al

U - Universitetet
I | Agder

hH

Accepted manuscript

Bergelson, V., Knutson, I. J. H. & Son, Y. (2020). An Extension of Weyl’s Equidistribution
Theorem to Generalized Polynomials and Applications. International Mathematics Research
Notices, 2021(19), 14965-15018. https://doi.org/10.1093/imrn/rnaa035.

Published in: International Mathematics Research Notices
DOI: https://doi.org/10.1093/imrn/rnaa035
AURA: https://hdl.handle.net/11250/3046608
Copyright: © 2020 The Author(s)

This is a pre-copyedited, author-produced version of an article accepted for publication in
International Mathematics Research Notices following peer review. The version of record
Bergelson, V., Knutson, I. J. H. & Son, Y. (2020). An Extension of Weyl’s Equidistribution
Theorem to Generalized Polynomials and Applications. International Mathematics Research
Notices, 2021(19), 14965-15018 is available online at:
https://academic.oup.com/imrn/article/2021/19/14965/5775499 and
https://doi.org/10.1093/imrn/rnaa035.



https://doi.org/10.1093/imrn/rnaa035
https://doi.org/10.1093/imrn/rnaa035
https://doi.org/10.1093/imrn/rnaa035
https://hdl.handle.net/11250/3046608
https://academic.oup.com/imrn/article/2021/19/14965/5775499
https://doi.org/10.1093/imrn/rnaa035

An extension of Weyl’s equidistribution theorem to generalized

polynomials and applications *

Vitaly Bergelson®, Inger J. Haland Knutson?, and Younghwan Son?

'Department of Mathematics, The Ohio State University, Columbus, OH 43210, USA,
email address: bergelson.1@osu.edu
2Department of Mathematical Sciences, University of Agder, N-4604 Kristiansand,
Norway, email address: inger.j.knutson@uia.no
3Department of Mathematics, POSTECH, Pohang, 37673, Republic of Korea,
email address: yhson@postech.ac.kr

Abstract

Generalized polynomials are mappings obtained from the conventional polynomials by
the use of the operations of addition, multiplication and taking the integer part. Extending
the classical theorem of H. Weyl on equidistribution of polynomials, we show that a gen-
eralized polynomial ¢(n) has the property that the sequence (g(n)\),ecz is well distributed
mod 1 for all but countably many A € R if and only if ‘ 1|an |g(n)| = oo for some (possibly

n|—oo

n¢J
empty) set J having zero natural density in Z. We also prove a version of this theorem

along the primes (which may be viewed as an extension of classical results of I. Vinogradov
and G. Rhin). Finally, we utilize these results to obtain new examples of sets of recurrence

and van der Corput sets.

1 Introduction

The classical theorem of H. Weyl [W] states that if a polynomial f(¢) € RJ[t] has at least one irra-
tional coefficient, other than the constant term, then the sequence f(n),n € N ={1,2,3,...},
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is uniformly distributed mod1 (u.d. mod1) meaning that for any continuous function F' :
[0,1] — R, one has

. 1 N 1
]&gnooN;Fﬁf(n)}): /0 F(z) dz.

where {-} denotes the fractional part. One can actually show that under the above assump-
tion the sequence f(n),n € Z, is well distributed mod1 (w.d. mod 1) meaning that for any

continuous function F' : [0,1] — R,

. 1 N 1
N T n;ﬂ F({f(n)}) = /0 F(z) dr.

(See [L] and [F1].)
A slightly less precise formulation of Weyl’s theorem states that for any polynomial f(¢) € Rt
with deg(f) > 1, the sequence (f(n)\)pez is w.d. mod 1 for all but countably many A € R.

Our goal in this paper is to extend this result to a wide family of generalized polynomials.

Generalized polynomials are mappings f : Z — R that can be informally described as functions
which are obtained from the conventional polynomials by the use of the operations of addition,
multiplication and taking the integer part [].! (One gets, of course, the same family of func-
tions by using the fractional part {-}.) For example, the following functions are generalized

polynomials:
q1(n) = [an?]Bn, ¢(n) = [V2n? + 7] + V3n([V17n + log 2]).

More formally, the class GP of generalized polynomials can be defined as follows (see [BLei].)
Let GPy denote the ring of polynomial mappings from Z to R and let GP = | J,-, GP,, where,
for n € N,

GP,=GP,1U{v+w|v,w e GP,—1}U{vw | v,w € GP,—1} U{[v] | v € GP,_1}.

We would like to remark that, in principle, one should distinguish between generalized poly-
nomials as mappings and as formal expressions. Throughout the paper the term “generalized

polynomial” is used in both meanings, but it will be clear from the context what is meant.

While the conventional polynomials have a canonical representation of the form f(n) = azn® +
ap_1nF 1+ +ain+ag, the generalized polynomials may be represented in a variety of ways,
each representation having its own advantages and disadvantages, depending on the situation
at hand.

As a rule, when dealing with generalized polynomials we will be tacitly assuming that they are

represented by algebraic formulas involving arithmetic operations and brackets [-], {-}. On some

!One can define vector-valued generalized polynomials ¢ : Z? — R' in a similar way.



occasions it is convenient to work with “piecewise” representations of generalized polynomials.?
For example, a cumbersome-looking generalized polynomial

2 2

o) = [“g”n ~ fn) “5] (VB — V3 +v3n

can be represented as
q(n) =

V2n, {mn} < %
V3n, {mn} > %

We also mention in passing that any bounded generalized polynomial ¢(n) can be represented
as q(n) = f(T™xp), n € Z, where T is a translation on a nilmanifold X, zp € X and f : X - R
is a Riemann integrable function, and so, for any continuous 1-periodic function, F' : R — R,

N
lim Y>> F(q(n)) exists. (See [BLei].)
N—=M—00p—pr11

Generalized polynomials may exhibit behavior which is quite different from that of conventional

polynomials. For example, the following generalized polynomial takes only two values:

0, {na} <1—{a}

u(n) =[(n+ 1)a] — [na] — [a] = { 1 {na} >1—{a}

Also, generalized polynomials may vanish on sets of positive density while growing to infinity

on other such sets (consider, for example, nu(n)).

Let us call a generalized polynomial ¢ : Z — R adequate if there exists (a potentially empty) set
J C Z having density zero® such that limy,¢ 7 || o0 [7(1)| = c0. We will use the abbreviation
AGP for the set of all adequate generalized polynomials. Also, let us call a generalized poly-
nomial regular if for all but countably many A € R the sequence (¢(n)\)nez is well-distributed

mod 1.
One of the main results of this paper is that a generalization of Weyl’s theorem holds for the
adequate generalized polynomials.

Theorem A [Theorem 3.1] A generalized polynomial ¢ : Z — R is regular if and only if it is

adequate.

Remark 1.1 While adequate generalized polynomials have more similarities with the conven-
tional polynomials, they still may possess some unexpected features. We demonstrate this by

the following two examples.

2If f(x1,...,Tn) is a piecewise polynomial (see Section 2.2 below for definition) and w1, ..., us are bounded

generalized polynomials, then f(u1,...,um) is a bounded generalized polynomial. (cf. Lemma 1.6 in [BLei])
3The (natural, or asymptotic) density d(E) of a set E C Z is defined by

ey [EO{=N,-N+1,...,N — 1,N}|

d(E) := lim 2N + 1

if the limit exists.



1. Let q(n) = [v3n] — [vV2n] = (V3 — V2)n — ({V3n} — {v/2n}). Clearly q(n) € AGP and
it is mot hard to check that (unlike the conventional polynomials) q(n) is not eventually

monotone.

2. The set J which appears in the above definition of an adequate generalized polynomial
may be non-trivial. For example, let qp(n) = |lan|n¥, where k € N, « is a Liouville

number* and || - || denotes the distance to the closest integer. Note that

2] = dist(z,Z) = {z}(1 = [2{z}]) + (1 = {z})[2{=}]

is a generalized polynomial, so q € GP. Let J = {n : |lan]|| < ﬁ} ={n: {an} <
ﬁ or {an} >1— ﬁ} Then the set J is infinite (since a is a Liouville number)

and has density zero. Moreover, forn ¢ J, |qp(n)| > +/In|, so  lm |gx(n)| = oo and
o0

né¢J,|n|—
thus qi(n) € AGP.

Here is a multidimensional version of Theorem A, which will be also proved in this paper:

Theorem B [cf. Theorem 4.1] Let g, ..., g be generalized polynomials. Then ¢y, ..., g are
adequate if and only if there exists a countable family of proper affine subspaces B; C R* such
that for any (A1,...,Ax) ¢ U, Bi,

(Mqi(n), ..., Aeqr(n))nez

is w.d. mod 1 in the k-dimensional torus T¥.

Let P denote the set of primes. We regard ¢(p),p € P as the sequence (¢(pn))nen, where
(Pn)nen is the sequence of primes in increasing order. It is known (see [Rh]| and see also
Theorem 3.1 in [BKS]) that Weyl’s theorem holds along the primes. The following result

demonstrates that a similar phenomenon occurs in the context of generalized polynomials.

Theorem A’ [Theorem 5.3] Let ¢ € AGP. Then, for all but countably many A\ € R,
(¢(pn)N)nen is u.d. mod 1.

We would like to point out that while in Theorem A we establish the well-distribution of the
sequence g(n), Theorem A’ deals with the more classical notion of uniform distribution. The
reason for this is that the phenomenon of well-distribution just does not take place along
the primes. For example, one can show, with the help of Corollary 1.2 in [MPY], that for
any irrational o > 1 of finite type (being of finite type is a generic property), the sequence
(pna)nen cannot be well-distributed mod 1. We suspect that the sequence (p,a)nen is not

well-distributed mod 1 for any irrational a.

The above results allow one to obtain new applications to sets of recurrence in ergodic theory.

4A real number « is called a Liouville number if for every positive integer m, there are infinitely many pairs
of integers P, Q with @ > 1 such that | — g| < ﬁ



A set D C Z is called a set of recurrence if given any invertible measure preserving trans-
formation T on a probability space (X, B, ) and any set A € B with u(A) > 0, there exists
d e D, d=#0, such that

w(ANT=4A) > 0.
(A detailed discussion of additional variants of the notion of the set of recurrence is given in
Subsection 6.1.)

Given a class € of measure preserving systems (such as, say, translations on a d-dimensional
torus) we will say that a set D C Z is good for recurrence for systems of this class, or just
“good for € if for any system (X, B, 1, T) belonging to € and any set A € B with u(A) > 0,
there exists d € D, d # 0, such that

w(ANT=4A) > 0.

Given a set E C Z, the upper Banach density d*(E) is defined by

En{iM+1,M+2,...,N
d*(F) := limsup EN{M+1LM+2. .., }|
N—M—sc0 N-M

(For E C N, d*(F) is defined similarly, under the assumption M > 1.)

The following theorem summarizes some known results about recurrence along (conventional)
polynomials (and follows from the results contained in [K-MF], [F2], [B] and [BLL] ):

Theorem 1.2 Let q(n) € Q[n] with ¢(Z) C Z and deg(q) > 1. Then the following conditions

are equivalent:
(i) q(n) is intersective, i.e. for any a € N, {q(n) :n € Z} NaZ # 0.

(ii) {q(n) : n € Z} is good for any cyclic system (X,B,u,T), where X = Z/kZ, p is the

normalized counting measure on X, and Tx = x + 1 mod k.
(iii) {q(n) :n € Z} is a set of recurrence.

(iv) {q(n) : n € Z} is a (uniform) averaging set of recurrence (or, more precisely, averaging
sequence of recurrence): for any measure preserving system (X, B, u, T) and any set A € B
with p(A) >0,

N—1
1
; —aq(n)
N—lMHLooN—Mn%“(AmT A)>0.
(v) For any E C Z with d*(E) > 0,
N-1
Jiminf - H;Jd (EN(E—q(n))) >0



Extending Theorem 1.2 to generalized polynomials (or at least to adequate generalized poly-
nomials) is a non-trivial problem. For example, in Subsection 6.3 we provide examples of
generalized polynomials q1, g2, g3 such that (1) {q1(n) : n € Z} is good for any cyclic system,
but not good for translations on a one-dimensional torus T, (2) {g2(n) : n € Z} is good for
translations on T?, but not on T4, and (3) {g3(n) : n € Z} is a set of recurrence but not
an averaging set of recurrence. We have, however, the following variant of Theorem 1.2 for

adequate generalized polynomials.

Theorem C [cf. Corollary 6.13 and Corollary 6.14] Let ¢ € AGP with ¢(Z) C Z. Then the

following conditions are equivalent:

(i) For any d € N, any translation 7" on T? and any € > 0,

g LS SN TOO) <}
N—o0 N ’

where ||z| = dist(x,Z) = min |z — y|.
yeEZ

(ii) For any d € N, any translation 7 on a torus T equipped with a Haar measure p, and
any measurable set A C T¢ with p(A) > 0,

N-1
im a(n)
A}gnoo HZ% wANT A)>0

(iii) {¢g(n) : n € Z} is a (uniform) averaging set of recurrence: for any probability measure

preserving system (X, B, u,T) and any A € B with pu(A) > 0,

lim

N—
p(ANT9M A) >
NM—>ooN ;4 M )

(iv) For any F C Z with d*(F) > 0,

N-1
o 1 *
st F g 2 4EN (E—a) >0

Example 1.3 (see Proposition 6.18)

The following are examples of adequate generalized polynomials satisfying the condition (i) of

Theorem C' (see the discussion after Remark 6.12 in Section 6 for more examples):
1. q(n) = [ar(n)], where a # 0 and r(n) € Zn] with r(0) = 0.

