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1. Introduction

Mathematical models of the interaction dynamics of disparate space and time scales
in fluid flows remains one of the most active research areas, emboldened not just by the-
oretical considerations but also by practical applications such as the need to understand
the dynamics of Earth’s oceans and atmosphere in the context of global climate change.
Incorporating fine-scale perturbations into the fluid motion equations and then ana-
lyzing their effects on the coarse-scale flow has become one of the primary objectives of
mainstream fluid models, particularly in the last two decades. Approaches toward this ob-
jective include deterministic perturbations [66,37,50,58,67] and stochastic perturbations
[57,53,63,56,59,52,64,6,54,47,51,46,3,27,65,62]. Such perturbations can be exogenously
introduced into the fluid model to account for (possibly unknown) external forces. They
can also be introduced endogenously, for example, to model the effects of unresolved fast
sub-grid scale physics or other uncertain processes. In geophysical fluid dynamics, this
trend has led to many numerical developments, including the introduction of parame-
terization schemes used to represent model uncertainties in the interaction of disparate
space and time scales to improve the probabilistic skill of the ensemble weather forecasts
[64,3,65,14,15,61,60,16].
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Many fluid equations can be characterized as critical points of action functionals
[1,42] that incorporate fluid physics via a Lagrangian whose kinetic energy is defined in
terms of velocity vector fields which are right-invariant under the diffeomorphisms and
whose potential energy is defined in terms of advected quantities which evolve under
pushforward by the flows generated by these vector fields. Perhaps the most well-known
fluid model that arises in this manner is the perfect incompressible Euler system [1],
which describes geodesic flow on the manifold of diffeomorphisms endowed with the H*-
topology, s > %l + 1, with respect to the weak L2-metric defined by the fluid kinetic
energy, [28].

A natural framework for introducing parameterization schemes into fluid models that
arise from variational principles is through the introduction of a parameterized per-
turbation at the level of the Lagrangian in the action functional. Critical paths of the
parameterized action functional then satisfy modified fluid motion equations that pre-
serve the fundamental properties of the unperturbed model inherited from the variational
principle. In particular, variational parameterization schemes for fluid models possess a
Kelvin-Noether theorem which governs their circulation dynamics, as well as any other
conservation laws arising from unbroken Lie symmetries of the original model [42]. The
stochastic setting for this variational approach was introduced in [46], and many further
developments of it have been made subsequently, [32,26,25,62,14]. In [18], the present
authors extended [46] to obtain a class of variational principles for fluid dynamics on ge-
ometric rough paths [49,31,29]. This extension to geometric rough paths was achieved by
constraining the advective transport equation to incorporate a temporally rough vector
field. Critical points of the corresponding action functionals satisfy a system of rough
partial differential equations (RPDEs) whose dynamics incorporate both the resolved-
scale fluid velocity and the modeled effects of the unresolved fluctuations. The paper
[18] provides a bridge between fluid dynamics and rough path theory. It draws upon
knowledge from both areas, and we hope that it will impact both areas.

In this work, we consider Euler’s equations for perfect incompressible fluid flow on
geometric rough paths. It was shown in [18, Section 4.1 and 4.2] that this system is a
critical path of the Clebsch or Hamilton-Pontryagin action functionals and satisfies a
Kelvin circulation balance law (see, also, Section 3.2.2). On the d-dimensional torus T ¢,
the rough Euler system is given by

du+u-Vudt — £ udZf = —dVg, —dh; on (0,T] x T4,
divu=0 on [0,7] x T4,

JrauwdV =0, [r.qdV =0 on [0,T],

u=1ug, ¢=0, h=0 on {0} x TY,

where Z = (Z,Z) € Cb~*"(R1;R¥) is an R¥-valued geometric rough path with vari-
ation p € [2,3), £ : T? — {R4}¥ is a collection of sufficiently smooth divergence-free
vector fields, and ;Ezku = —(&l0pu’ + 1 0,:&] )e;. Equation (3.1) is to be solved for an
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unknown divergence and mean-free vector field (velocity) u : [0,7] x T? — R9, mean-
free scalar field (‘time-integrated’ pressure) ¢ : [0,7] x T¢ — R, and harmonic constant
(time-integrated) h : [0,7] — R?. The pressure ¢ and harmonic constant h should be
understood as Lagrange multipliers associated with the divergence-free and mean-free
constraints, respectively. The present paper aims to establish the local well-posedness of
equations (3.1) in L?-Sobolev spaces H™ with integer regularity m > |d/2] + 2.

The p-variation of the rough path provides a measure of roughness: the higher the
value of p, the rougher the path. See Definition 2.1 for details. The analysis of the Euler
equation perturbed by a bounded variation path (i.e., p = 1) follows the same steps
as that of the (unperturbed) Euler equation (see, e.g., [5, Chapter 3] and [4, Chapter
7]). We refer to [5, Notes for Chapter 3] and [4, References and remarks for Chapter 7]
for a historical account of the solution theory for the deterministic incompressible Euler
equations.

For p > 2, the classical integration methodology is no longer applicable and we enter
the realm of rough path theory (see e.g., [29]). In this paper, we treat rough path per-
turbations with p € [2,3), in the first non-trivial regime. A similar treatment is possible
for paths with variation p € (1,2) (i.e., the Young integration case) and p > 3.

The case p = 2 includes the incompressible stochastic Euler system driven by Brow-
nian motion. See, for example, [55,36,8,17,7,48] for a non-exhaustive selection of papers
covering various types of incompressible stochastic Euler systems. Having eliminated the
need for stochastic integration, the RPDEs retain a pathwise interpretation. Unlike in
the stochastic setting, though, no Burkholder-Davis-Gundy inequality is available to es-
timate the rough integral. Consequently, we will apply the method of unbounded rough
drivers [9] (explained below). This method will enable us to establish a Wong-Zakai ap-
proximation for the solution. In addition, we will give an interpretation of the solution as
a bona fide random dynamical system [13]. It is worth mentioning that it is possible to
prove Wong-Zakai approximation results for SPDEs driven by Brownian motion without
the use of the rough paths (see, e.g., [38,11]).

Our work also includes a solution theory for fractional Brownian motion driven equa-
tions, which enables memory effects to be introduced through our formulation. In our
previous work [18], we explained how fluid models on geometric rough paths can be used
in the context of stochastic parameterization schemes and uncertainty quantification
(see, e.g., [14—16]. Our results also set the stage for investigating numerical schemes and
developing geometric rough path parameterization schemes for fluid models to account
for additional properties such as unknown Lagrangian trajectory roughness and system
memory.

An intrinsic theory of transport-type RPDEs was developed in the papers [9,22]. In
[9], the authors use a priori estimates based on Davies’ type expansions [21], doubling
of variables, and commutator estimates in the spirit of DiPerna-Lions to establish well-
posedness and the analog of the renormalization property. In contrast, the authors of [22]
use a generalized Feynman-Kac formula and forward-backward duality type arguments.
The method of unbounded rough drivers was extended in [23] to RPDEs with non-
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linear drift terms, which influenced a series of papers [39,43,40,41,44,34,33,45,19,30]. The
most relevant to our current study are the papers [40,41,30] on the rough Navier-Stokes
equations.

