc L>([0,T] x REGRY) N LY(RY; L°([0, T); RY))

e There exists smooth functions C]’jc such that [, sup,epo. 7 |Cj(t,y) — C]’-“(t,y)\dy — 0 as k — oo for
all 7,

e ug 1S continuous,
° foj| <1
e B is a fBm with Hurst parameter H < d+2

Then there exists a set of full measure, g such that for every w € Qg there exists a local time solution

of (31).

Proof. The proof is done by approximation of b and then ¢ as in the above assumptions. For notational
simplicity we assume J = 1. Let (), 5, be as in Proposition 4.15 where ¢, is the Dirac centered at z, so
that we have ug(dn (¢, 7, w)™ 1) — ug(o(t, z,w)™1). For a fixed k we have

t
tim (<171 [ ATt gy = lim [ s, 60(5,)ds
n—oo R n—oo Jq

N / (s, ba(ads = () [ AC IO )y
0

Rd

on a set € of full measure. Finally, we notice that

E {</ Agk"ﬁ(m)(t,y)dyf/ A§’¢’(‘”>(t, y)dy) } =F [(/ Afkc"”(w)(t,y)dy) }
Rd Rd R4

<o [ 105 C) = Cp) oy 0

by assumptlon and thus there exists a subsequence and a set of full measure, Q such that we have
limg oo fpa Aa C* (@) (t,y)dy = [pa Ao AS#® (t,y)dy on Q. The result follows when we choose Qp = Q5. N
Q n mele O

Example 6.5 (The continuity equation revisited). Let ¢ = divb = ijl STbj_ where b is as before. We

get from Theorem 6.4 that the solution to

/Rd u(t, z)n(x)dx —I—/ y Vu(r, )b(r, z)n(z)dxdr —|—/0 » div b(r, x)u(r, z)n(z)dzdr

/ /Rd Vu(s,z)n(z)dedB, = /Rd uo(z)n(z)dz.
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is given by (actually by definition of the solution)

d
ult, z) = uo(¢; () exp{ Y / ALWs (8, 2)dz,_y1
j=17R¢ '
Rewriting the above equation

t

/ u(t,x)n(x)dx—l—/ div(u(r, 2)b(r, z))n(z)dzdr

Rd 0 JRd
t
+/ Vu(s, z)n(z)dzdB, :/ uo(z)n(z)de
o Jrd R4

this should give us the same solution as the continuity equation if % = wup(x), i.e. ug is the Radon-
Nikodym of the measure g w.r.t. Lebesque measure.

To see that this is indeed the case we consider again the approzimation from Section 4. The solution
of the continuity equation pf = (¢n(t,))sp0 so that for any n € C(RY) we have

M?(n)ZAdn(¢n(t7y))uO(y)dy=/ n(x)Uo(cb;l(t,x))exp{—/o div(bn(rv(bn(ray)))d”y_dﬁl(t,a:)}dx

Ra

where we have used the change of variable y = ¢ 1(t,z). As in the proof of Theorem 6.4 we can let
n — oo and find a set of full measure for which

d
pe(n) = /Rd n(x)uo(¢; *(x)) exp Zl/]Rd Agj(y)’bf (t, z)dz],_y-1(p) o dv = /Rd (e (y))uo(y)dy

since |V (y)| = exp{zgl=1 Jra Afj(y),bj (t,z)dz}. The latter expression is obviously a controlled path.

We conclude that our definitions 6.1 and 6.3 coincides in this case, justifying definition 6.3 as more than
just a limit object, but something that actually satisfies the equation in a reasonable sense.

6.3 Local time solutions that are weak controlled solutions

In this section we look at examples of b and ¢ for which we can show that the local time solutions in
Definition 6.3 are also solutions in the sense of Definition 6.1.
We recall that we have to make sense of

J

(w(t)n) == [ (o) Temlesp § S [ AL 1,z

j=1 Re
as a controlled rough path.
When c is a bounded function, the exponential term does not pose any problems: writing

J

Sl [ ASDCi (¢, 2)de = /ot c(r, or(y))dr

=1 Rl

shows that this term Lipschitz in ¢, and so using Lemma 2.1 it is clear that this term can always be
considered a controlled path. For this reason, we shall for the rest of this section assume for simplicity
that ¢ = 0. The extension to bounded c is straightforward.

6.3.1 One spatial dimension

Consider the approximation ¢, (¢,z) from section 4.1.3, i.e. we have ¢,(t,z) — ¢(x) in L?*(Q) and
bn(t,-) = ¢ weakly in L2(; WH2(U)) (for simplicity we omit the subsequence).