2. q(n) = [r(n)], where r(n) € Rin| has two coefficients o, B, different from the constant
term, such that % ¢ Q.



The following result is a version of Theorem C for adequate generalized polynomials along the
primes.
Theorem D [cf. Corollary 6.16] Let ¢ € AGP with ¢(Z) C Z. Then the following conditions

are equivalent:

i) For any d € N, for any translation 7 on a finite dimensional torus T and for any e > 0,
y Yy y

<n < N : ||[T9Pn)
o LSS N T ) <o)

0.
N—oo N

(ii) {q(p) : p € P} is an averaging set of recurrence for finite dimensional toral translations.

(iii) {q(p) : p € P} is an averaging set of recurrence: for any probability measure preserving
system (X, B, u, T) and any A € B with u(A) > 0,

N
1
lim — AnT™Pn) A .
Jin ngl w(AN )>0

(iv) For any E C N with d*(E) > 0,

N
1
liminf — " d*(E N (E - q(pn .
}\IIIEO%anl (EN(E—=q(pn))) >0

Example 1.4 (see Remark 6.20)

The following are examples of adequate generalized polynomials satisfying the condition (i) of
Theorem D:

1. q(n) = [ar(n —1)], where a # 0 and r(n) € Z[n] with r(0) = 0.

2. q(n) = [r(n)], where r(n) € Rin| has two coefficients o, B, different from the constant
term, such that % ¢ Q.

One can actually show that adequate generalized polynomials provide new examples of van der
Corput sets (this is a stronger notion than that of a set of recurrence - see the details in Section
6).

The structure of the paper is as follows. In Section 2 we present the preliminary material on
generalized polynomials (borrowed mainly from [Lei2]), which will be needed for the proofs in
subsequent sections. Section 3 is devoted to the proof of Theorem A. In Section 4 we deal
with generalizations of Theorem A. Section 5 is devoted to uniform distribution of generalized
polynomials along the primes. Finally, in Section 6 we establish some new results on sets of

recurrence and van der Corput sets.



2 Preliminary material on generalized polynomials

There are, essentially, only two known approaches to proving Weyl’s equidistribution theorem
which was discussed in the Introduction. The first approach is based on “differencing” technique
which boils down to what is called nowadays van der Corput trick (which states that if (a,1p —
ZTn)nez 18 w.d. mod 1 for all h € N, then (z,)nez is w.d. mod 1). The second, dynamical,
approach is due to Furstenberg and is based on the fact that the so called skew-product systems

are uniquely ergodic (see [F1], Section 2, and [F2], Section 3.3).
While the task of proving Theorems A and B is quite a bit more challenging, there are basically

only two ways of meeting this challenge. One approach would consist of introducing for any
g € AGP a certain N-valued parameter v(g) (which coincides with the degree when g is
a conventional polynomial) and applying (appropriately modified and adjusted) differencing
technique as a method of reducing the parameter v(g). While such an approach works very well
for conventional polynomials, it becomes cumbersome and tedious when applied to generalized
polynomials. In this paper we preferred to choose an approach based on the canonical form
of generalized polynomials that was established by A. Leibman in [Lei2]. We then prove
Theorems A and B by utilizing some of Leibman’s results, which are partly based on the
fact that translations on nilmanifolds are uniquely ergodic on the ergodic components. This
approach to proving Theorems A and B may be viewed as an application of Furstenberg’s

dynamical method.

In this section, we will introduce the notion of basic generalized polynomials from [Lei2] and
present the results from [Lei2], which state that (i) the basic generalized polynomials are jointly
equidistributed and (ii) any bounded generalized polynomial can be represented as a piecewise

polynomial function of these basic generalized polynomials.

2.1 Basic generalized polynomials

Let A= {aj,as, - ,ax} be a finite ordered set with the order a; < a;4+1 (1 <i < k). Define a
well-ordered “index” set B(.A) in the following way:

We will define inductively sets L"(A) so that B(A) = (U,—, L"(A):
(0) Let LY(A) = A.
(1) Define L'(A) to be the set of all elements in A and all expressions of the form

v = [ [[oo, mic1], macwa], - - - |, myey],

where [ > 1, m; € N and «; € A have the property that a; < ap and a1 < as <
- < ¢q. Throughout this paper we will adhere to the rule that for [ = 0 the expression

[ - - [[vo, micur], maaa], - - - |, myey] is interpreted as ap.



We extend the order from L°(A) to L!(A) as follows:

if ay € A, a9 € LY(A)\ A, then a1 < an
if (81,71, m1) < (B2,72, m2) lexicographically, then [y1,m51] < [y2, m2B2].

More precisely, for

7 = [[ - [[ao, mica], maa] - - - |, myey]  and  yo = [[-- - [[Bo, 1 B1], n2f2] - - - |, ni Bl

(i) if I =0 and k& = 0, then 71,72 € A, so 11 < 2 < ap < Po
(i) if I = 0 and k > 1 (respectively | > 1 and k = 0), then v; < 2 (respectively v2 < 71)
(iii) if { > 1,k > 1, we put

ap < By
M <72 if {a=pand ] <7

! /
ap = B, 71 = Vo and my < ng,

where v] = [[- - - [[ao, m1a1], moaa] - - - |, my—1cu—1], vy = [[- - [[Bo, n1 1), neBa] - - - |, mi—1 Br—1]-

(2) Assuming that L"(A) has been defined, let L"*1(A) be the set of all expressions

v = [ [[ao, mrca], - - ], myay],

where [ > 0, m; € N and a; € L™(A) have the property that oy < ap, a1 < ag < -+ < oy, and
air1 < [+ [[ao, miaq],- - -], micy] for all i. Now extend the order from L™(A) to L"1(A) in
the same way as it was done above for n = 0.

Finally put B(A) = U,~, L™ (A). Note that B(.A) is the minimal set containing all elements in
A and all expressions of the form [y, mf3] with 3,7 € B(A), m € N such that § < v and either
v € Aory=I[\kd] with \,0 € B(A), k € N, § < 3, where the order < is defined as follows:

if a; € A, a0 € B(A)\ A, then o < ag

(2.1)
if (81,71, m1) < (B2,72, m2) lexicographically, then [y, m181] < [y2, ma/3a].
Note that any o € B(.A) has the following representation:
a=[[-[6o,m161], -], mudr], (2.2)

where my,...,m; € N and dy,...,0 € B(A) such that dy,d1 € A, §1 < Jp, 01 < 02 < -+ <
and 0;41 < [+ [[00, m101], - - - |, m;0;] for all i.

Example 2.1 Let A = {a,b,c} witha <b< c.

(1) L°(A) consists of a,b,c.



(2) The elements of L*(A)\ L°(A) are:

(3)

[b, mal, [c, ma], [c,mb] (m € N)
[[b, m1a], mab], [[c, m1a], mab], [[b, mia], mac], [[c, mia], mac], [[c, m1b], mac] (M1, me € N)

[[[b, m1a], mab], msc], [[[c, m1a], mab], msc] (M1, mae, mg € N)

Some new elements in L*(A) are:
[[b,mal,r[b,a]] (m >2,r € N)
[[c, ma], r[b, a]], [[c, mb], r[b, al], [[c, mb], r[c,a]] (m,r € N)

Note that the lists in (1), (2) and (3) above are given in ascending order. For example,

(i) ¢ < [b,ma] since c € A and [b,ma] € B(A)\A

(i1) [b,mia] < [c,maa] since b < c

(iii) [c,mia] < [c, mab] since a < b

We define now generalized polynomials v, € B(A), in the variables x5,d € A, as follows:

Ty foraec A
Vo =
o, (o)™ for a = [y,

The generalized polynomials v, are called basic generalized polynomials. Given a well-ordered

system A, the set P = P4 = {po € Rin] : a € A} is called a system of polynomials. For
B € B(.A), denote the function vg(pa(n) : @ € A) by vg(P).

Example 2.2 Let A = {a,b,c} with a < b < c. Here are lists of some basic generalized

polynomials vy :

(1)
(2)

(3)

o€ LO(A) Vg = Lq,Vp = Tp, Ve = T¢

o€ LI A)\ LO(A):

Vpp,ma) = T63Ta}™, Viema) = TelTa}™ Vjeymp) = Te{@p}™

Vb,mralmat] = T1%at ™ {6}, Vilemialmab] = TedTa} " Lo} ™2, Vipmialmed = TolTa} " {2}

Vje;mialimac] = TelTa Y T} ™, Vemyb)med = Tei@p} ™ {2}
(

U[[[b,m1a],m2b],m3zc] = xb{wa}ml {xb}mQ {xc}m37 U[[[e,;m1a],m2b],mac] = wc{xa}ml {xb}mQ {J;C}ms

some examples for o € L*(A):

Vlibmal rlbal] = Toi%a} " {zo{Ta}}"

Ve;malrba)] = TelTa} ™ {zo{Ta}}"

Vie;mb)rpa)] = Tetzo ™ {zp{za}}”
[

[e;mb],r[c,a]] = wC{wb}m{xC{wa}}r

v

10



Note, however, that zo{xp} and xp{z.}{x{xp}} are not basic generalized polynomials.

Example 2.3 For a system Py with pa(n) = v2n, py(n) = V/3n, p.(n) = V6n? anda < b < c

as in Example 2.2,
va(P) = \/57’1, v[b,a](P) = \/gn{\/in}v U[[e,2a],3b] (P) = \/6n2{\/§n}2{\/§n}3

Theorem 2.4 (Theorem 0.1 in [Lei2]) Let P = {p, : a € A} be a well-ordered system of
polynomials in R[n], Q-linearly independent modulo the subspace® Q[n]+R (that is, spang PN
(Q[n]+R) = {0}.) Then for any k € N and any distinct o, . .., ar € B(A), (va, (P), ..., vq, (P))

is well-distributed in [0,1]* meaning that for any continuous function F : [0,1]¥ — R one has

. 1 al
g 3 PP o (P)) = /H F(x) da.

Example 2.5 For the system of polynomial P4 in the above Example 2.3, the sequence
(UG(P)a Ulb,a] (P)7v[[c,2a],3b]<P)) - (\/inv \/gn{\/in}7 \/énz{\/in}2{\/§n}3>

is well-distributed in [0, 1]3.

2.2 Leibman’s canonical representation of bounded generalized polynomials

In this section, we describe results from [Lei2] on canonical forms of bounded generalized

polynomials.
A pp-function (piecewise polynomial function) f on @ C R™ is a function such that @ can

k
be partitioned into finitely many subsets, @ = |J @; with the property that, for each i, Q; is
i=1

defined by a system of polynomial inequalities,

Qi = {I‘ € Q : ¢i,1(x) > 0) .. '7¢7L,Si(x) > 071/17;7]_(1’) Z 07 s )wiﬂ“i(x) Z 0}7

where ¢; j,1; ; are polynomials, and f|g, is a polynomial. Such sets are widely studied in real
algebraic geometry under the name semialgebraic sets and we will be often using this term
throughout the paper. We will also retain the terminology of [Lei2], where the polynomials
bi 4,1, are called the conditions of f and the polynomials f|q, are called the variants of f.

Example 2.6
Ty, y>ad x> y8
flz,y) = x2+y—\/§, y<x3
4, T < y3

®Q[n] + R, a subspace of Q-vector space R[n], consists of polynomials g(n) = amn™ 4 --- + a1n + ap with
a; € Qfor 1 <i7<m andap € R.

11



is a pp-function on [0,1]2.

The complezity cmp(u) of (a representation of) a generalized polynomial u is defined in the

following way:

cmp(u) = 0 if u is a polynomial;

(
emp({u}) = emp(u) + 1;
(
(

)

mp(uiuz) = cmp(ur) + cmp(u2);

cmp(ug + u2) = max(cmp(ug ), cmp(uz)).

For example, cmp(p1{p2}) = 1, cmp(p1{{p2}+p3}) = 2, and cmp(p1 {{p2}+p3}{pa}+{ps}) = 3,
where p;(n) € R[n]. If f(z1,...,2) is a pp-function with conditions ¢; ;, 1; ; and variants f;

and uq,...,u, are bounded generalized polynomials, then we define

pp-cmp(f (U1, ..., Um)) =
max{cmp (¢ (u1, ..., Um)), cmp(Yij (U, ..., ), cmp(fi(ut, ... um)) : 1 <0 <k, 1 <5< s}

For a natural number M € N and a system of polynomials P = {p, : a € A}, we write M 1P
for {M~1p, : a € A}. Slightly modifying terminology used in [Lei2] we say that a statement
S holds for a sufficiently divisible M if there exists My € N such that S holds whenever M is
divisible by Mj.