In [40], a rough Navier-Stokes equation with a pure linear rough transport perturba-
tion &-VudZF was considered, which at the formal level, conserves energy. At the present
moment, the only method the authors know to obtain estimates (after passing to the
limit) and the uniqueness of solutions of rough transport type PDEs in the highest spatial
norm for which one has a uniform bound in time is through the method of doubling vari-
ables and commutator estimates. Unfortunately, the incompressibility constraint present
in the velocity formulation makes it challenging to obtain solution estimates using this
method. In [40], the existence of “weak” solutions (i.e., u € L2([0,T]; H)NL> ([0, T]; L?)
was proved in 2d and 3d by establishing an energy equality along a smooth-noise approx-
imating sequence, and thereby deriving an energy inequality for the solution by passing
to the limit. In dimension two, uniqueness, continuity in L2, and an energy equality were
only proved in the special case of constant vector fields & because of the difficulty that
arises from the incompressibility constraint. It is worth noting that for constant £, scalar
linear transport agrees with Lie transport.

In [41], a Navier-Stokes equation with Lie-advection in the noise, as in the present
paper, was considered. In contrast with [40], the vorticity formulation of the Lie-advected
equation does not include projections, which facilitated the use of the doubling of vari-
ables technique for “strong” solutions (i.e., u € L2([0,T]; H?) N L>([0,T]; H') (see
Remark 3.6). In [41], the local existence of strong solutions was proved in dimension
three, and global existence and uniqueness was proved for strong solutions in dimension
two. Additional regularity was not investigated, and a rough version of an Aubin-Lions
type compactness result was used in the proof of existence.

The present paper expands the scope of the theory of unbounded rough drivers. The
main tool from this theory is Theorem 4.1, which extends the usual Davies’ remainder
estimates for RDEs to RPDEs with linear rough transport structure. As in [41], we
make use the vorticity formulation to obtain solution estimates. In the absence of the
smoothing effect of viscosity (cf., [41]), we need to obtain bounds on the higher-order
derivatives of the solution. Specifically, in Section 4, we derive a system of equations for
the vorticity and its derivatives up to order m with m > |d/2| + 2, which has a linear
rough symmetric transport structure. We then derive an equation for the square of this
system and apply Theorem 4.1. Next, we obtain solution estimates by applying a rough
version of Gronwall’s lemma (see Appendix B). The additional regularity of the solutions
allows us to avoid using doubling-of-variables (used in e.g., [9,23,41]) at the expense of
having to assume £ is slightly more regular whenever continuity in time in the highest
norm is needed. This simplifies many of the techniques needed for obtaining a priori
estimates (see Remark 4.3). As a result of the additional regularity, we use Arzela-Ascoli
to obtain compactness, rather than Aubin-Lions as in [40,41]. In Section 6.2, we show
how to construct a maximally extended solution in the rough path setting, which as far
as we are aware is a new result. Further extensions of this work to bounded domains
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with boundary conditions is the subject of future research. However, the extension to
bounded domains will encounter technical difficulties involving, for example, the method
of doubling of variables, or applying the equation for the square of the vorticity when
boundary conditions are present (provided additional regularity is known).

Description of results. The goal of the present paper is to establish solution properties
of the rough incompressible Euler system given in equation (3.1). Theorem 3.7 states that
for an initial condition of Sobolev regularity H™ with m > L%j + 2 there exists a unique
H™ solution of the d-dimensional rough Euler system on the interval [0, T%], where the
time T, > 0 depends on the initial condition of the equation, the driving rough path, and
the coefficients of the rough driver. This solution can be extended to a unique maximal
solution (Corollary 3.8). Theorem 3.9 gives a blow-up criterion in terms of the L} LS°-
norm of the vorticity, which extends the well-known Beale-Kato-Majda criterion [10]. In
dimension two, we show that the LP-norms of the vorticity are conserved for all p € [2, o]
and thereby establish global well-posedness (see Theorem 3.10). Corollary 3.11 states that
the solution, the pressure term, and harmonic constant are jointly continuous as functions
of the initial condition, the driving rough path, and the coefficients of the rough driver.
In Section 3.2.1, we discuss applications of our results to stochastic partial differential
equations (Sades), including Theorem 3.13, which gives a Wong-Zakai approximation
result for the corresponding Stratonovich driven SPDE. In Section 3.2.2, we explain how
our main results yield critical points of the Clebsch and Hamilton-Pontryagin action
functionals introduced in [18]. To do this, we derive a generalized Weber representation
formula (3.19) of smooth (in space) solutions.

Structure of the paper:

e Section 2 introduces the basic notation and summarizes the standard results that
will be required throughout the paper.

e In Section 3, we formulate the rough incompressible Euler equation in velocity form
and as well as vorticity form and state the main results of the paper: local well-
posedness in any dimension, the Beale-Kato-Majda blow-up criteria, global well-
posedness in 2d, and continuous dependence on data. We discuss various applications
to stochastic equations, including a Wong-Zakai approximation result. Finally, we
explain the correspondence of solutions with critical points of the action functionals
presented in [18].

e Section 4 contains a priori estimates for remainders, the solution, and differences of
solutions.

e Section 5 contains the proof of local well-posedness.

e Section 6 contains the proof of the remaining results.

e The appendices A and B contain technical results that are used in establishing the

a priori estimates.



D. Crisan et al. / Journal of Functional Analysis 283 (2022) 109632 7

Acknowledgments

All of the authors are grateful to our friends and colleagues who have generously of-
fered their time, thoughts, and encouragement in the course of this work during the time
of COVID-19. We are particularly grateful to T. D. Drivas for thoughtful discussions, es-
pecially an interesting discussion regarding Section 3.2.2. We also thank the anonymous
referee for the helpful comments and constructive remarks on this manuscript. DC and
DH are grateful for partial support from ERC Synergy Grant 856408 - STUOD (Stochas-
tic Transport in Upper Ocean Dynamics). JML is grateful for support from US AFOSR
Grant FA9550-19-1-7043 - FDGRP (Fluid Dynamics of Geometric Rough Paths) and
AFOSR Grant FA8655-21-1-7034 - RPFD (Rough Path Fluid Dynamics). TN is grateful
for partial support from the DFG via the Research Unit FOR 2402.

2. Preliminaries
2.1. Basic notation, function spaces, and inequalities

Let d € {2,3,...} and T¢ = R?/(27Z)? = (S*)¢ denote the d-dimensional flat torus.
The Riemannian covering map 7 : R¢ — T? induces global orthonormal frames {9,: }¢_,
and {dz'}¢_, of the tangent TT? = T x R? and cotangent bundle T*T? = T< x (R%)*,
respectively, and a normalized Haar measure dV = Vol(T%)~tdz! A --- A dxd.

Let V denote an arbitrarily given finite dimensional real vector space with inner
product (-,-)y and norm | - |y-. Denote by C°°(T<%; V) the Fréchet space of smooth V-
valued functions on T?. For given m € N, let C™(T?; V) denote the Banach space of m-
times continuously differentiable V-valued functions on T¢. We will blur the distinction
between 27-periodic functions and functions on T¢. Let £(R%; V) denote the space of
linear maps from vector space R? to V and D : C®°(T% V) — C=(T%; L£(R%; V) denote
the derivative operator. Let A : C=(T% V) — C°°(T%; V) denote the Laplacian, which
is defined by Af = 92, f. Here and below we use the convention of summing repeated
indices over their range of values.