Theorem 6.6. Assume b € L>=([0,T] x R) N LY (R%; L>=([0,T))), ugp € C*(R) such that u) € L*(R) and
H < %. There exists a subset with full measure Q* C ), such that there exists a weak controlled solution
to (81) w.r.t. every B.(w) for w € Q*.
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Proof Deﬁne u(t z) = ug(¢; *(r)) and fix Q, as in Proposition 4.15. We begin by showing that
Jg u( (x)dx is controlled by B.(w) for every w € €. It is enough to show

[tz @iz =~ [ (s .0)d.
R R
To this end, note that for every n we have
/un(t z,w) /Vun (t,z,w)n(x)dx = —/ up (o, (t, 2, w)) Vo, L (t, x,w)n(x)d
R R
= [ (ot )

where we have used the change of variables y = ¢, 1(¢,z,w). Letting n — oo we get n(dn(t, z,w)) —
N(Pe(z,w)) and wuy(t, z,w) — u(t,z,w) from Remark 4.10. The desired equality holds from dominated
convergence.

For every n we have

/R (b, 2, V() da + /O t /R Vit (1, 2, )b (1, ) () ddr— /0 t /R (b, )06 (s 2, 0) ) dd B ()
= / o (@)n(e)da

where By (w) is the geometric lift of the fractional Brownian motion. We see that

lim un(t,z,w)n(x)dx:/u(t,x,w)n(x)dw

and

nleréo/ /uo (b (r, 2, w))dzdB, ( /0 /uo (60 (z,w))dzdB, (w).

where we have used Proposition 2.13 since uj, € L!(R). Consequently, we must have that

/Ot /R Vi (ryz,w)by, (r, 2)n(x)dxdr
is converging. Now we get
/RVun(nx,w)bn(r, x)n(z)de = /RVun(nx,w)(bn(r, x) = b(r,z))n(x)dx + /R Vo, (r, 2, w)b(r, z)n(x)dz.
For the first term, from Remark 4.10 we see that
/RVun(r, z,w)b(r, z)n(z)dx — /RVu(r,:C’w)b(r, x)n(z)dz,

for all r € [0, 7.
For the second term we take the expectation

EH/RVun(T,x)(bn(hx)—b(r,x))n(w)dﬂﬂl] SAE[|Vun(T»w)I]Ibn(T»$)—b(T,x)II??(SU)IdSU

< s (BVu(r))"? [ [balra) = bl in(o)lds
— 0.

which shows that there exists a subsequence

/Ot/RVu"k(r’x)b”k(”m)"(x)dxdr—>/()t/RVu(n:r)b(r,x)n(x)dxdr

as k — oo on some set {2y which has full measure. The statement holds on Q* = Q, N Q. O
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6.3.2 Divergence of b bounded

When the divergence of b is bounded, we can write

t
|V (x)| = exp {/ div b(r, gbr(x))dr} ,
0
and so the mapping ¢t — |V¢:(x)] is of bounded variation. Using Lemma 2.1 we can show the following
result.

Theorem 6.7. Assumeb: [0,T] xR? — R? satisfies the assumptions of Proposition 4.1 and has bounded
divergence. Assume moreover that ug : [0,T] x R? — R is a bounded function. Then, if u is a local time
solution it is also a weak controlled solution.

Proof. We need to show that u(t, x) = ug(¢; ' (x)) is a weak controlled solution. Using Lemma 2.1 and
Lemma 2.6 it is clear that

(.90 = [ wal)Vate)esp { [ aivbir ontuir

is controlled by B. The proof follows the same lines as the proof of 6.6, using Proposition 4.1 to obtain
strong L2(2) convergence of u,,(t,x) locally in . O

6.3.3 Time-homogenuous drift and smooth initial data

When b is time-homogenuous, we can write (see Remark 4.10)

) =a - t “L(x))dr — t-
6w == [ b @i -5

If now the initial condition is sufficiently regular, it is clear from Lemma 2.6 that uo(¢~!(z)) is controlled
by B.

Theorem 6.8. Assume b : [0,T] x R? — R? satisfies the assumptions of Proposition 4.1 and assume
that ug € CF(R%R) for some k > |4 ]. Then, if u is a local time solution it is also a weak controlled
solution.

Proof. Since 2*% ) = 2877 it is clear that

(u(t), Vi) = / o (67 (x)) V() d

is controlled by B. The proof follows the same lines as the proof of 6.6, using Proposition 4.1 to obtain
strong L2(2) convergence of u,(t,x) locally in . O
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