Theorem 2.7 (cf. Theorems 0.2 and 6.1 in [Lei2]) Letu be (a representation of ) a bounded
generalized polynomial over Z. Let R be the Q-algebra generated by the polynomials occurring®
inu and let P = {p, : a € A} be a system of polynomials such that spanqP + Q[n] + R D R.
If M € N is sufficiently divisible (M depends on the representation of u), then there exists
an infinite subgroup A in Z such that for any translate A’ = ng + A of A, there ewist distinct
ai,...,a; € B(A) and a pp-function f on [0,1]" with pp-cmp(f({vay},- - -, {Vey})) < cmp(u)
such that

ulnr = f({vay (MTIP)Y, . {va,(MTEP)}) v (2.3)

Remark 2.8

1. (c¢f. Remarks after Theorem 0.2 in [Lei2]) The algebra R which appears in Theorem 2.7

depends on the representation of u.

2. If f(x1,...,2) is a pp-function with variants f1, ... fi, then each of f;({vay (M~1P)}, ..., {ve,(M~1P)})

1s also a generalized polynomial.

SWe say that a polynomial ¢ occurs in w if the expression for u contains the expression ¢ as a subword. For

example, g1, ¢z, g3 and g4 (as well as polynomials which are the subwords of ¢;) occur in u = ¢1{q2{q3} + ¢a}-
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8. (cf. Remarks after Theorem 0.2 in [Lei2]) The condition spanqP + Q[n] +R D R can be
replaced with the property that spangP + Q[n] + R contains the products of any ¢ polyno-
mials occurring in w, where ¢ < cmp(u). Thus we can pick P to be finite and Q-linearly

independent modulo Q[n] + R.

4. In some of the applications of Theorem 2.7 below it will be convenient to assume that M =1

in formula (2.3) (by choosing a polynomial system P' = M~'P).

5. A wvariant of Theorem 2.7 also holds for bounded generalized polynomials over Z®. See
Theorems 0.2 and 6.1 in [Lei2]. This version of Theorem 2.7 is needed for the proof of the

multidimensional extension of Theorem B (see Theorem 4.3 below.)

2.3 Representation of (unbounded) generalized polynomials

In this subsection we focus our attention on formulas representing elements of GP and AGP.
First, we note that any generalized polynomial ¢ can be represented (see for example Proposi-
tion 3.4 in [BMc]) as

q(n) = Z bi(n)n?, (2.4)

where b;(n) is a bounded generalized polynomial for each i (0 < i < k).

It follows from [BLei| that one can write b;(n) = ¢;(T"™xz¢) (0 < i < k), where T is a translation
on a nilmanifold X, zg € X and g; : X — R are piecewise polynomial mappings. (For rigorous
definition see Subsection 0.18 in [BLei|.) This fact allows us to rewrite formula (2.4) in the

following form which reveals the dynamical underpinnings of the class GP:
q(n) =Y gi(Tzo)n’. (2.5)

Now, it follows from Theorem 2.7 that the (k + 1)-tuple (bg(n),...,bg(n)), which appears in
formula (2.4), can be written in a form which involves basic generalized polynomials. More

precisely, given bounded generalized polynomials by(n), ..., bg(n), we have

(i) a system of polynomials P = {ps(n) : @ € A} which is Q-linearly independent modulo
Q"] + R,

(i) ai,...,01 € B(A),

(iii) a subgroup A = aZ C Z for some a € N,
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such that for any translate A’ = aZ+b (0 < b < a—1), there exist pp-functions f(b), 1(b), e f,gb)

on [0, 1]" satisfying the formulas
LI '
dlaz+s(m) = > FP {va, (P)}, ... {ve, (P)})', b=0,1,...,a— 1. (2.6)
=0

We say that a sequence (x,,)nez tends to infinity in density if for any A > 0, the set {n : |z, | <
A} has zero density.

Theorem 2.9 (Proposition 10.2 in [Lei2]) Let ¢ be a generalized polynomial with repre-
sentation in the form (2.6). Let Q C [0,1]' be a semialgebraic set and let Q' = {n € Z :
({va, (P)}, ..., {va,(P)}) € Q}. If for each b =0,1,...,a — 1, fi(b)]Q is non-zero for at least
onei € {1,2,...,k}, then the sequence q(n),n € Q', tends to infinity in density.

Theorem 2.9 allows us to derive a useful corollary which provides a characterization of adequate

generalized polynomials.

Corollary 2.10 Suppose that g € GP has a representation as in (2.6) with a partition [0, 1]l =
Uj=, Q; such that

(1) each Q; is a semialgebraic set,
(it) for each Qj, fi(b)|Qj is a polynomial for any b=0,1,...,a—1 and any i =0,1,... k.

Then q(n) € AGP if and only if, for each j, if d({n | {va,(P)},...,{ve,(P)}) € Q;}) > 0,
then for each b=0,1,...,a —1, fi(b) lg,# 0 for somei=1,2,...k.

We conclude this subsection with a short discussion of examples of adequate generalized poly-
nomials. Clearly, any conventional non-constant polynomial belongs to AGP. A more general
class of examples is provided by generalized polynomials for which in the representation (2.4)
one of b;(n),i =1,2,..., k, attains only finitely many values which are all in R\ {0}. Another
class of examples can be obtained as follows. Assume that ¢ € GP has the property that
d({n : ¢(n) =0}) = 0. Then one can utilize Corollary 2.10 to conclude that for any ¢; € AGP,
q - q is also in AGP. Finally, we remark that “generically” generalized polynomials of the
form [[plq] — [[glp] (or, say, [p - q] — [p][q]) belong to AGP. This principle is illustrated by the
following example.

Example 2.11 Let ky, ko € N and let a, 8 be irrational numbers such that 1, c, B are rationally

independent. By Corollary 2.10, it is easy to see that the following generalized polynomials
belong to AGP.

(1) [opnfr 5] — [an™][Bn2] = a{BnF2}n® + Blant inf2 — {apnf1th2} — {an™ H{BnF2}.
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(2) [lan®]8n%] — [[Br*2]an®] = afBn*2}n®t — Blan }nk2 — {[ank1]8nk2} + {[3n2]an®}.

(3) [lan™]Bn*2] — [an*1][Bn*2] = a{pn*2}n*t — {lan®1]pn*2} — {an®t }{fn*2}.

(4) laBn+42] — [Jan*|8n¥] = Blank}nks + {apnt i) — {ank1|nts).

2.4 Identities

Here we collect some identities from Section 5 in [Lei2], which we will need in the next sections.

Below “z = y” means “x =y mod 1”. Let u,u1,...,u; be any real numbers or functions.

{ug +ug + -+ +upy = {ur} + {uo} + -+ + {ug}.

For a > 0, ifgg{u}<bleforsomesz,l,...,[a],then
{a{u}} = a{u} -0
and if a € N, ifgg{u}<b‘leforsomeb:O,l,...,a—l,then
{au} = a{u} —b.

o {1{u} it {u} > 0

0 if {u} =0.
k k
{TTtwt} =TTt

By expanding Hle[ul] = Hle(ui —{u;}) and rearranging, one has

k k k k
w [[{wd = [Ty = 3w [T+ >0 >0 as [J{uh
i=2 i=1 =2 i#j =2 Sc{1,..k} ¢S
|S|=1
where, for each S, 1 < |S| <k, g5 = £[[;cg -
In particular, we have for k = 2

up{ug} = {ur Hua} — ua{ur} + uqus,

and for k =3

ur{ug{us} = {ur H{usHus} — uo{ur H{us} — us{ur }{uz}

+ujug{us} + uius{ua} + uous{ui } — ujugus.
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For any m with 1 < m < k, taking u; = ug = -+ = uy, in (2.12), we have for any M € Z
divisible by m

k
Muy{ug}™ " [T {wa)

i=m+1
ok Mok YL (2.15)
= proe H{UZ} — puee Z Uy H{UZ} + oy Z Z qs H{uz}
i=1 j=mAl i =2 Sc‘g‘:i,k} i¢S

Notice that every term appearing on the right side in (2.15), with the exception of the term
M Hle{ui}, has complexity less than or equal to that of the term on the left side.

3 Proof of Theorem A

In this section, we will use the apparatus introduced in Section 2 in order to prove the following

result.

Theorem 3.1 (Theorem A from the introduction) A generalized polynomial q : Z — R
1s reqular if and only if it is adequate.
3.1 Auxiliary lemmas

In this short subsection, we formulate and prove lemmas, which will be utilized throughout

Section 3. We begin with the following definition.

Definition 3.2 Let P4 be a system of polynomials and E C B(A). A bounded generalized
polynomial q(n) is said to have a canonical pp-form with respect to B(A) \ E if the following
holds:

If M € N is sufficiently divisible, then there exist an infinite subgroup A of Z such that, for any
translate A of A, there exist a pp-function f(x1,...,2x) and aq,..., o € B(A)\ E satisfying

qlar(n) = f({va; (M P}, - {va, (M7 Pa)}).

Lemma 3.3 Let Py be a system of polynomials which is Q-linearly independent modulo Q[n]+
R and let v € B(A). Suppose that a bounded generalized polynomial u has a canonical pp-form
with respect to B(A) \ {v}. Then for any non-zero c € Z,

cvy(Pa)(n) + u(n)

is w.d. mod 1.
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Proof:  Use identities (2.7), (2.8), (2.9) to get that for any M € N,
vy (Pa)(n) = M'vy (M~ P4)(n) + w(n)

for some M’ € N and w(n) has a canonical pp-form with respect to B(A)\{~}. (If necessary,

we extend A to guarantee that w(n) has a canonical pp-form.)

Since u(n) has a canonical pp-form with respect to B(.A)\{v}, there are ay, ..., a) € B(A) with
a; #~vyforalli=1,2,... k, M € N, and an infinite subgroup A of Z with index [Z : A] = L
such that for any translate A; = 7+ A of A, 5 = 0,1,...,L — 1, there exists a pp-function
gj(x1,...,x) with the property that for n € A/,

vy (Pa)(n) + u(n) = cM'v (M1 P4)(n) + gj({vas (M PA)}, ..., {va, (M~ P4)}) (mod 1).
Since P4 is Q-linearly independent modulo Q[n| + R,
(Mo (M7 PA), 0oy (M7 PA), . .. va (M P4))

is well-distributed in [0, 1]**! by Theorem 2.4.
Let F be an 1-periodic continuous function (so that fol F(z+t)de = fol F(z)dx for any t € R).
Since

Ny

Y. Flev(Pa)(n) +u(n))

n=N1+1

L-1
= Y. F (Mo (MT'PA(n) + gj({va (M7 P ()}, {0 (MT' Pa)(n)}))
J=0 ne[N1+1,N2]NA;

we have
1 e
[ I iy A n:%;ﬂ F (cvn(P)(n) + u(n))

Ear 1
j=0"0 0

L 1 X

== / / F(x)dmdyl...dyk:/ Flz) dz.
Ly 0

O

Lemma 3.4 Let Py be a system of polynomials with a well-ordered set A. If a1, s € B(A)

and ag < a1, then Vo, {Vay } = Vo for some o > ay.
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Proof:  If a1 € A, then va, {Vay} = Vja; aq)-

Otherwise, write vy, = vs,{vs, }"™* - - {vs,}", where 0,01 € A, §1 < g, 01 < 02 < -+ <
and ;41 < [ -+ [[00, m161], - -], m;d;] for all i. Then vy, {va, } = vy for some v as following:

(1) If 05 < g, then v = [[[- - - [00, m101], - - - |, ms0s], aa].

(2) If g = 9; for some @ > 1, then v = [[- - - [dp, m11], - -+, (m; + 1)&;],- -+, msds].
(3) If 51 < g < 5i+1 for 17 > 1, then v = [[ .. [50, m151], cee ,miéi], ag],mi+1(5i+1], ------ ,m553].
(4) If ag < 01, then v = [[[- - - [00, cv2], m161], - - - |, msds).
O
Lemma 3.5 Let Z = U;”Zl Bj be a partition such that  lim lBjm{M+1’_M+2""’N}| exists
' N—M—00
and is positive for all j = 1,2,. m Let (n U ))kez be an enumeration of elements of Bj,

(])

J=12,...,m, such that n;)’ < n,CJrl for all k. For a sequence (x,,) in R, let y(]) =T () for
k

allk € Z and j =1,2,...,m. If (yk Ykez is w.d. mod 1 for all j = 1,2,...,m, then (x,) is
w.d. mod 1.

Proof: By the classical Weyl’s criterion, it is enough to show that for any non-zero h € Z,

N

1 .

Ii 2mihxy —-0.

LI o v D DI 0
n=M+1

For any M, N with M < N, there exist, for each j = 1,2,...,m, M;, N; with M; < N; such
that

N
Z e?ﬂ'zhxn _ Z Z 27rzhy
n=M+1 Jj=1k=M;+1
Since h # 0, one has
N m Nj
lim 1 Z e2mhen —  lim Z N' - M' 1 Z 2mhy(3) —0
N-M—oco N — M N—M—c0 N —-M N; — M,
n=M+1 j= k=M, +1

3.2 Proof of Theorem 3.1

Before embarking on the proof, we provide an illustrative example. (For brevity we write vg

for vg(P) for a system of polynomials P.)