For given p € [1,00], denote by LP(T% V) = L?((0,27)% V) the Banach space of
equivalence classes of V-valued of LP-integrable functions on T¢ with norm | - |r»,. We
denote by (-, )72 the inner product on the Hilbert space L?(T%; V). Since it will always be
clear from the context where a function takes its values, we drop the dependence of norms
and inner products on V. It is well-known that the sequence {1}, cz¢ C C®(T%; C)
defined by for all n € Z¢ and x € T by 9,,(z) = €™ forms an orthonormal basis of
L3(T4;C).

Denote the Fourier transform ¥ : LY(T%V) — ¢2°(Z% V) by Ff(n) = f(n) =
Jpa ftndV and its inverse F1 ¢ 1°°(Z2% V) — LY(T4 V) by F*f = Y onezd F(n)y,.
Let S(Z4V) = {{entneze CV i sup,eza(l + [n))V|en| < 0o, VN € N} denote the
Fréchet space of rapidly decreasing multi-sequences. It follows that F : C=(T% V) —
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Sz V), F71:8(Z4 V) — C*°(T% V), and moreover that F extends to an isometric
isomorphism F : L2(T4 V) — £2(Z%; V).

Denote by O'(T4V) = {f : C®(T%4C) — V; fislinearandcontinuous} the
Fréchet space of V-valued distributions. Equivalently, 2/(T9; V) may be characterized
as 2m-periodic distributions ©’'(R%; V) or as distributional Fourier series. Indeed, the
Fourier transform extends via duality to an isomorphism F : /(T4 V) — S'(Z% V),
where S"(Z%V) = {{ca}neza C V : IN € Ns.t.sup,eza(l + [n]) Ve, < oo}
denotes the space of slowly increasing multi-sequences. Clearly, for all p € [1,00),
C®(T4 V), LP(T%4 V) € (T4 V). The differential operators 9%, D, and A extend
to distributions via duality.

Denote by c> (T4 V), ip(']Td; V), and f)'(Td; V') the corresponding subspace of dis-
tributions f with f(0) = 0. If f € D/(T% V) is such that Af = = 74 |n|>f(n)¢y, =
0Oy (i.e., harmonic), then f(n) = 0 for all n € Z% — {0}, which implies Ker A = V.

For given s € R, define (I — A)™2 : O/(T% V) — D'(T% V) by

(I=2)75f =Y (m)*f(n)yn,

neZa

|

where (n) = (1+|n|?)2. Let s € R and H*(T% V) = (I — A)~2L2(T% V) denote the
Bessel potential spaces, which are Hilbert spaces with inner products and norms given
by

N

(fogme = | D (m*(f(n), a(n)v and | e = | Y (n)" f(n)en

nezd nezZd L

The duality pairing (-, -)gs : H=*(T% V) x H*(T% V) — R given by

(foghms = (I = D)73f,(I - A)2g)re

induces an isomorphism H~*(T% V) = H*(T% V). It follows that for all m € Ny,
H™(T%4V) = {f € LA2(T%HV) @ Y gcpem D f|2: < oo}. For m € N, denote by
W™ (T% V) the Banach space of functions f € L>°(T% V) such that |f|yme :=
Max(<|a|<m [0 f|Le < 00. ) A

For given s € R, we let H*(T% V) = {f € H*(T% V) : f(0) = 0y} and for m € Ny,
let Wm(T4V) = {f € W(T4V): f(0) = [pa fdV = 0y}

Henceforth, we use the notation <

~

c1,....cq tO denote less than equal to up to a constant
C = C(cy,...,cq) depending only on parameters cy, ..., cq. Throughout the paper, we
will make regular use of the following facts:

e For given N € N, define P<y : D'(T4V) — C®(T4V) by Poanf =
Z\nISN F(n)iy. If 59 < s1, then for all f € H*(T%V), |P<n flass < N°27%| flgso
and for all f € H(T% V), |(I = Pex)flaren < N5 f] 1o
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o If s > %+ m for some m € Ny, then C™(T%; V) C H*(T4 V).

« (Poincaré) For all f € H*Y(T% V), |flgs Sa.s |Df|ge. Forall f € Wmtheo(Td: V),
‘f|W7n,o¢ Sd,m ‘Df‘W?n,oo.

o For all my,my € Ng and f,g € L>®(T% V)N H™*™2(T;V),

ID™ FIID™2gl|2 Samyma | floee|glamieme + [flamiime|glee. (2.1)

e Forallm € Ny, f € L®(T4 V)N H™YT;V) and g € L>=(T% V)N H™(T;V)

S 10°(Vg) — F0°Vglie Sam (VS lielglin + [ flamlglis) . (99

0<|o|<m

Let (E,| - |g) be an arbitrarily given Banach space. For an interval I C Ry, denote
by C(I; E) (resp. Cy(I; E)) the space of continuous (resp. weakly-continuous) E-valued
functions. For p € [1, o0], let LP(I; E) the Banach space of equivalence classes of E-valued
LP-integrable strongly measurable E-valued functions on I.

2.1.1. Hodge and Helmholtz decomposition and the Biot-Savart operator

Let {e;}¢_, denote the standard basis of R? and let {e'}¢_; denote the dual basis. We
identify vector fields u = u*0,: € T'(T% TT?) with R%valued maps v = u'e; : T? — R?
and k-forms a = Zi1<-~~<id iy i dzt Ao Adate € T(T9 ART*T?) with A*(R9)*-
valued maps a = Zi1<___<ik iy i€ A Atk i T4 — A¥(R)*. Denote by b the map
that sends vector fields to one-forms given by v’ = w;e’, where u; = u’ since the metric
is locally Euclidean. Let # denote the inverse of b.

For a given diffeomorphism ¢ : T¢ — T% and o € T'(T%; A*T*T ), denote the pullback
and pushforward by

¢*a =kl Z .y O 0,0, ¢j1 o Oyin ¢jkei1 NN
i< <iige
J1<-<Jk
and ¢.a = ¢~ H*q, respectively.

Denote by d, §, and —A = dé + dd the exterior derivative, co-differential (i.e.,
adjoint of d), and Hodge Laplacian operators, respectively. In particular, using the
above identification, for f € D(T%RY), a € D'(T% (RY)*), w € D/(T A2(RY)*), and
v € D (THAYRY)Y),

df =9,ife', da= Z(@xiaj — Ogia)et Neé,
i<j
dw = Z (8Iink — Opiwik + ﬁzkwij)ei Aed A ek,
i<j<k
0f =0, da=-0,q; Oow= &ﬁjwijei, oy = — Zawk’)/ijlei Ael,

i<j
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—Af = —(’ﬁjf, —Aa = —[“)ijaiei, —Aw = — ikwijei Ael.
We recall that d¢, = ¢.d, d?> =0, and 62 = 0.