Example 3.6 (Special case of Theorem A) Consider the following adequate polynomial:

+ (3{V2n} — {VEn2H{VTn}{V11n?}). (31)
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We will show that q is regular.

Let A = {ay, a9, as,as} with the order a1 < ag < ag < ag and
Vay (1) = V21, Vay (1) = VTR, Vay(n) = V502, va,(n) = V1103

Then we can write

2

q(n) = Z fi({val}v {va2}7 {003}’ {va4}v {v[a3,a2]}’ {v[[a4,a3],[a4,a2]]})ni

=1
+ fO({UOq }7 {UOQ }7 {UOZ3}7 {UOJ4}7 {/U[a3,a2} }7 {U[[a4,a3],[a4,agﬂ })7

where

fo(x1, 2, w3, 24, 5, 26) = 21,  f1(x1, 72, 23, T4, T5,26) = V371 + 526,

fo(z1, 2, T3, 24, 5, T6) = 3T1 — ToT324.

Let ¢y = 1,¢0 = /3. Then c1,ca are rationally independent and the coefficients of fi, f2 belong
to spang{ci,ca}(= {aci +bcy : a,b € Z}).

Let S be the set of all A € R such that {cj)\ni 17 =1,2,i=1,2}UPy is Q-linearly independent
modulo Q[n] + R. Note that the set S is co-countable. Fiz X € S. Then

{a(n)A} = (n*{V2n}}
F{VANVERY} + Dl VBRI VIR VB VT (Vin}} )} (3.2)
+ (3{V2n} — {VEn2H{ VT {V11n3})A.

By Theorem 2.7, there is a system of polynomials Py such that
(i) it contains {c;An®:j=1,2,i=1,2} U Py,
(i1) it is Q-linearly independent modulo Q[n] + R,
(i11) {q(n)A\} has a canonical pp-form with respect to B(A’).
Indeed, let A = AU{as, B, P2, B3}, where
(i) vas(n) = V551°, vg, (n) = An, vg,(n) = V3In, vg,(n) = An?,
(i) a1 < ag < az <oy < as < p1<pP2<fs3

We will explain now how to get a canonical form of {g(n)\}. Consider separately the following

component appearing on right hand side of (3.2):

(1) {2 Vo {VIn} H{VI1n {(Von? H{V11n*{v/Tn} } }}
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(2) {2 {V2n}} +{V3an{v2n}} + (3{v2n} — {VEn? {VTn}{v11n’})A
For (1), apply identity (2.14) to the term An{v/5n2{V/Tn}}H{V11n3{V/5n?H{V11n3{/Tn}}}:
AndV/En (T} VI {Von® {HV11n* {VTn} }}

= (A H{VEn? (VI H{VII (VEn? H{V11n* (VTn} 1} (3.3a)
— V52 {(VTn} A HV11n3 {(VEn  {V11n2 {(VTn} }} (3.3b)
— VIV VI {(VTn} HAn H{V5n* {VTn}} (3.3¢)
+ w(n), (3.3d)

where w(n) is the sum of terms with complexity < 5.

Then

(i) the expression (3.3¢) can be rewritten as follows:
VTR (VB2 VI (VTn} A HVEn? {VTn} ) = VIIn® (VB2 Han} (vVEn {VTn} H{V11n* {V/Tn} )
= Vlllfew,],B1], [z 2] [aa,az]]
Let v = [[[[oa, as], Bu], [as, az]], [aa, az]].

(ii) the expression (3.3a) {AnH{Vb5n2{VTn} HV11n3{V/5n2HV/11n3{/Tn}}} can be written

as {vg, HVas,a0) HV[[au,as),[an,az)) 1+ and S0 vy does not occur in this expression.

(i4i) As for the expression (3.3b), use the identity (2.13) with u1 = v/5n2{v/Tn}{\n} and
uy = V113 {52 H{V/11n3{/Tn}}. Then

ur{ug} = {ur H{uo} —uof{ur} + uiue

= {Vor* {(VTn} A} HV 11 {Von? {HV11n* {(V/Tn} }}

— V113 V2 V110 (VTn} H{V5n? (VTn} {n}}

+ V5 (VT H{Von* HanH{V11n* {VTn}}

= {Vllas aa) 511 HVllaw sl fas.aall} ~ Vlllas,aslfanasllflas,azl 51]) T Vllllasazl,aal b1l fos,aa]]
Note that vy does not occur in this expression. In particular, in

vy = V1IR3 {(VEn? A HVon2 {(VTn} HV11n3 {(VTn}},

the term An appears inside a single bracket {-}, whereas in the expression
Vlfasas) w00 flas,az 4] = V1P {VER VI (VT H{Von? {VTn}{An} },
the term An appears inside a double bracket: {v/5n*{\/Tn}{ n}}, and so

Vlllas,as),loa,az]],[[ag,az),81]] 7 Vy-

Also, the complezity of V[[[[as,a0],a5],61] [as.az2]] 5 Smaller than the complexity v, and so it

is not equal to vy
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(iv) Expression (2) { n?{v/2n}} +{V3 n{v2n}} + (3{v/2n} — {V/5n?H{VTn}H{V11n?})\ and

expression w(n) in (3.3d) have complexity < 5, so v, does not occur in this expression.

So {qg(n)A} = —{vy} + w'(n), where w'(n) has a pp-form with respect to B(A)\{v}. Now we
use Lemma 3.3 to conclude that g(n)X is w.d. mod 1.

Proof of Theorem 3.1: Suppose that ¢ is not adequate. Then there is L > 0 such that the
set {n € Z | |¢(n)| < L} has positive upper density:
N

> 1crnlgn) =a>0.
N

d{n € Z]||q(n)| < L}) —hmsup 2N+1n

Now take A > 0 such that A < - and let A = [0,a/4] U [l —a/4,1]. The Lebesgue measure of
A is a/2. On the other hand,
1 N N

eI DRI EE e S )}
N

n=—N n=-—

By Corollary 0.25 in [BLei|, the limit of the expression on the left hand side of the above
formula exists and so we have
N

S La(famA) > a
N

n=-—

;
N 2N + 1

Thus there are uncountably many A such that ¢(n)A\ is not w.d. mod 1.

Now let us prove that if ¢ is adequate, then ¢(n)\ is w.d. mod 1 for all but countably many A.
Indeed, by Theorem 2.7, there exist

(1) a system of polynomials P4 = {p, : @ € A} which is Q-linearly independent modulo
Q[n] + R (in view of item 4 in Remark 2.8, we are assuming that M = 1),

(2) a1,...,a; € B(A),
(3) an infinite subgroup A = aZ,

such that for any translate aZ +b, b =0,1,...,a — 1, there are pp-functions f , cee fk

on [0, 1]" satisfying the formulas

n)|az4p = Zf ({va, (PA)}, -, {va,(PA) V)N, b=0,1,...,a— 1. (3.4)

In view of Lemma 3.5, we can assume that A = Z and that the pp-functions appearing in (3.4)

are polynomials. So we will consider the following representation of ¢:
k .
g(n) =Y fil{va, (Pa)}, -+ {va, (P},
i=0
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where fy, ..., fr are polynomials. Note that, by Corollary 2.10, f; is a non-zero polynomial for

some ¢ > 1.
Let c1,...,¢s € R be rationally independent and such that spang{ci,...,cs} = {d 7, aic; :
a; € Z} contains all the coefficients of f; for 1 <1i < k. Let S C R be the set of all A such that
the set

{ejian' 11 <i<k1<j<s}UPy
is Q-linearly independent modulo Q[n] + R. Note that the complement of S is countable.
Then {g(n)A} is a sum (modulo 1) of terms of the form

{aciAn*{vg, (P} -~ {vg,, (Pa)} "} (3.5)
and
fO({UOél (PA)}7 SER) {Ual(PA)}))\,

where a € Z\{0}, 81 < B2 < -+ < Bm, d1,...,d, € N and ¢ > 1. For brevity, we write vg for
vg(P4) in the remaining part of the proof.

By Theorem 2.7 one can find a system of polynomials Pg D {c;An’ 11 <i <k, 1< j<s}UPy
such that it is Q-linearly independent modulo Q[n] + R and {g(n)A} has a canonical pp-form
with respect to B(A"). (We are assuming that M = 1. See Remark 2.8, item 4.)

Let us consider the expression W = cjAn?{vg, }9 - - - {vg, }¥m (which is a part of formula (3.5)).

In view of Lemma 3.4, there are two possibilities:

(1) there is s with 1 < s < m such that c;An’{vg, }& -+ {vg, ,}%1 = vg for some B € B(A')
and ' < B, 50 cjAn'{vg, 1 - {vg, } = vgr{vg 37 - {vg,, o with 57 < B,

(2) there is v € B(A’) such that vy, = cjAn*{vg, }91 - {vg, }9m

For case (2), a canonical form of {c;Ant{vg, }@ ---{vg, }®} is {v,}.

For case (1), apply identity (2.15):

v {vg, } % - {vg, 4 = {vg Hop, 3% - {vg,, }

—Z divs{vp Hog Y50 T {vs, ) (3.6)

s<j<m,ji

+w(n),
where w(n) is the sum of terms with complexity lower than the complexity of the term

. m
ciani{vg }4 - {vg, }4m~1. In the sum 3 (divgi{vgf}{vgi}di_l [T A{vs }dj>, consider
i=s s<j<m.ji
the term for i = m:
d; dm—
dmvg, {vg} [ {vs}¥{vs, 1.

s<j<m—1
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Since ' < B, by Lemma 3.4 we have vg, {vg} = vgr for some " > f,,. Using Lemma 3.4
again, we conclude that there is v,, € B(A') such that vy, = vg,,{vp} [[i<j<pn_1{vs; i {vg, Ydm—L.
Let sp > s be the minimal natural number such that if i > sg, then there is v; € B(A’) such
that
vy, = vg {vp Hos 4 [ {vs, 3%

s<j<m,j#i
Let v = (W) be the maximum of all ; for all sp < i < m.
Write v as in (2.2):

v = [+~ [60, madu], - - -], mudi],

where my,...,m; € N and dy, ..., 0 € B(A’) are such that dp,d; € A’, 01 < dp, 01 < da < -+ <
0p and 8,41 < [+ [[d0,m161],- -], m;d;] for all i = 1,2...,1 — 1. Note that there is a unique
i € {1,2,...,1} such that 6; = 8’ and m; = 1. In this case we will say that 8’ is a principal

indezx of .

Now let us consider the remaining terms in (3.6), that is, all the terms different from

m
Z divﬁi{vﬁ’}{vﬁi}di_l H {Uﬁj }dj
1=50 s<j<m,j#i

Notice that

(i) for so <i < m, {v,,} does not occur in the expression {vg }{vg,}% - - {vg,, }%m.

(ii) the complexity of w(n) is lower than the complexity of v,, for sy < i < m, and hence, by

Theorem 2.7, {v4,} does not occur in a canonical form of w(n).
(iii) for the expressions d;vg, {vg H{vg, }4 1 [s<j<mjzilvs, 1% with ¢ < sg, one has

divs {vp Hos Y50 T {vs,}Y = divgo{on, 3% - {on, }%, (3.7)

s<j<m,ji
where ng,...,m € B(A"), no < m < -+ < m and d},...,d; € N. Note that §' is a
principal index of 79. To get a canonical form for {d;vy, {vy, }% - - - {v,, }%}, we need to
apply identity (2.15) to the right side of (3.7). In this way we will obtain terms v~ such
that 3’ is not a principal index of 4", terms with the complexity lower than the complexity
of vy, for 59 < ¢ < m, and terms which are products of closed terms’ each having the

complexity lower than the complexity of v,, for sg < i < m. [See the treatment of formula
(3.3b) in Example 3.6.]

In this way we get a canonical pp-form with respect to B(A") \ {7sy, - - -, Ym} for the remaining

terms in (3.6). Hence, for each of the expressions W = c; Ant{vg, }% - - {vg, 1% in the formula

A representation of generalized polynomial u is closed if u = {w} for some w € GP.
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(3.5), there exists v = y(W) € B(A’) such that a canonical form of {c;Ani{vg, } ---{vg, }9m}
can be written as

r{vy} +1q(n), (3.8)
where r € Z \ {0} and g(n) has a canonical pp-form with respect to B(A’) \ {v}.
Now consider those expressions of the form (3.5) which have the highest complexity. If W

is any of these expressions, there is v(W) € B(A’) as above. Let v, be the maximum of all
these y(W) and let W, be the expression corresponding to 7,. Our assumption on complexity
guarantees that if for some 5 € B(A’), {vg} satisfies cmp({v}) = cmp({v,,}) and occurs in W
for W # W,, then vg # v,,. Then, {q(n)\} = r{v,,} + ¢(n), where r € Z\ {0} and ¢(n) has a
canonical pp-form with respect to B(A')\{~,}. Thus, by Lemma 3.3, g(n)\ is w.d. mod 1.

]

Remark 3.7
While for a general ¢ € AGP the problem of determining/describing all real X for which

(q(n)AN)nez is w.d. mod 1 is hard, one can solve it completely in some special cases:

1. Let q(t) = axt® + -+ + a1t + ap € R]t].

(a) q(n)X is w.d. mod 1 if and only if a;\ is irrational for some i =1,2,... k.

(b) If there are distinct i,5 > 1 such that Z—; ¢ Q, then [g(n)]\ is w.d. mod 1 if and only if
A Q.

(c) If q(n) = aqo(n) + B, where a ¢ Q and qo(n) € Qn|, then [g(n)]\ is w.d. mod 1 if and
only if 1, o, a\ is rationally independent.

Note that 1(a) follows from Weyl’s Theorem. For 1(b) and 1(c), notice that [q(n)]A = qg(n)X —
Mgq(n)}. Then 1(b) and 1(c) follow from the fact that if q(t) € R[t] has an irrational coefficient
other than constant term, [q(n)|\ is w.d. mod 1 if and only if (q(n),q(n)\) is well distributed
in [0,1]2.

The following additional examples are taken from [H1] and [H2].

2. Let a be irrational. If o® ¢ Q, then [an]n is w.d. mod 1 for any irrational \, but if o® € Q,
then A\ & spang {1, a} is necessary and sufficient condition for [an]n to be w.d. mod 1.

3. If a,3 € R\ {0} and either o/ € Q or (a/B)? € Q then [an][Bn]\ is w.d. mod 1 for all
irrational \. But if for some c € Q*, a/B = \/c € Q, then X must be rationally independent
of 1,4/c for [an][Bn]\ to be w.d. mod 1.

4. For any k € Nk > 3, any aq,...,a € R\{0} and any irrational X\, the sequence

[aan|[agn] - - - [agn] A is w.d. mod 1.
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4 Two more generalizations of Theorem 3.1

This section is devoted to generalizations and extensions of Theorem 3.1. Among other things,
we will prove a multidimensional version of Theorem 3.1 and formulate the multi-parameter

version of Theorem 3.1 which involves adequate generalized polynomials on Z?.

4.1 A multidimensional form of Theorem 3.1

The following result is an extension of Theorem 3.1 and contains Theorem B as a special case.

Theorem 4.1 Let q1,...,qx € GP. Then q1,...,q are adequate if and only if for any gener-
alized polynomials h1, ..., hy, there exists a countable family of proper affine subspaces B; C RF
such that for any (A1,...,\x) ¢ U B,

(A1q1(n) + h1(n), Aaga(n) + ha(n), ..., Aeqr(n) + hi(n))

is w.d. mod 1 in the k-dimensional torus T*.

Proof:  If one of ¢; is not adequate, then by Theorem 3.1 g;(n)A,n € N, is not w.d. mod 1
for uncountably many .

In the other direction, suppose that qi, ..., qr are adequate. By Theorem 2.7, for any general-
ized polynomials q1, . .., g, there exist (1) a system of polynomials P4 = {p, : « € A} which is
Q-linearly independent modulo Q[n] + R, (2) a1,...,0; € B(A), and (3) an infinite subgroup
A C Z with the property that for any translate A’ of A there are pp-functions f;; on [0, 1])* such
that

(i) gj(n) can be written as
k;
¢;(n) =Y fij{va, (Pa)}, - {va (PP
=0

(ii) hj(n) has a canonical pp-form with respect to B(A).

By Lemma 3.5, it is enough to consider the case that A = Z and all f;; are polynomials. Let
C be the set of all the coefficients of f;;. Let ci1,...,¢, € R be rationally independent and
satisfy spang{ci,...,cm} D C. Let S C R” be the set of all Ay, ..., A, such that the set

{cil)\bnis ‘ 1<ip <m,1<is <k, 1<ig< mja,ij}UPA

is Q-linearly independent modulo Q[n] + R. Note that the complement of S is a countable
family of proper affine subspaces in R¥. The rest of the proof is analogous to that of Theorem
3.1.

O
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Corollary 4.2 Let q be an adequate generalized polynomial and let h € GP. Then for all but
countably many A, (¢(n)A 4+ h(n))neN is w.d. mod 1.

4.2 Generalized polynomials of several variables

In this paper we mainly deal with generalized polynomials on Z. However, the main notions

and results can be naturally extended to generalized polynomials on Z<.

A Fylner sequence in Z% is a sequence (®y) of finite subsets of Z¢ such that for every n € Z¢,

We say that a mapping v : Z¢ — R is w.d. mod 1 if for any continuous function f on R/Z and

any Fglner sequence (®y),

Let us call a generalized polynomial ¢q : Z¢ — R adequate if for any A > 0, the set {n € Z¢ |
lg(n)| < A} has zero density.?
The following extension of Theorem B can be proved by an argument similar to the one which

was used in the proof of Theorem 4.1. (See in this regard item 4 in Remark 2.8.)

Theorem 4.3 Let qi,...,q; be generalized polynomials on Z*. Then qi, ..., q; are adequate if
and only if for any generalized polynomials hy, ..., hi, there exists a countable family of proper

affine subspaces B; C R¥ such that for any (\1,...,\) & U B,

(A1q1(n) + h1(n), Ad2q2(n) + ha(n), ..., Aeqr(n) + hi(n)) ez

is w.d. mod 1 in the k-dimensional torus T*.

5 Uniform distribution of sequences involving primes

In this section we will be concerned with the distribution of values of generalized polynomials
along the primes. Among other things, by utilizing a version of the W-trick from [GT], we will
derive Theorem A’ (see the introductory section) from Theorem 3.1. As in the Introduction, let

P denote the set of primes in N and we will write (¢(p))pep for (¢(pn))nen, where (pp)nen is

8The density of the set E C Z% is defined by

. 1 d
Jim g BN Ny,

if the limit exists.

26



the sequence of primes in the increasing order. The following notation will be used throughout
this section. For N € N, P(N) =Pn{l,2,...,N}, #(N) = |P(N)|, R(N) ={re{1,...,N}:
ged(r, N) = 1}. Note that |[R(N)| = ¢(N), where ¢ is the Euler function.

The structure of this section is as follows. In Subsection 5.1 we will derive some results about
the distribution of values of generalized polynomials (including Theorem A’) with the help of
a technical result which is a variation on the theme of W-trick. The proof of this technical

results will be given in Subsection 5.2.

5.1 Distribution of values of (¢(p))yep

It was shown in [BLei|, Corollary 0.26, that, for any generalized polynomial ¢ : Z — R,

N-1
. 1 2mig(n) e
N—lll\/[In—>oo N EMe exists. (5.1)
n=

The following theorem (which will be proved in this section) is a P-analogue of (5.1). For

convenience, we write e(x) for e?™*,

Theorem 5.1 Let g be a generalized polynomial. Then

1
A}iinoo ) Z e(q(p)) ewists . (5.2)
pEP(N)
Corollary 5.2 Let Uy, ..., U be commuting unitary operators on a Hilbert space H and let

qi,---,qr be generalized polynomials Z — Z.. Then for f € H

N
1
= Z U{n(pn) . ng(pn)f
n=1

converges in norm as N — o0.

We also prove in this section the following P-version of Theorem 3.1.

Theorem 5.3 (cf. Theorem A’ in Introduction) Let ¢ € AGP. If q(Wn + )\ is uni-
formly distributed mod 1 for any W € N and r = 1,2,..., W — 1 with (W,r) = 1, then q(p)\
is uniformly distributed mod 1. Thus, (q(p)A)pep is uniformly distributed (mod 1) for all but

countably many .

Remark 5.4 For a given adequate generalized polynomial q, the sets

S1={AeR: (¢(n)A)pen is u.d. mod 1} and Sy ={X € R: (¢(p)\)pep is u.d. mod 1}
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are, in general, distinct.

For example, let q(n) = v/3n? + v/3{nv2} and A = 21 . Then g(n)X is w.d. mod 1, but
{a(p)A} € [3,1) for all p except p = 2.

On the other hand, let g(n) = v2n* + (n — 2[3n]) Q(ﬂn —[v2n]) + @(\/ﬁn —[v/2n]). Note
that

g

V2nt + ?{\/Qn} if n € 2Z
V2nt 4+ v2{V2n} ifn€2Z+1.

Then q(n)% is not uniformly distributed mod1 (indeed it is equidistributed with respect to

f(@)de, where f(z) = 3 forx € [0,4) and f(x) = § for z € [3,1)) but {a(p) 5} = {v2p} for

p > 3, so it is uniformly distributed mod 1.

q(n) =

We also have the following result.

Theorem 5.5 Let q1,...,qr be adequate generalized polynomials and let h1, ..., hy be any gen-
eralized polynomials. Then there exists a countable family of proper affine subspaces B; such
that for any (M\1,..., ) ¢ UB; C RF,

(A1q1(p) + ha(p), A2qa(p) + ha(p), - - - s Aear(p) + hie(P))per

is u.d. mod 1 in the k-dimensional torus T*.

Before giving the proofs of Theorems 5.1 and 5.3, we formulate two technical lemmas. The
first of these lemmas is a classical result allowing one to replace the averages along primes with
the weighted averages involving “the modified von Mangoldt function” A’(n) = 1p(n)logn,

n € N.? The proof of the second lemma will be given in the next subsection.

Lemma 5.6 (see Lemma 1 in [FHK].) For any bounded sequence (v,) of vectors in a normed

vector space,

N
N%oo 7'( Z Up ZlAl(n)UnH =0.

Lemma 5.7 Let g € GP. For e > 0, there is W € N such that for sufficiently large N,

NW

1 ,
Wz:l./\(n)e(q( Z Z (Wn +7))| <e

9In the previous sections we used the notation A’ for translates of subgroups in Z. There should be, hopefully,

no confusion with the modified von Mangoldt function.
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Proof of Theorem 5.1 By Lemma 5.6, it is sufficient to show that the sequence

- fVZlA’(n)ew(n»

is a Cauchy sequence.

By Lemma 5.7, for given € > 0, we can find W such that if N is sufficiently large,
AL 1 1 N
/
NW n§:1 A(n)e(q(n)) — W W) TGRE(W) N E: gWn+r))| <e

Note that for each W and r, ¢(n) = ¢(Wn + r) is a generalized polynomial, so by Corollary
0.26 in [BLei], + SN e(q(Wn + 1)) converges. Thus,

li ! Ly w
dm gy O el n)

exists. Therefore, for sufficiently large N1, No > N,

Z Z (Wn+r)) ¢(1VV) Z NiZe(q(Wn—{—r)) <€,

rER(W reR(W) " 2 n=1

g

so lan,w — an,w| < 3e. Now we can see that (ay)nen is a Cauchy sequence from the following
observation: for NW < M < (N 4+ 1)W,

NW 1 ,
an = anw + 5 Z N (n)e(q(n))
n=NW+1

n—=

M
and |5 3. N(n)e(a(n))| < 57 since (k) < log .
O

Proof of Corollary 5.2 By spectral theorem, without loss of generality, we can assume that
H = L?*(X) for some measure space X and U;f(z) = > f(z) for a.e. x € X, where ¢;

are measurable real-valued functions on X. Then

U{n(pn) . Ug’“(p”)f(x) - 627ri(Q1(pn)¢l(w)""""“q}c(pn)‘bk(m))f(x)_

N A
Note that by Theorem 5.1 the sequence % S e2mil(anpn)dr (@)t +ax(pn)dr(®)) £ (1) converges for
n=1

almost every x € X, so it converges in norm.
O

Proof of Theorem 5.3 Note that ¢(Wn + r) is adequate for any W € Nand r =1,..., W.
Thus, there exists a countable set Ay, such that (¢(Wn+r)\)pen is u.d. mod 1 for A ¢ Ay,
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Let A = Uy_; Urerar) Aw,r- It is sufficient to show that if A ¢ A, then for any nonzero

integer a,
N
1 — A =
Jim 57 3 N me(ag(n)) =0

Again, by Lemma 5.7, for given ¢ > 0, we can find W such that if N is sufficiently large,

1 NW
NW nz::l N (n)e(agq(n) ¢ Z Z e(agqWn+r)A\)| <e.

'I‘GR )

Since ¢(Wn + r)\ is u.d. mod 1, for sufficiently large NV,

€

1
NZ ag(Wn+1r)\)| <

so, for such NV,

Z A (n n)A)| < 2e.
Since € is arbitrarily small, one has
| N
. - / _ ! —
A}gnoo I ngl AN(n)e(ag(n)\) = A}gnoo —NW Z A(n n)A) = 0.

5.2 Proof of Lemma 5.7

In this subsection we utilize a version of Green-Tao techniques from [Sun] to derive Lemma 5.7
(see [Sun], Proposition 3.2 and [BLeiS], Lemma 7.4).