Let s € R be arbitrarily given. For arbitrarily given o € H*(T% A*(R%)*), k €
{0,1,2}, there exists a unique 8 € H¥F2(T%; A*(R?)*) such that —AB = o — &(0) given
by B = (—A)"(a—&(0)) = X, cza In|~2&(n)1p,, which yields the Hodge decomposition

a=diég+6dp + a(0) = do(—A) " (a — &0)) + od(—A) " (a — &(0)) + &(0).
Let

H (T4 ARRY*) = dE*TH(TY AP Y (RY)Y) = {a € H3(TYAPRY)*) : da = 0},
which is understood to be 0 if k = 0,

FI3 (T4 AR (RY)") = 6EF1 (T4 AFFLU(RY)") = {a € B5(T% ARRY)) : da = 0},

and H* = Ker A = AF(R%)*. Thus, we obtain the following orthogonal decomposition
for k € {0,1, 2}:

H (T4 AMRY) = Hy(TEAMRY) @ H3 (T AR ) o 1Y (23)

For given u € D'(T%R?), denote divu = d,:u’ = Oyiu; = —0u’. Moreover, let

H(T4RY = {u e H(THRY) : divu = 0},
W (THRY) = {u € W™(T%RY) : divu = 0},
C2(T%4RY) = {u e C®°(T4RY) - divu = 0},
DL(T%RY) = {u e D(THRY) : divu = 0}

Henceforth, we will simply write H S, Wwrmee, C’;’C , and D", Applying the sharp operator
f to (2.3) in the case k = 1, we derive the d-dimensional Helmholtz decomposition of
vector fields:

H*(T%RY) = VE*T(T%R) ® H:(T%RY) & R%
Let Q € L(H(T%RY); VA (T4R)), P e L(H(T4RY); VHS), and H € L(H*(T%
R%); R?) denote the projections associated with the decomposition so that I = P+Q+H.

Let

BS = #(~A)"'6 = 15(~A) !
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denote the inverse of db : H:TY(T4R?Y) — H(T% A%(RY)*). The operator BS is
called the Biot-Savart operator. Owing to Propositions 7.5 and 7.7 of [4], for all
w e H*1(T? A2(R%)*) such that s > 441, we have
|BSOJ|HS Sd |V BSw|H5—1 Sd,s |OJ|H5—1 Sd,s |I_3)S(,g)|Hs7 (24)
IVBSw|pe Sas In(e+ |w|gs—1) [w|pe, Yw e H (T A%(RY)*). (2.5)
2.1.2. The Lie derivative
Let s > % + 1 so that |V f| =~ < oo for all f € H*(T% V). For v € H*(T%R?) and
k € {0,1,2}, the Lie derivative &£, € L(H*(T% A*(R%)*); H>~1(T%; A*(R?)*) acts on
fe H(T%R), a € H(TY (RY)*), w € H(T%A*(RY)*) by
Sof =v-Vf=v10,f, Spa = (V104 + ajOyiv? e,
£ow = Z(vqazqwij + wgO0piv? + wiqaquﬂ)ei Ael.
1<j

Indeed, it is a direct consequence of (2.1) that the range of the Lie derivative lies in
H*~'. A simple computation shows that d£, = £,d. Moreover, if dw = 0, then

£u0 = 3 (0us(07045) = Oy () € A = (v, )],

i<j

which is just a special case of Cartan’s formula.
The Lie derivative and covariant derivative £,,V, = v -V € L(H*(T% A*(R?)*);
H* (T4 RY) act on u € H*(T%R?) by

£ou = (V0u’ —uwdyv)e;, Veyu=wv-Vu=1v'9,,u'e.

Stoke’s theorem implies that for all w,u,v € H*(T%; RY),

(£pw,u)p2 = — /wi(vjaﬂui + ' divo 4+ w07 )dV =: (w, £Fu) 2.
Td

In particular, if dive = 0, then

£5u = — (00’ + ul 0yv7)e;
and
—£ru=4L,0" = —dbEiw=dEu’ = —£,du’, (2.6)
P£iu = P£:Pu. (2.7)

Moreover,
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u-Vu=—£iu+271V]u (2.8)

If d = 2, then the Hodge Star (see, e.g., Section 6.2 of [2]) map % : H*(T%; A2(R?)*) —
H*(T?2;R) defined by & = w3 is an isomorphism and for all v € H2(T%;R%), we have

*£yw = &£y *w=v-Vw. (2.9)

Moreover, if d = 3, then the Hodge Star map £« H*(T%; A2(R3)*) — H*(T3;R3) given
by #xw = wazes + w31 + wiges is an isomorphism and for all v € H2(T%; RY), we have

fx£ow =L *w = [v,f*w]. (2.10)
2.2. Geometric rough paths and the sewing lemma

For an arbitrarily given closed interval I = [a, b], denote
Ar:={(s,t)€I*:5<t} and A?:={(s,0,t)cI®:5<0<t}.

If the interval I = [0,T], we write Ap = Aj.
Let (E,|-|g) be an arbitrarily given Banach space with norm |- |g. We say a two-
parameter function g : Ay — E has finite p-variation for some p € (0,00) on I if

Hp—1 v
|g|p—var;I;E = sup ( Z |gtiti+1 %) < 00,
=1

p=(t:)eP(I)

where P(I) is the set of all finite partitions of I and #p denotes the number of points in a
given partition p € P(I). Denote by CY™ ¥ (I; E) the set of all continuous functions with
finite p-variation on I equipped with the seminorm | - |,—var.1;5. Denote by CP~V*'(I; E)
the set of all paths z : I — F such that 6z € CY " (I; E), where

0zst := 2t — 25, (S,t) € Aj.

For an arbitrary interval I C R that is not necessarily closed, denote by C3 ™ (I; E)
the set of all continuous functions g : A; — E such that there exists a countable sequence
of closed intervals {I;} such that Uyl = I and g € CF " (I}; E).

A continuous mapping @ : Ay — [0,00) is called a control on I if w(s,s) = 0 for all
s € I and if for all (s,0,t) € AZ

w(s,8) + w(0,t) < w(s,t),

which is referred to as superadditivity. If c; and wy are controls, then for all a;, 5 € R
such that a« + 3 > 1, w{’wg is a control (see, e.g., [31, Ex. 1.9]).
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If g € CY7™(I; E) for a given p € (0,00), then wy : A; — [0,00) defined for all
(S,t) € Ay by

Wy (5’ t) = |g|g—var;[s,t];E

is a control (see, e.g., [31, Prop. 5.8]). Moreover, it is straightforward to check that for
all (s,t) € Ay

inf{w(s,t)% : wisacontrols.t.|gre|g < @ (7, 9)%, V(r,0) € A},

is an equivalent semi-norm on CY™ "' (I; E).
For an arbitrarily given two-index map g : A; — R, define the increment operator

6gst9t = Gst — 9ot — gs0, (5, 0, t) € A%

We will now give the definition of a rough path and geometric rough path. We refer the
reader to [49,31,29] for more thorough expositions.