Let us recall first some basic notions and facts regarding nilmainfolds and nilrotations. (See
[Mal] and [BLei| for more details.) A nilmanifold X is a compact homogeneous quotient space
of a nilpotent Lie group G, that is, X = G/I" where I is a closed, co-compact subgroup of G.

A nilrotation of X is a translation by an element of G.

It is shown in [BLei] that any bounded generalized polynomial is “generated” by an ergodic
nilrotation. To give a precise formulation, we need the notion of piecewise polynomial mapping
on a nilmanifold. Given a connected nilmanifold X, there is a bijective coordinate mapping

~1is continuous. A mapping

7: X — [0,1)¥. While, in general, 7 may not be continuous, 7
f: X — R'is called piecewise polynomial if the mapping f o 77! : [0,1)¥ — R! is piecewise
polynomial, that is, there exist a partition [0,1)¥ = Ly U--- U L, and polynomial mappings
Pi,...,P.: R* — R! such that each L; is determined by a system of polynomial inequalities
and f o7~ agrees with Pj on L;. For a non-connected nilmanifold X, f is called piecewise

polynomial if it is a piecewise polynomial on every connected component of X.
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Proposition 5.8 (cf. Theorem A in [BLei]) For any bounded generalized polynomial u :
Z — R, there is an ergodic Z-action 1 generated by a nilrotation on X, a piecewise polynomial

mapping f: X — R and a point x € X such that

Nilmanifolds are characterized by the nilpotency class and the number of generators of G; for
any D,L € N there exists a universal, “free” nilmanifold Np 1, of nilpotency class D, with L
generators such that any nilmanifold of class < D and with < L generators is a factor'® of \V; D,L
([Leil]). A basic nilsequence is a sequence of the form n(n) = g(¢(n)z) where g is a continuous
function on a nilmanifold X, x € X and ¢ : Z — G is a nilrotation of X. We may always
assume that X = Np p for some D and L; the minimal such D is said to be the nilpotency
class of . Given D, L € N and M > 0, we will denote by Lp 1 the set of basic nilsequences
n(n) = g(x(n)x) where the function g € C'(Np 1) is Lipschitz with constant M and |g| < M.

(A smooth metric on each nilmanifold Np z, is assumed to be chosen.)

Following [GT], for W, r € N we define Ay, .(n) = %A’(Wﬂ—i—r), n € N, where ¢ is the Euler

function. We will denote by W the set of integers of the form W = [[ p, m € N. It is proved
pEP(m)
in [GT] that “the W-tricked von Mangoldt sequences Aj,,. are orthogonal to nilsequences”:

Proposition 5.9 (cf. Proposition 10.2 from [GT]) For any D,L € N and M > 0,

N

1
lim limsup sup ’— (A, (n) — )n(n)| = 0.
I‘/;/Vi)é\é N—oo n€Llp,r,m N Z wr

=1
reR(W) "

To prove Lemma 5.7, we need to study the behavior of the following sequence:
1 N
% D (N (0) = De(a(Wn + 1))
n=1

We can write e(q(n)) = f(¢(n)z), where v is an ergodic nilrotation and f is a Riemann-
integrable function with | f||, = sup,|f(x)| < 1, so now we need to extend Proposition 5.9
to this case. In order to get this generalization, we will utilize a result on well-distribution of
orbits of nilrotations which was obtained in [Leil]. A sub-nilmanifold Y of X is a closed subset
of X of the form Y = Hx, where x € X and H is a closed subgroup of G. It is proven in [Leil]

that the sequence (¢ (n)x) is well-distributed in a union of sub-nilmanifolds of X.

Proposition 5.10 (c.f. Theorem B in [Leil]) For a nilrotation ¢ on X and x € X, there

exist a connected closed subgroup H of G and points x1,x2, ...,z € X, not necessarily distinct,

0Given two nilmanifolds X; = G1/T'1 and X2 = G2/T'2, a surjective mapping X1 — X2 turns X» into a factor
of X if it is induced by a homomorphism ¢ : G1 — G2 with ¢(I'1) C I's.
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such that the sets Y; = Huxj,j = 1,2,...,k, are closed sub-nilmanifolds of X, Orb(zx) =
{(n)z}, ez = U?:l Yj, the sequence ¢(n)x,n € Z, cyclically visits the sets Y1,...,Y}; and for
each j =1,2,....k the sequence {1(j + nk)x}nez is well-distributed in Y;.'*

Proposition 5.11 If f is Riemann-integrable with | fll, < 1, then

N
1
lim limsup sup ‘— wrm) =1 f((Wn+r)x)| = 0. 5.3
Wiy s reR(W)N;( wr(n) = 1)f (¥ )x) (5.3)

Proof: Since f can be written as f = f1 — fo +i(fs — f1) with 0 < f; < 1, it is enough to
show (5.3) for f with 0 < f < 1.

For any € > 0, one can find smooth functions g, g2 on X such that (i) 0 < g1 < f < g9, (ii)
ij (92 — g1) dpj < € (recall that p; is the Haar measure on Yj for j = 1,2,...,k).

For W and r, write g1 w,(n) = gi1(v(Wn +r)x) and g2 w,(n) = g2((Wn + r)x). Note that

(A (n) = 1) f((Wn+r)z) < Ay, (n)gawr(n) — 91w, (n)
= (A, (n) = Dga,wir(n) + (g2,w,r(n) — g1, (n)).

By Proposition 5.9,

N
1
lim limsup sup ‘* (Al (n) — 1)92,W,r(n)| =0.
II//[‘//ilgVo N—oco reR(W) anz:l '

For given W and r, let a; = Wj +r (mod k) for 1 < j < k. Thus, (W (kn +j) +r)z) € Yy,
for n € Z. Moreover, since H is connected, {t)(W (kn + j) +1)x}nez is well-distributed in Yy, .

Hence,

N
. 1 . ]
]\}1_13100 N 231(92,14&(]% + ]) - gl,W,r(kn + ])) = /y | (92 — gl) d/tyaj <€,
n—=— (l]
and
1 & 1 1
lim — — == lim — ) — ) < e.
Ngnoo N nzl(g%W,r(n) gl,w,r(n)) L ; Ngnoo N ;(gg,w7r(k:n + ]) gl,W,r<kn + ])) > €
Therefore,

1
limsuplimsup sup — Z( wrm) = f(e(Wn+r)z) <e.
WeWw Nooo rer(w) NV ’

W—o0 n=1

A sequence (zn)neN is said to be well-distributed in Y; if for any open subset U of Y; with u;(8U) = 0
1
im — M < cxn €U = pji (Y
N—lll\/[—n:oN—M‘{ Sn<Nizn € }| 'uj( )7

where p; is the Haar measure on Y.
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Similarly,

(A, (n) = D)f@(Wn +1)z) > (A, (n) = Dgrwr(n) = (92w (1) — g1wa(n)),

SO X N
lim inf lim inf TeiRn(fW) ¥ > (N (n) = D (@(Wn + r)z) > —e.
W—o0 n=1

Hence,

1 N

b, limsup sup o Ayp(n) =1 Wn+r)z)| = 0.
Wew N_mopreR(%,)‘N Z( W,( ) )f(w( ) )

W—oo n=1

Now we are in position to prove Lemma 5.7.

Proof of Lemma 5.7 By Proposition 5.11, for any € > 0, we can choose W € W such that
for any r € R(W) and for large enough N,

| X
N > (A (n) = 1) e(qWn+1))| <e,
n=1
and so
1 N , 1 N )
N nz::lA (Wn +r)e(q(Wn +r1)) — No(7) nz::l e(gqWn+1))| < SO

Note that A'(Wn +r) =0 if r ¢ R(W). Thus, we have

| W 1 1
i Z A’(n)e(q(n)) _ W Z N Ze(q(Wn +7))| <e.

6 Recurrence along adequate generalized polynomials

6.1 Sets of recurrence

In this subsection we prove Theorems D and E and also establish new results about the so
called van der Corput sets (see Definition 6.2) and FC* sets (see Definition 6.6).

First, we will recall some relevant definitions. As before, we will find it convenient to use the
following notation: e(x) = *™®  ||z|| = dist(z,Z), and [M,N] ={M,M +1,...,N}.

Definition 6.1 A set D C Z is
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1. a set of recurrence if given any invertible measure preserving transformation T on a
probability space (X, B, p) and any set A € B with u(A) > 0, we have

WANT44) >0
for infinitely many d € D.

2. a set of strong recurrence if given any invertible measure preserving transformation

T on a probability space (X, B, p) and any set A € B with p(A) > 0, we have

limsup u(ANT A) > 0.
deD,|d| oo

3. an averaging set of recurrence if given any invertible measure preserving transforma-

tion T on a probability space (X, B, ) and any set A € B with u(A) > 0, we have

1
limsup ————— Z wWANT9A) > 0.
N—o00 ’D N [_N7 N” deDA[-N,N]

4. a set of nice recurrence if given any invertible measure preserving transformation T
on a probability space (X, B, 1), any set A € B with (A) > 0 and any € > 0, we have
WANT4) > p?(A) — ¢
for infinitely many d € D.

Definition 6.2 A set D C Z\{0} is a van der Corput set (vdC set) if for any sequence

(un)neN of complex numbers of modulus 1 such that

N
. 1 _
Vd € D,]\}glg)o N E_l Uptdln =0

we have
1 N
lim — =0.
A, 2o =0

Remark 6.3 In this definition, we assume u,+q =0 if n+d < 0. Alternatively, one can work

with bi-infinite sequence (up)nez instead of (un)nen and use the averages ﬁ ZQ;_N instead

N
Of % Zn:l :

The following theorem provides a convenient spectral characterization of van der Corput sets

and motivates the introduction of the notion of FCT sets in Definition 6.6 below.

Theorem 6.4 (cf. Theorem 1.8 in [BLes])
Let D € Z\{0}. The following statements are equivalent:
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1. D is a van der Corput set.
2. If o is a positive measure on T such that 6(d) =0 for all d € D, then o({0}) = 0.

3. If o is a positive measure on T such that 6(d) =0 for all d € D, then o is continuous.

Remark 6.5 The equivalence of statements of 2 and 3 follows from the fact that a translation
of a measure does not change the modulus of its Fourier coefficients: For a measure o and
20 €T, let o'(E) = o(E — x0). Then o'(n) = e(nzo)é(n).

Definition 6.6 (cf. Definitions 2, 7, and 11 in [BLes])

1. An infinite set D of integers is a FCT set if any positive finite measure o on the torus

T with lim g0 gep 0(d) = 0 is continuous.

2. An infinite set D of integers is a nice FC™T set if for any positive finite measure o on
the torus T,

o({0}) < Timsup [6(d)].
|d|—o0,deD

3. An infinite set D of integers is a density FC™ set if every positive finite measure o on
the torus T such that

1
lim —— 6:(d)| =0
N D A [=N, N]| deDm[ZN N

18 continuous.

Remark 6.7

1. (¢f. Theorem 1.8 or Propositions 3.5, 3.7, 3.9 in [BLes]) It is known that if D is a van
der Corput set, a FCT set, a nice FC set and a density FC™ set respectively, then it is
a set of recurrence, a set of strong recurrence, a set of nice recurrence and an averaging

set of recurrence respectively.

2. (cf. Theorem 2.1 and Question 1 in [BLes]) If D is a FCY set, then it is a van der
Corput set. However, it is not known whether there exists a van der Corput set which is
not a FCOT set.

3. D= (P—-1)JAN + 1) is a nice FCt set, but not a density FCT set. (This gives a

negative answer to Question 7 in [BLes].)

The following result provides a criterion for a set to be a FCT set, which is a generalization of
Propositions 1.19, 2.11 from [BLes| and Lemma 4.1 from [BKMST].
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Proposition 6.8 Let D C Z. Suppose that A is a countable subset of T that satisfies
1. A= Ap with Ay, C Akt and |Ag| < oo.

2. For any k € N and € > 0, there exists a sequence (by)nen with by, € D and |by,| T 0o such
that

(1) ||bnall < € for any a € A and for any n € N
(7i) (bpx)nen is u.d. mod 1 for any x ¢ A

Then D is a nice FCT set. Moreover, if {b, : n € N} can be chosen so that, in addition to (i)
and (i), it has positive upper density in D meaning that

b, : N —N,N
limsup‘{ n €N} I

> 0, 6.1
WS D AN, V]| (6-1)

then D is a density FC™T set.

Proof: Note that condition 2(i7) implies that 0 € A. In order to prove that D is a nice FC'*

set, we need to show that, for any positive finite measure o on T,

o({0}) < limsup |5(d)].
deD,|d|—oo

By condition 1, for any € > 0, we can find Ay, such that o(Ay) > 0(A)—e. By condition 2, there
exists a sequence (by)nen such that ||bal| < & for all a € Ay, and (b,z)nen is u.d. mod 1 for
any = ¢ A.

N
Define fn(z) = + > e(bpz). Then lim fy(z) = 0if 2 € A and limsup |fy(z) — 1| < € if
n=1 N—oo N—o0
x € Ag. Since A is countable, we can choose a subsequence (N;)jen such that lim fy, ()

J—00
exists for every x € A, and hence for every z € [0,1). Let f(z) := lim fn,(z). Note that
J—00
0<|f(z)] <1forall zand f(x) =0 for z € T\A.