Definition 2.1. Let K € N and p € [2,3). A p-variation rough path is a pair
Z = (Z,Z) € CP~¥* (I;RY) .= OB (I;RK) x CF ™" (I; RE*K)
that satisfies the Chen relations
6749 =0 and 0Zgp = Zsg @ Zoy, V(s,0,t) € A2, (2.11)
For an arbitrarily given Z € CP~¥2*([0, T]; RX), denote
wz = inf{w : wisacontrols.t.|Zy| < w(s,t) and |Zy| < @(s,t), V(s,t) € Ar}. (2.12)

Given a smooth path z : I — R we define its canonical lift Z = (Z,Z) €
v ([0, T RX) by

t
Zgy =0z and Zg := /ZS,, ®dz,, (s,t)el.

S

An element Z = (Z,Z) € CP~v¥(I;RK) is said to be geometric if it can be obtained
as the limit in the product topology of a sequence of rough paths {(Z™,Z™)}52, that
are canonical lifts of smooth paths 2" : I — R¥. We denote by Ch—var(I; RE) the set
of geometric p-variation rough paths and endow it with the product topology. Finally,
we denote by C5~¥(Ry;R¥) the corresponding Fréchet space of pairs Z = (Z,Z) :
Ajg,00) = RE x REXE belonging to Cfg’_var([O,T];]RK) for all positive T'.
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The following lemma, referred to as the sewing lemma, lies at the very foundation of
the theory of rough paths. The proof is a straightforward modification of [23, Lemma
1.2] or [29, Lemma 4.2].

Lemma 2.2 (Sewing lemma). Let wy and we be controls on I. Let L € (0,00), ¢ € [0,1)
andp > (. Assume that h € C5 " (I; E) is such that for all (s,u,t) € A? with @y (s,t) <

2,loc

L,
0hgut| < wa(s,t)t.

Then there exists a unique path Th € CP~V*(I; E) such that Th, =0, Ah:=h —0Ih €
C$ (I E), and for all (s,t) € Ap with @ (s,t) < L,

2,loc
|(Ah)| < Cetma(s, 1%, (2.13)
for a universal positive constant C¢. Moreover, for all (s,t) € Ay,

#p—1

5Thy — li hoo
t |p:|lr—I>10 ; titit1

where the limit is understood as a limit of nets over finite partitions p € P([s,t]) of the
interval [s,t] C I partially ordered by inclusion with mesh size |p| tending to zero.

3. Main results
3.1. Formulations of the rough incompressible Euler system

Let d € {2,3,...}, K € N, p € [2,3), and m € N be such that m > m, := [ ] + 2.
For an arbitrarily given initial condition ug € I—DI(T, geometric rough path Z = (Z,Z) €
Ch V(R RE), and collection of vector fields & € (W™ +2:°)K  we consider the rough
incompressible Euler system given by

du+u-Vudt — £, udZf = —dVg, —dh, on (0,T] x T4,
divu=0 on [0,7] x T4,

JrauwdV =0, [r.qdV =0 on [0,7],

u=wup, q=0, h=0 on {0} x T

(3.1)

where (see Section 2.1.2) £¢, u = f(giﬁmj u® + ujawifi)ei. Equation (3.1) is to be solved
for an unknown divergence and mean-free vector field (velocity) u : [0,T] x T¢ — R4,
mean-free scalar field (‘time-integrated’ pressure) ¢ : [0,7] x T¢ — R, and harmonic
constant (time-integrated) h : [0,7] — R<. The pressure ¢ and harmonic constant h
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should be understood as Lagrange multipliers associated with the divergence-free and
mean-free constraints, respectively.

In contrast to the unperturbed system (i.e., £ = 0 or Z = 0), the system (3.1) does
not preserve the mean of the initial condition if the £’s are not constant in space due to
the term v/ 0, 52. Indeed, upon formally integrating (3.1) over T, all other terms vanish
due to the periodic boundary conditions. Thus, the Lagrangian multiplier h is required
to enforce the constraint that the velocity u remains mean-free. It is worth noting that
we impose the mean-free constraint because it simplifies our analysis. For details on how
to avoid this assumption, we refer to [41], which establishes the existence of a strong
solution of the associated viscous version of equation (3.1).

Applying the divergence and mean-free projection operator P to (3.1), we find

{du+P(u-Vu) dt — P£Z udZf =0 on (0,T] x TY, (RE)

u=muy on {0} x T

which is to be solved for u : [0,T] — H. We will now define the notion of solution of
(RE) we will use throughout the paper, which is simply a specific case of Definition A .4.
Formally, the definition can be obtained by integrating (RE) over an arbitrary interval
and iterating the equation into the dZF-integral twice. In fact, in the proof of local
existence (see Section 5), we smooth out the path Z and iterate in such a manner.

Definition 3.1 (H™-solution). Let m > m, and & € (W/*+2>°)K_ We say a bounded path
w:[0,T] — H™ is a H™-solution of (RE) on the interval [0, 7] if u|¢=o = uo and

t
ul? = Sug + /P(ur Vup)dr — PE; u Z8 — PEE PELu LY, (s,t) € A, (3.2)

—var

satisfies u% € C’iloc ([0,7); H=3). A bounded path u : [0,T] — H™ is said to be a
H™-solution of (RE) on the interval [0,T) if u is a H™-solution of (RE) on the interval
[0, 7] foral 0 < T" < T.

Remark 3.2. An H™-solution actually possesses additional time-smoothness properties,
as proven in Theorem 3.7 (see, also, Theorem A.5).

In Section 6.1, given H™-solution w of (RE) on an interval [0,7], we apply the
sewing lemma (i.e., Lemma 2.2) to construct the rough integral fo £zkuSdZ’§ €
CP=var([0, T); H™=3); that is, for all ¢ € [0, 7],

t
#p—1
* k. . * k * * Lk
/£§kus azf = lm 3 (£6,00. 280, + 26, PELWEY,,)
0 i=1

peP([0,t])
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It follows by the continuity and linearity of the divergence and mean-free projection map
P : H™ — H™ that for all t € [0, 7],

t t
U — Ug + /P(uS -Vug)ds — /PaEZkus dZ’SC =0, (3.3)
0 0

where P [ £7 us dzZ* ¢ Cp_"ar([O,T];fIg”_3) is defined from the projected expansion
appearing in the right-hand-side of (3.2). The pressure ¢ and harmonic constant h can
then be recovered using the Helmholtz decomposition P = I — @Q — H (see Section 2.1.1)

t t t
A\ ::/Q(us~Vus)ds—/Q£2kus dzk, h, = —/Hi:’gkusdz’;, t € [0,T).
0 0 0

Proposition 3.3 (Recovery of pressure and harmonic constant). If u is a H™-solution of
(RE) on the interval [0,T], then there exists [ £7 u.dZzF € CP=¥([0,T]; H™3) and
uniquely determined g € CP~([0,T]; H™2) and h € C*~v* ([0, T}; R%) initiating from
zero such that for all t € [0,T],

t t
up — ug + /us -Vugds — / £2kus de = —Vaq — hs. (3.4)
0 0

Using (2.8) and (2.6), we find that (3.1) can be expressed in terms of the associated
co-vector u” (see Section 2.1.2):

du’ + £,0° dt + £, u” AZF = —d(dg, — 27 |u|?dt) — dR. (3.5)