By the dominated convergence theorem,

N; N;
1 R
/Tf(:c) do(z) :jlg(r)lONj;/Te(bn:c) do :jlgélonnZ::la(bn). (6.2)

Denoting By, = A\ A, we have

/Tf(x) do

f(z)do + f(z) da+/ f(z)do
A By, T\A

z‘/Akf(x)dUJr [ twyao /Akf(:c)da —/Bklf(x)lda
> 0(Ag) — o(By) — o (Ay), (6.3)

>
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since

f(x)do
Ag

> / | do — / 1= f(@)|do > o(Ay) — eo(Ag).
Ay, Ay
Also we have

limsup |6(d)| > limsup |6(b,)|

deD,|d|—o0 n—oo
) N; 1 Nj
> i S0 > | 1im — S 6(b,)] . 6.4
> limsup - nzz:l!ff( w)l = | lim N, ;U( n) (6.4)

From formulas (6.2), (6.3) and (6.4), we get

0(Ay) — o(Bk) — €0(Ag) < limsup [5(d)].
deD,|d|—oo

Since Ay C Ap11, A =, Ar and B, = A\ Ay, klim 0(Ag) = 0(A) and klim o(By) = 0. Since
—00 —00

€ can be taken to be arbitrarily small, we have

c({0}) < o(4) < limsup [5(d)].
deD,|d|—o0

It remains to show that, under the condition (6.1), D is a density FC* set. In view of Remark

6.5 it is enough to show that if a positive finite measure o on T satisfies

1
lim —————— a(d)] =0,
N—oo |DN[—N, N]| deDﬂZ[:NN] |
then o({0}) = 0.

Since {b,} has positive upper density in D, for any increasing sequence (M;) en we have

1Y
lim — > |6(bn)| = 0.
MJ;

Jj—00
Now we utilize the same argument as above and get, from (6.2) and (6.3),
o(Ag) — o(By) — eo(Ax) < 0.

Taking k — oo and € — 0, we get o({0}) = 0.
O

Remark 6.9 Proposition 6.8 is a generalization of Proposition 1.19 in [BLes] (and of Lemma
4.1in [BKMST]), where the case A = J,, A, with Ay = {7 : a € Z,0 < a < k!'} was considered.

We will now turn our attention to nice FC™ and density FCT sets which can be constructed
with the help of integer-valued adequate generalized polynomials. But first we establish the

following useful criterion.
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Proposition 6.10 Let (a,)nen be a sequence of integers such that

1. for any k € N, any ai,...,ap € R, and any € > 0, the set {n € N | ||apa| < €,i =

1,...,k} has positive lower density'?

2. there exists a countable set A C R such that (apx)pen is u.d. mod 1 for any x ¢ A.
Then {ay : n € N} is a nice FC™" set and a density FCT set.

Proof: Without loss of generality we assume that A is a Q-vector space. Write A = {a; :
j€N}and Ay ={oj:1 < j <k}. Forany e>0and k € N, let

Ry = {(x1,22,...,2%) € [0, 1) : ||z|| < 6,5 =1,2,...,k}.

Let (bp)nen be an enumeration of the elements of By := {a, € N : (anaq,...,an0) € Re}
such that |by| is increasing. Let Ccj := {n : a, € B¢}, which is of positive lower density by
condition 1. Obviously (by,),en satisfies condition 2(i) in Proposition 6.8.

It remains to show that (b,),en satisfies condition 2(ii) in Proposition 6.8. Let 5 ¢ A and
ho € Z\{0}. Note that a,(hoS + Zle mjaj) ¢ A for any (mi,...,mg) € ZF since A is a

Q-vector space. Thus, for any continuous function g(x1,...,z;) on [0, 1],
| X
A}iinoo N Z ethOa”'Bg(anal, s anag)| =0 (6.5)
n=1

since any continuous function which can be uniformly approximated by linear combination of
exponential functions. Moreover equation (6.5) still holds for any Riemann integrable function

g, so we have

N N
1 ; 1 1 ,
I; -+ 2mwihobyn B < - Y 27rzh0anﬁ1 o —0.
NE}I;O ] nz_:l ‘ - Q(Cgk;) Nl—IgO N TLZl € Re,k (analu ) anOék;)

Thus, (by)nen satisfies condition 2(ii) in Proposition 6.8, so we are done.

The following result is an immediate consequence of Theorem 3.1 and Proposition 6.10.

Theorem 6.11 Let g € AGP with q(Z) C Z. If for any k € N, any a1,...,ap € R, and
any € > 0, the set {n € N | [[¢(n)a;|| < €,9 = 1,...,k} has positive upper density, then
{q(n) | n € N} is a nice FCT set and a density FC™" set.

12The lower density d(F) of a set E C N is defined by

d(E) = lim inf |EN {1,]2\}. L NY
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Remark 6.12 It is known that for any ai,...,ar € R, the density of the set {n € N |
llg(n)ail| < e,i = 1,...,k} ewists. (This follows, for example, from Theorems A and B in
[BLeij.) On the other hand, the set {n € N | |lg(n)ai|| < €,i = 1,...,k} may be finite (in

particular, empty) or have zero density:

(i) Let q1(n) = [[an]Z], where a > 1 is an irrational number and ¢ € N with ¢ > -%5. Then

e N [l < £} =0 and {n € N| lqn(n— 2] < &} = {2} (fnite).
(ii) Let ga(n) = 2n® — 1+ [1 — {[{an}n]B}], where a = Py 1077 and B is an irrational

number. Then

2n2 —1 otherwise

n? if Lan 1
q2<n>:{2 f {an} < 1

Thus the set {n € N | ||qz(n)3|| < 1} is infinite but has zero density. In fact, {ga(n) |
n € N} is a set of recurrence but not a set of averaging recurrence. (see Example 6.23

for more details)

The family of adequate generalized polynomials which satisfy the condition of Theorem 6.11 is
quite large. First, it includes all (conventional) intersective polynomials (see the condition (i) in
Theorem 1.2). It also includes the class AGPNGP,;, where G P, is the set of admissible gener-
alized polynomials which was introduced in [BKM]. The family G P,4 is defined as the smallest
subset of the generalized polynomials that includes ¢(n) = n, is closed under addition, is an
ideal in the space of all generalized polynomials, (i.e. is such that if ¢1 € GP,q and g2 € GP
then ¢1g2 € GP,q) and has the property that for all [ € N, ay,...,0 € R, q1,...,q € GP,y
and 0 < 8 < 1, [22:1 a;qi(n) + 5] € GP,4. For example, if g(n) is an integer-valued adequate
generalized polynomial and | € N, then g(n)n! (is admissible and) satisfies the condition of
Theorem 6.11. (The fact that admissible generalized polynomials are “good” for Theorem 6.11
follows from Theorem A in [BKM].) There are also non-admissible adequate generalized poly-
nomials which satisfy the condition of Theorem 6.11. For example, if a > 1 is irrational, and
0 <e<pgpe € Q, then both g (n) = [[an]<] and g2(n) = [[an]<]? satisfy the condition of
Theorem 6.11 (see Proposition 4.1 in [BH]), but they are not admissible. Curiously, if the
rational number c satisfies ﬁ < ¢ < ;25 then only ¢ satisfies the condition of Theorem 6.11.
See also Section 6.2, where necessary and sufficient conditions for [g(n)], where ¢(n) € R[n]
has at least one irrational coefficient other than constant term, to be good for Theorem 6.11

are established.

Corollary 6.13 If ¢ € AGP with q(Z) C Z, then the following are equivalent:

(i) For any d € N, any translation T on T and any € > 0,

< < . q(n)
i LS < NTI00) | <6}

0.
N—o0 N
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(ii) {q(n) :n € N} is an averaging set of recurrence for finite dimensional toral translations.
(i1i) {q(n):n € N} is an averaging set of recurrence.
(iv) {q(n):n € N} is a “uniform averaging set of recurrence”: For any invertible probability
measure preserving system (X, B, u,T) and any A € B with u(A) > 0,
N-1

1
i E a(n)
ym o M,u(A T A) > 0.

(v) {q(n) :n € N} is a density FCT set.

Proof: By Theorem 6.11, (i) implies (v) and it is obvious that (v) = (iii) = (i7) = (3).
The equivalence of (ii7) and (iv) is the consequence of the fact (obtained in [BLei]) that

N-1

> wANT 1M A)
n=M

1
;
NoMsoo N — M

exists.
O

By Furstenberg’s correspondence principle (see, for example, Theorem 1.1 in [B]), given any
E C Z with d*(E) > 0 there exist an invertible measure preserving system (X, B, u,T) and
A € B with u(A) = d*(E) such that for any n € Z one has

d*(ENE—n)>puANT"A).
Thus we have the following combinatorial result:

Corollary 6.14 Let g € AGP with q(Z) C Z. The following are equivalent:

(i) For any d € N, for any translation T on a finite dimensional torus T% and for any € > 0,

L ML NT@E)) <df
N—o0 N '

(i) For any E C N with d*(E) > 0,

N-1
]\}I%IEEONMngdd (EN(E —q(n))) > 0.

Proof: Let A.:={t € T?: |/t|| < ¢}. Note that

1<n<N:TM0) <el 1 & .
{ ]HV (0)]] H _ NzlAe(Tq( )(0))7
n=1
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so the limit of formula in (i) exists.
(1) = (71) follows from Corollary 6.13 and Furstenberg’s correspondence principle.
Now let us prove (i) = (¢). Let E = {n: ||T™(0)| < ¢/2}. Note that
d*(EN(E—-q(n)) >0=EN(E—q(n) #0

& |[T™(0)]], |77 (0)]] < €/2 for some m

= [|T9(0)] < e.
Thus we have

L4, (T7™(0)) = d*(E N (E — q(n))),
so (2) follows from (ii).
O

The next theorem and its corollary deal with adequate generalized polynomials along the primes
and follow immediately from Theorem 5.3 and Proposition 6.10. For examples of generalized

polynomials which are good for Theorem 6.15, see Remark 6.20.

Theorem 6.15 Let ¢ € AGP with q(Z) C Z. If for any k € N and any a1,...,ap € R, {n €
N | lg(pn)aill < €,i=1,...,k} has positive upper density for any € > 0, then {q(p,) | n € N}
is a nice FCT set and a density FC™T set.

Corollary 6.16 If ¢ € AGP with q(Z) C Z, then the following are equivalent:

(i) For any d € N, for any translation T on a finite dimensional torus T% and for any € > 0,

< < : q(pn)
LS SN T <]

0.
N—o0 N

(ii) {q(p) : p € P} is an averaging set of recurrence for finite dimensional toral translations.
(iii) {q(p) : p € P} is an averaging set of recurrence.
(iv) {q(p) : p € P} is a density FC™T set.

(v) For any E C N with d*(E) > 0,

N
... 1 %
l}\IfIi)lglof an_:ld (EN(E—q(pn))) > 0.

6.2 Recurrence properties of [¢(n)], where ¢(n) € R[n|

Let g(n) € R[n] and assume that it has at least one irrational coefficient other than the constant
term. In this subsection we establish necessary and sufficient conditions for [g(n)] to satisfy
the condition of Theorem 6.11.
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Lemma 6.17 Let a,b € N and x € R.

(1) [z] = b[F] and {x} = b{F} if and only if {7} < %.
(2) If 0 < 6 < 55 and ||%]| < & then |laz| = ab| % < abs.

Proof: (1) follows since [z] = b[%] + i and {z} = b{%} —i if and only if £ < {%} < =,
i=0,1,...,b—1.

To show (2) we use that {az} = {ab%} = ab{%} —i if and only if & < {4} < & i =
0,...,ab—1. If {$} < 6§ < 55 then i = 0 and {az} = ab{%} < abd < 3, which shows
that [laz|| = ab||F|l. If {$} > 1 — 8 so that ||[§|| = 1 — {§}, then i = ab— 1 and {az} =
ab{%} —(ab—1) >1—abs > & so that |laz| =1 — {az} = ab(l — {§}) = ab||%||.

O

Proposition 6.18 Let g(n) € R[n] be a polynomial with at least one irrational coefficient other

than the constant term. Then the following are equivalent:

(i) {[g(n)] : n € N} is a set of recurrence.

(ii) {[g(n)] : n € N} is an averaging set of recurrence.
(111) {[q(n)] : n € N} is a nice FCT set.
() {[q(n)] : n € N} is a density FCT set.

(v) q(n) satisfies one of the following two conditions:

(a) q(n) has two coefficients o and B, different from the constant term, such that o/ ¢
Q.

(b) q(n) = aqo(n) + B, where « is an irrational number, § € [0,1] and qo(n) € Z[n] is
intersective (i.e. for all s € N there exists n € N such that s | qo(n)).

Proof:  Since (iv) = (i7) = (i) and (4i7) = (4), it is enough to prove (v) = (iii), (v) = (iv)
and (i) = (v). Let us first prove (v) = (4i7) and (v) = (iv) by showing that [¢(n)] satisfies the
assumption of Theorem 6.11. Suppose that g(n) satisfies the condition (a). Note that for any
A # 0, g(n)\ ¢ Q[n]+R, so the sequence g(n)A is w.d. mod 1. Let y1,...,7x € Rand e > 0. By

reordering i, ..., Vg, if necessary, we can assume that 1,7, ..., are rationally independent
and that Y = ‘“0 —i—ZJ 1 b 'y], aij €Z,bj; e N,i=r+1,... k. Let b; = H?:Hlbij and
cij = b for j =0,...,7. Then we claim that (q("), [g(n)] 2, [g(n)]3r) is w.d. mod 1 in

R Indeed, for any (co,cl, coy6p) € Z7PEN {(0,0,...,0)}, we need to show that
ay = CO—+Z +Zb v | an) = evi{aln)}
j=1
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is wd. mod 1. If ¢; =g =--- = ¢ =0, then a, = 32q(n), so obviously (ap) is w.d. mod 1.
Otherwise, (a,) is w.d. mod 1 by Lemma 3.3, since g(n) (52 +>_7_4 i Z;) and g(n) are Q-linearly
independent modulo Q[n] + R.

Thus if o > 0, then the set

A= {ne N {EE) < a2 <8 = 1....or)

has positive density. Now consider sufficiently small §. By Lemma 6.17, if n € Ag, then
(i) bolla(n)], so [|52[g(n)]]| =0
(i) [a(m)vg2ll = llatm)lgtaes |l < lllatn)]§ aijlei; < dlaijle;,

so for i > 7, [lg(n)l| < 6377, |aijlci;. Hence, A5 C {n € N | [[[g(n)]vill <ei=1,...,k}if
6 > 0 is sufficiently small.

Now we consider that g(n) satisfies the condition (b). Note that g(n)A is w.d. mod 1 for all
¢ éQ. Let v1,...,7 € R and € > 0. By reordering ~1, ..., v, if necessary, we can assume

that 1,v1,...,%, é are rationally independent and that v; = #© +Z] 1 Z” v;+ gt Lla; €2,

'Lr+1 O"

bi; e N,i=r+1,...,k. Let bj:Hz i1 big for j=0,. r+1andletb—b0br+1.

Note that (%, e [q(zz]%, @) is w.d. mod 1. Indeed, for any non-zero (c1,...,¢41) €
Z"+1 we need to show that
an =1 la(m)l +--tcr la()1 + Cr+17q<n)
by by b
s G Cr41 - Ci7i
- ( o ) o) -3 S (g}
i=1 " i=1 "

isw.d. mod 1. If ¢, =0 for all 1 < < r, then a, = CTT“q(n) is w.d. mod 1. Otherwise, by
Lemma 3.3 (a;,) is w.d. mod 1 since (Z C;)—;” + CTT“> g(n) and g(n) are Q-linearly independent
modulo Q[n]+ R. Note that if go(n) = 0 mod a then go(am+n) = 0 mod a for any m. So the
fact that go(n) is intersective implies that for each b € N, there exists d such that b|go(bn + d)
for all n € N. Let 6 > 0 be small. If n satisfies that 556 {q(bn+d)} < min{#, ﬂ+5} then

1. we have that {M} <1 s {Q(bn+d } < 3, thus by Lemma 6.17, [g(bn + d)] 52
(mod 1)

=0

2. we have that b|q0(bn+d) and B —6 < {g(bn+d)} < B+6, so ||[qbn+d)] || < ﬁ since

lalm)] s = B 4 L(8 — {q(m)}) for all m
Since <[q(2hl by [Q(nzh’“, @) is w.d. mod 1,
-0 1 0
A= (n e N b oo, 1HOL <5521, 228 < (20 < ing, 220
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has positive density for any ¢ > 0.

Now note that if ¢;; = (%, j=1,...,rand ¢ ;41 = 5 f+1 for ¢ > r, then
a 4 a a 1
i0 ij i,r+1
n)vi = n)l— + n)|—vy; +lgn)|———
i = lat)l5 ;[Q( g, lamlg=s
a . ¥ 1
o ,
= [Q(n)]# + Z[Q<n>]#aijcij + [Q(n)}b*az‘,rﬂci,rﬂ-
70 = j «
So if n € As then by Lemma 6.17,
. )
[lg(n)]vill < Zélazjlcij + W’az‘,r-s-l‘ci,r-s-l
j=1

so that |[[g(n)]y:|| < € if § > 0 is sufficiently small. Hence, for sufficiently small § > 0, Ay is
contained in the set £ = {n € N | ||[¢(n)]vi]| < €,i=1,...,k}, so E has positive density.

Now we are proving (i) = (v): There are two possibilities for ¢(n):

(1) g(n) = aqi(n) + B1, where «, 51 € R, a irrational, and ¢ € Z[z]

(2) q has two coefficients « and 3, different from the constant term, such that a/5 ¢ Q.

The second case corresponds to condition (a).

So it remains to show that for ¢(n) = aqi(n) + 51, where «, 51 € R, « irrational and ¢1(n) €
Z[n], there must exist § € [0,1] and an intersective polynomial gy € Z[n] such that ¢(n) =
aqo(n) + B. Let v = 1. Suppose that for each e > 0 there exists n € N such that [/[g(n)]1|| =
lgi(n) + (81 — {a)DL] = [[(B1 — {a(n)})L|| < e. This means that for infinitely many n
there exists k, € Z with |k, + (81 — {¢(m)} L] = [L(kna + B1 — {¢(n)})| < € such that
kna + f1 = {q(n)} + an € lan,an + 1), where a, € R, |an| < €|a|. Since this is true for
arbitrarily small € > 0, k,, = k eventually, so there must exist k € Z with ka + 51 € [0,1]. For
such a k, let 5 := ka + 51 and qo(n) := ¢1(n) — k.
It remains to show that go(n) is intersective. Let b € N with b > 1. For € > 0, there is
n € N such that both |[g(m)]2] = llao(n) + (8 — {a@LI = (8 — famNL] < ¢ and
Ilg(n)] & = H@ + (8= {a(n)}) |l < e. If € is sufficiently small, this implies that b | go(n).
Thus, go(n) must be intersective.

O

Remark 6.19 It follows from the proof of (i) = (v) in Proposition 6.18, that if {[¢(n)] : n €
N} is good for every translation on a two dimensional torus, then it is a set of recurrence. Is

it sufficient that {[qg(n)] : n € N} is good for translations on one dimensional torus?

44



In the following remark we discuss variants of the conditions appearing in Proposition 6.18

when one considers generalized polynomials along the primes.

Remark 6.20 1. If q satisfies the assumption (v) (a) in Proposition 6.18, then the same
argument as in the proof of Proposition 6.18 gives that {[q(p)] : p € P} is a nice FCT
set and a density FCT set.

2. Let qo(n) € Z[n] with go(0) = 0 and a # 0. Then for any a € N and any irrational
v, (qo(Prn, — 1)Y)neN is uniformly distributed mod 1, where p, is the increasing sequence
of prime numbers in the congruence class 1 + aZ. (See Theorem 1.2 in [BLes].) Then
one can employ similar argument as in the proof of Proposition 6.18 to derive that the
sequence ([aqo(p — 1)])pep satisfies the assumption in Theorem 6.15, which implies that
{lago(p — 1)] : p € P} is a nice FCt set and a density FCT set. Similarly, so is

{lago(p+1)] : p € P}

3. It may not be easy to find a condition like the assumption (v) (b) in Proposition 6.18 for
{la(p)] : p € P} and {[q(p —1)] : p € P} to be a nice FCT set or a density FC* set. For
example, let us consider qo(n) = n? + 4n — 12. We claim that qo(n) is an intersective
polynomial. To see this, let f(n) = qo(4n +2). Then f(n) € Zn] with f(0) =0, so f(n)
is intersective and so is qo(n). Now let q1(n) = {5qo(n), where a is a positive z'rmtz'onal
number satisfying 1 < 3. Note that [q1(n)]L = scq0(n)—L1{&q(n)} and || Lq(n)|| > 16
ifn ¢ 4Z+2. So {[q1(p)] : p € P} is not a set of recurrence for the translation by *.
Similarly, if we take q2(n) = $(n® + 2n — 3), where « is a positive irrational number
satisfying 1 < <, then we can check that we also can see that {[g2(p—1)] : p € P} is not

a set of recurrence for the translation by é

6.3 An assortment of examples pertaining to recurrence

The goal of this short final subsection is to present some additional examples dealing with
recurrence properties of generalized polynomials. We say that a sequence (x,)nen C Z is good

for (averaging) recurrence if the set {z, | n € N} is a set of (averaging) recurrence.

Example 6.21 There exists an adequate generalized polynomial g which is good for recurrence

for cyclic systems but not good for recurrence for a translation on 1-dimensional torus.

It follows from Proposition 6.18 that for «, 8 € R\ {0}, where « is irrational, g(n) = [an + S
is good for recurrence if there exists k € Z such that § — ak € [0,1]. If this condition is not
satisfied, then, for any l € N, there still exists n for which 0 < {%} < % such that l|[an+ B].
So q(n) is good for recurrence for any cyclic system. However, if a = /11 and B = 2 then

[\/>n+2] {rn}— (mod 1)

T
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and \/% < \/% — {\/lln}\/% < \/%, which shows that [v/11n + 2] is not good for recurrence

: 1
for the translation on the one-torus by Nk

One can show that the generalized polynomial ¢(n) = [[v/2n]v/2] is good for recurrence for trans-
lations on 1-dimensional torus. Indeed, for each 8 € R and € > 0, {n € N : ||[[v2n]v2]8]| < €}
is of positive density. However, [[v/2n]v/2], n € N, is not good for recurrence for translations

on 2-dimensional torus. The following example establishes a similar fact for any d.

Example 6.22 Let a,...,aq+1 be irrational numbers such that 1, a4, ..., 0441 are Q-linearly
independent and 1 < a; < % forallj=1,2,...,d+ 1. Let gj(n) = [[o;jn] 2] - (2n —2).

Qg

d+1
d-dimensional torus, but not good for recurrence for translations on (d + 1)-dimensional torus.

gj(n) = { L dognd < 5

Define q(n) = 4n—4+5 [L ;li% qj(n)} . Then q(n) is good for recurrence for translations on

Proof: Note that

0, otherwise .

Thus,
an+1, {an} <% forallj
aln) = o = 5
4n — 4, otherwise .

If {ayn} < G, then (4n+1)% =noy + 4. Since 1 <a; < 3, 1 <{dn+1)%} < 20, < L.
If {ajn} > %, then (4n — 4)%L = noy — ;. Note that

1 .

5 <1-L < {nas} —{ag} <1—{ay},
since 1 — % = 5 — (o — 1). So we have ||(4n —4)% || > min(}, {oy}). Hence q(n) is not good
for translation by (4, ..., “4=).

Now let us show that q(n) is good for recurrence for translations on d-dimensional torus. For
giwen Bi,...,B4, we can find vi,...,7s with s < d and some | such that 1,v1,...,7s,0q are
rationally independent and B, ..., Bq € spang{l,71,...,7s}. Let Bi = ajo + > r_1 QikYk, where
air, €Q for1 <i<dand 0 <k <s. Since 1,71,...,7s, qq are rationally independent, the set
{n:{agn} > G, (4n — 4)a € Z for all i, |(4n — 4)aijv;l| < 6 for all i, j} is of positive density
for any § >0, so the set {n : ||q(n)B;|| < €,j=1,2,...,d} is of positive density for any € > 0.

O

Example 6.23 There are examples of ¢ € GP such that {q(n) | n € N} is a set of recurrence
but is not an averaging set of recurrence. See (a)-(c) below.
A real number B € R is a Liouville number if for any | € N there exist infinitely many n for

which 0 < |[nf] < # Liouville’s constant, o = > 322, 1077", is a Liouville number such that
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0 < {an} < L for infinitely many n € N. Let

1
Sa:{neN]O<{om}<ﬁ}.

The set S, has density 0 since the sequence an is w.d. mod 1 so that for any k € N the set
{n € N |{an} < 1} has density 1. We can see that S, is a set of recurrence since it contains
arbitrarily long arithmetic progressions starting at 0*3: For let 1l € N and m € N, m > [, be
such that 0 < {am} < # < ﬁ Then for alli=1,2,...,1, mi € S,.

Let B € R be irrational and let

1 if{fon} <1

0 otherwise

v(n) = [1 = {[{an}n]f}] = {

The following generalized polynomials q1,q2,q3 are good for recurrence since S, is a set of
recurrence. However, none of them is good for averaging recurrence since the set of values of
the generalized polynomials on N\ S, is not a set of recurrence and N\ S, has density 1. Note

that qo and q3 are adequate, but q; is not.

n if {an} <1

0 otherwise

(¢) qi(n) = v(n)n = {

n if Lan 1
() aaln) = vlmn+ (1= v()[[V2n)V3] = { v ot
2n? if {an} < L

(¢) g3(n) =2n* —1+w(n) = {

2n2 —1 otherwise
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