Let w = du’ = (0,iuj — O,5u;)e’ Ae’. By applying the exterior derivative d to (3.5) and
using that d£, = £,d we arrive at the vorticity formulation:

dw + £,wdt + £¢,w0dZF =0 on (0,T] x T4,
u=DBSw on (0,7] x T (3.6)
w=du) on {0} x T,

where for a divergence-free vector field v we have (see Section 2.1.2)

£ow = E (vV90gaw;j + wqj0piv? + wig0yivT)e’ A e’
i<j

= Z (O (VIwy;) — Opi (Viwg:)) €' Ae? = dw(v, )] (3.7)

i<j
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Recall that (see Section 2.1.1) for given s € R, Hj := {w € H*(T% A2(R%)*) : dw =
0} and that BS: ffgnfl — H™ denotes the inverse of db. The Cartan formulation (3.7)
of the Lie derivative £,w = d[w(v,-)] implies that the dynamics preserve the property
that dw = 0 and &(0) = 0, and thus no Lagrange multipliers are needed to enforce these
constraints. In contrast, the velocity equation requires the pressure and the harmonic
constant to enforce the divergence-free constraint.

We summarize the equivalence between the velocity and vorticity formulation in the
following proposition. The direct implication is a simple consequence of (2.8) and (2.6)
and the converse follows from the properties of the Biot-Savart operator presented in
Section 2.1.1.

Proposition 3.4 (Vorticity formulation). If u is a H™-solution of (RE) on the interval
[0,T], then w = du’ : [0,T] — Iffg%l is bounded and

¢
wl, = Swyy + / Loy wpdr + Lo, ws ZF — Le, Le,w T (5,1) € Ar, (3.8)
S

—var

satisfies w? € C’Q% ([0,T];ﬁ[&”74), Moreover, w® = dbut. Conversely, if w and w"
belong to the aforementioned spaces and satisfy (3.8) with wy := du% and v := BSw,
then u is H™-solution of (RE) and u™% = BSwh.

loc

Remark 3.5. In dimension two, the vorticity w can be identified with a scalar-valued
function @ = curlu = *w = w1a. Using (2.9), we find that

do+u-Vaodt + & - VodZr =o. (3.9)

The scalar transport structure then implies that LP-norms of @ are conserved, which is
used to prove global well-posedness (see (3.14) in Theorem 3.10). In dimension three, the
vorticity w can be identified with a vector field & = curl u = fxw = wagze; +wsies +wises.
Applying (2.10), we get

da + [u, &) dt + [&, &) AZF = 0.

Remark 3.6. In the vorticity equation, neither Lagrange multipliers, nor projections,
appear. The structure of the operators (i.e., (3.7)) imply that the mean-free and exterior-
derivative-free condition is preserved by the dynamics. This fact plays an important role
in the proof of Theorem 4.2 in which we obtain a priori solution estimates of (RE) using
the vorticity formulation. More precisely, the linear hyperbolic symmetric structure of
the operator in the rough part of (3.6) enables us to develop an ‘equation’ for the ‘square’
w @ w. Unlike in the stochastic setting, there is no Burkholder-Davis-Gundy inequality
that can be used to estimate the rough integral, and thus we make use of the method
of unbounded rough drivers [9], and more precisely Theorem A.5 to obtain remainder
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estimates for the equation and the ‘squared’ equation. It is not clear how to obtain
a priori estimates of (RE) directly due to the projection operators, or equivalently the
presence of the pressure and harmonic constant. As a consequence, altering the structure
of the operator appearing in the dZ-term in (3.1) even in a multiplicative way directly
impacts the structure of the vorticity equation and prevents us from obtaining a priori
solution estimates.

3.2. Statement of the main results

Recall that we always work under the assumption m > m, := L%J + 2. Our first main
results establish local well-posedness and the existence of a maximally extended solution
in H™ of (RE). Recall that wg is the control of Z, which is defined in (2.12).

Theorem 3.7 (Local well-posedness). Assume that ug € H™ and &€ € (W25 For all
T, > 0 satisfying

eCl(l+wZ(O’T*))T* < ‘U0|ﬁ}n*, (310)
where C1 = C1(p,d, |€|wm.+2.0) depends in an increasing way on |&|ym.+2.00, there
exists a unique H™-solution u € Cy([0,T%]; H™)NCP=2x ([0, T.]; H™~1) of (RE) on the

interval [0, Ty] satisfying

¢C1(14+wz(0,T.))

sup |ug|gme (3.11)

< .
t<T. = Juo| . — €C1A+@2(O.TT,

Moreover, if m > m,, there is a constant Co = Cy(p,d, m, |€|ym+2.00) which increases
with |&|yym.+2.0, such that

T,
sup |ug|gm < V2exp | Cy /|VUS|LOO ds + wz(0,Ty) |wo|prm . (3.12)
0

t<T,

If € € (WmH4o)K ghen o e C([0,T.); H™).

Corollary 3.8 (Mazimally extended solution). Assume that ug € H™ and £ € (Wm+2)K,
Then there exists a unique maximally extended H™-solution u € Cw([(),TmaX);fIgl) N
CP= ([0, Tinax); H™™ 1) of (RE) on the interval [0, Tmax). The time Tmax is uniquely
specified by the property if Tynax < 00, then limsupur,  |ut|lgm. = oo. If § €
(W t4ooV K then u € C([0, Tiax); HY).

The next theorem extends the Beale-Kato-Majda (BKM) blow-up criterion [10].
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Theorem 3.9 (BKM blow-up criterion). Assume that ug € H™ and £ € (Wm++4)K
if m = my, and £ € (WMTHE if m > m,. Let u denote the mazimally extended H™-
solution of (RE) and w = du’ denote its vorticity. Then there are constants C; =
Cy(d,m) and Cy = Ca(p,d, m, |€|wm+2.0) depending in an increasing way on |&|ym+2,
such that for all T < Thax,

T

sgg [ug|gm < C1(1 + |uglgm) exp | C2(1 + wz(0,T)) exp | Co / |ws| L ds . (3.13)
t
- 0

Moreover, Tyax < 0o if and only if fOT""‘“‘ |wi| oo dt = o0
In dimension two, we obtain global well-posedness.

Theorem 3.10 (Global well-posedness in 2d). Let d = 2. Assume that uy € H;” and
&€ (WK Let u denote the mazimally extended H™-solution and & = curlu denote

its scalar vorticity. Then Tyax = 00 and for allt > 0 and p € [2, 0],
|&5¢ [ e = &0l v (3.14)

Moreover, there are constants C; = C1(m) and Cy = Ca(p, m, |€|wm+2.) that increase
with |&|wm+2.00 such that for allt >0

lue|gm < C1(1+ |ug|gm ) exp (Co (1l + wz(0,1)) exp (Cal@o|r=t)) - (3.15)

The following corollary establishes the continuity of the solution map with respect to
the data.

Corollary 3.11 (Continuous dependence on data). Assume that ug € H;” and £ €
(Wmt2)K, Fur)fher, assume that {Z"}22, converges to Z in Gy~ and that {(ug, &),
is bounded in H™ x W™m+2: and converges to (ug,€&) in L2 x (W2>2)K. Denote by u
and {u"}>2  the mazimally extended solutions corresponding to the data (ug,&,Z) and
{(uf,&™,Z2™)}52 1, and let (q,h) and {(q™, h™)}32, denote the associated pressures and
harmonic constants.

o Ifd=2, then {u™}2, converges to u in C(]0,00); H™ ) for any € > 0 and in the
weak-star topology of L>(]0, 00); H™). Moreover, {(¢™, h™)}2>_, converge to (q, h) in
C([0,00); H™27¢) x C([0,00); RY) for any e > 0.

o If m > my, then for all T < Tyax there exists an N(T) € N such that
{u"} 0N () converges to u in C([0,T); H™=¢) for any ¢ > 0 and in the weak-
star topology of L“([O,T};ﬁ;”). Moreover, {(q",h")}z":N(T) converge to (q,h) in
([0, T); H™27¢) x C([0, T]; R?) for any € > 0.
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Remark 3.12 (Rough Navier-Stokes and inviscid limit). Let v > 0. In [41], two of the
authors considered the rough Navier-Stokes system given by

du+u-Vudt — £ udZf = vAu—dVg —dhy, on [0,T] x T4,
divu=0 on [0,7] x T4,

JrauwdV =0, [r.qdV =0 on [0,T],

u=ug, q=0, h=0 on {0} x TY,

for d € {2,3}. We showed that for arbitrarily given ug € IjI;, there exists a time
T. = T.(d,wz, |f|ws~) and a solution u € L2([0,T%]; H2) N L>®([0,T.]; H}). In
fact, the solution was not constrained to be mean-free in [41], but the proof goes
through in a simpler manner. In dimension two, we also proved that there is a unique
global solution of the Navier-Stokes system. With minor changes in the present pa-
per, we can derive the existence and uniqueness of a maximally extended solution
w € L2([0, Tax); H™) 0 C([0, Tiax); H7) in any dimension d > 2. Moreover, we
can show that if d = 2 or m > m,, then for an arbitrarily given {v"}>2; converging
to zero, the corresponding sequence of Navier-Stokes solutions {u"}52 ; converges to the
Euler solution in C([O,Tmax);ﬁg”*f) for any € > 0 and in the weak-star topology of
L2°([0, Trmax ); H™™). The inviscid limit stochastic Naiver-Stokes equations with additive
and multiplicative noise has been studied in [35,7].

3.2.1. Applications to stochastic partial differential equations

In what follows, we will discuss the Wong-Zakai approximation of the Euler stochastic
partial differential equation (SPDE) driven by Brownian motion in dimension two. Let
B = {Bk}kK:1 denote a collection of K-independent Brownian motions adapted to a
filtered probability space (Z,F,F = {F:}i>0, P) satisfying the usual conditions. In [48],
it was shown that for every Fy-adapted initial velocity ug € H m=1"there exists a unique
F-adapted process @ € C([0,00); H™) such that P-a.s. for all ¢ € [0, 00),

t t
Uy — uo + /P(as -Vig)ds — /Pi’,zkﬂs odBk =0, (3.16)
0 0

where equality is understood in L? and the stochastic integral is understood in the
Stratonovich sense.

By Proposition 3.5 of [29], P-a.s., B = (6B,B*""*") € Cb~¥*" (R ; R¥), where for each
Lke{l,...,K} and (s,t) € Ap,00):

t
Bzirat;lk — /(Bi _ Bé) o dBf

S
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By Proposition 3.6 of [29], the canonical lift of a dyadic piecewise-linear approxima-
tion {B™}5°, of the Brownian motion B, denoted by {B"}°, = {(B",B")}>2, €
CL V(R4 ; RK), converges P-a.s. to Z in CH (R4 ; R¥).

By Corollary 3.10, P-a.s., corresponding to the data (ug, B, &) and {(ug, B™, &)},
there exist unique solutions u, {u"}32, € C([0,00), H™) of (3.9). Owing to Corol-
lary 3.11, the sequence {u"}2°, converges to u in C([0, Tmax); H7~¢) for any € > 0
and in the weak-star topology of L>([0, 00); H™).

For every t € Ry, the map Z|j, € C/([0,t; R") — u € C([0, ], H™) is con-
tinuous and the map ¢ € Z — B(()|jo,q € CZ([0,];R¥) is measurable. Thus, we
conclude that the composition of the two maps is measurable, and hence that the solution
u is F-adapted. As explained above (see (3.3)), P-a.s., for all ¢ € [0,T], we have

¢ ¢
Ug — Ug + /P(u,. - Vu,)dr — /P£Zkus dB* = 0.
0 0

It can be shown (see, e.g., [29, Corollary 5.2]) that P-a.s. for all ¢ € [0, T,

t

¢
/PaEzkus dB* = /Pilzkus o dB*.
0 0

Therefore, we obtain the following Wong-Zakai approximation result.
Theorem 3.13 (Wong-Zakai approzimation). The stochastic process u is indistinguishable

from @, and P-a.s., {u™}2, converges to u in C([0,00); H™™¢) for any € > 0 and in
the weak-star topology of L>([0,00); HI).

Remark 3.14 (Strook-Varadhan support theorem, large deviations principle, and random
dynamical system). As in [29, Section 9.3], using the continuity of the solution map, one
can characterize the support of the law of the SPDE (3.16) in C([0, Tax); H™¢) for any
€ > 0 in terms of Cameron-Martin space and prove a large deviations principle (making
use of contraction principle) for

du+ P(u-Vu)dt — eP£{ uodBy =0,
which concerns small-noise deviations about solutions of the Euler system
du+ P(u-Vu) = 0.

Moreover, if the driving rough path Z : Z — C/™"*" is a continuous p-rough path co-
cycle,! viz.

1 This is the appropriate notion of random shifts in the rough path which enables the construction of a
random dynamical system.
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Zo,s+4(C) = Zo,s(C) + Zo,+(05C),
Zo,54+4(C) = Zo,s(C) + Zo,:(0sC) + Zo,s(¢) ® Z0,1(0:C), V(s,t) € Ar,

where 6, is the time-shift 0,(; = (145 — (s, then the 2D-system (RE) generates a contin-
uous random dynamical system on C([0, Thax); H™€) for any € > 0. See [41].

Remark 3.15 (Gaussian rough paths). Our main results also yield a solution theory in
any dimension d € {2,3,...,} for a class of Euler SPDEs driven by fractional Brownian
or more general Gaussian processes transport noise. We refer the reader to [29] for more
details about the lifts of Gaussian processes to the space of geometric rough paths. In the
introduction, we have discussed the potential applications of such models to stochastic
parameterizations of sub-grid scales of ideal fluids.

3.2.2. Critical points of the Clebsch and Hamilton-Pontryagin variational principles

For an arbitrarily given Fréchet space E and time T' > 0, denote by Dz([0,T]; E) the
space of E-valued Z-controlled rough paths on the interval [0,T]. We refer to [29] for
precise definitions. In [18], we introduced the Clebsch action functional

T d
1
Sz (u, (A1)}, (a?)1_;) = / §|ut|i2 dt+ > (M. daf + £,af dt + £¢,af dZF) ,, ,
0

q=1

defined for u € CP=1([0,T];C2°) and (A1)?_,, (a?)?_, € Dz(]0,T]; C>®). We showed

q=1> q
that critical points are characterized by the following system of RPDEs:

du— P£udt — PEL udZF =0, u=P(30_ a?V)9),
dX + £,udt + £, MZF = 0,
da + £,adt + £¢,adZf = 0.

We also introduced the Hamilton-Pontryagin action functional

T
1 _
SHPZ (4, ¢, \) = / §|ut\%2 dt + (A, dge 0 ¢ ' — up dt — &, dZ7) (3.17)
0

defined for
(u, \, §) € CP~([0, T]; C°) x Dz([0,T); C) x Diffz([0, T]); T%).

The space Diffz([0,T]; T%) consists of all rough flows (i.e., diffeomorphisms on T¢9)
{&¢}ecro,m) (see [18]) of the form
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dé = vo ¢ dt + o 0 6dZE, t € (0,T],
¢0:id7

for some (v, 0) € CP~¥ ([0, T]; C2°) x C°°([0, T]; (C2°)X). Moreover, for ¢ € Diffz([0, T7;
T49), the integral in (3.17) is defined by

T T
/</\t7d¢t @] (bt_1> = /()\t, Ut)LQ dt + ()\t, Ot)L2 de
0 0

We refer the reader to [18] for the specifics of how variations of Diffz([0,T]; T?) are
defined. In [18], we showed that if Z is truly rough (see [29, Definition 6.3]), then (u, ¢, A)
is a critical point of SHPZ if and only if

du — P£5udt — P udZf =0, uw =),
dp =uo¢dt+ & o ¢pdZF.

In [18], we showed that critical points satisfy a Kelvin circulation balance law: for an
arbitrarily given smooth closed curve v C T¢ and all ¢ € [0, 7],

d f{ W = j{(duZ—&—cﬁutu?dt—f—a‘lgk,uide):0.
é () ¢t ()

Assume that ug € C° and ¢ € (C°)X. Denote by u € CP~V([0, Thax); C°) the
unique maximally extended H*-solution of (RE) and let T' < Tiax. Let {¢¢}icior) €
Diffz([0, T]; T¢) denote the rough flow (see, e.g., [13,29,18]) satisfying

dp =uo¢dt+ & o pdZF, t e (0,T],
¢ =id.

It follows that (u, ¢,u) is a critical point of SHP2 provided Z is truly rough.

To show that we can construct a critical point of S€*Z, we must find A and @ such
that the so-called Clebsch representation u” = P(Z§:1 a?d\?) holds. Let A = ¢~ ! and
a = ug o ¢~ 1. By Theorem 3.3 in [18], we have

dA + £,udt + £, \ZF =0,
da + £,adt + £¢,adZf = 0.

Proceeding as in [24, Lemma 3] and applying the product rule for geometric rough paths
(see, e.g., [29,18]), it follows that v = 23:1 a?d\? satisfies the linear RPDE

dv — £;vdt — £, vdZf = 0.
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By virtue of identity (2.7), we find that & := Pv € CP~¥([0, T]; H) is a solution of the
constrained (to the space of divergence and mean-free vector-fields) linear RPDE given
by

dv — P£3vdt — PE£E vdZ) =0. (3.18)

As in Proposition 3.4, using the operators db and BS we can establish an equivalence
between solutions of (3.18) and solutions of the unconstrained linear RPDE

di + £,0dt + £¢,0dZ} = 0.

Thus, by the uniqueness of solutions of unconstrained linear RPDEs (see, e.g., (4.12) in
Theorem 4.4 or [9]), we can deduce uniqueness of solutions of (3.18). Since u also solves
(2.7), and hence (3.18), we deduce that

d
u=P (Z aqw‘1> =P(Vo lugoo™!) & = Pp.ad, (3.19)
qg=1

where with abuse of notation we denote by P € L(H*(T4; (R%)*); Hi(T% (R?) the
corresponding projection associated with the one-form Hodge decomposition (see Sec-
tion 2.1.1). It follows that (u, \,a) is a critical point of S€!"Z. The above representation
extends the well-known Weber formula (see, e.g., [20]). Since the exterior derivative d is
natural with the push-forward, we also obtain the following representation of the vorticity
two-form w = @,wp.

4. A priori estimates

The goal of this section is to establish a priori estimates of remainders and solutions
of (RE).

4.1. Remainder estimates

Theorem 4.1 (Remainder estimates). Let u be an H™-solution of (RE) on the interval
[0,T] and w,(s,t) = f; |Vt | oo [ty | gm dr, (s,t) € Ap. Then there exists a constant
C = C(p,d,m, |€|wmtz.c) which increases with |{|ym+2.0 such that for all (s,t) € Ap
with Cwz(s,t) <1, it holds that

)4 3 1
1] g < C (30 (6,00 + @, 0)wn(s,0) ).

B —var;
s<r<t

Moreover, for all (s,t) € Ap with Cwgz(s,t) + Cwy(s,t)dr < 1, it holds that
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P 2
|UP’ﬁ|§—var‘[s t);Hm—2 <C (wlt(sat) + sup |UT|Hme(57t)p)
2 e s<r<t
1 1
|U|Z var;[s,t]; Hm 1 <cC (w#(s,t) + sup |uT|H’" (w“(s,t)v + wZ(S,t)P)> )
s<r<t
where

¢
ult = Sug — P.£2kustt = —/ (up - V) dr + P£ERP£§luSle’§ +uy P

Proof. By Proposition 3.4, w = du’ : [0,T] — E[g’*l) is bounded and

t
wgt = dbup’h = dwgt + / ‘£urwr dr + ‘££kws st ‘£5k ‘£€zwb k’ (Sa t) € Ar, (4'1)

S

3 —var

satisfies w? € 02 e ([0,T]; Hm ). We recall that for a vector-field v € H™,

£ow = g (vV910gaw;j + wqj0riv? + wig0yivT)e’ Ne’.
i<j

Moreover,

t
wgt = du"* = dwst + ££kw3Z§t = / Ly, wp dr + £¢, ££zwszi]§ + WE#

S

The strategy of the proof is as follows. We form a system of equations for w and its
derivatives up to order m — 1 of the form Definition A.4 and then apply Theorem A.5
and (2.4). Let T, = {0} uu™}1,...,d}"™ For I = 0, let |I| = 0 and for given
I = (i1,...,ip) € I,;—1 define |I| = n. For given I = (i1,...,i,) € I,—1, define
Ol =0y, 0+ 00in. Let Agpm_1 = DT5 (A2(RE)*)En

For given n € {0,1,2,3}, let E, = H"(T% Agm_1). It follows that (E,)3_, is a
scale with a smoothing (see Section 2.1) J" = P<|,-1, n € (0,1), in the sense of
Definitions A.1 and A.3. For a given function ® € E,,, ¢,5 € {1,...,d} with ¢ < j, and
I € 1,1, denote by <I>i[j its (I,7j)-th component.

Define Q € L>([0,T]; E_o)NC([0, T); E_3) by Q' = 8'w and QF € 0;10?‘”([0 T); E_3)
by Qf =dlwl for I € I,,_1.

Applying the weak derivative operators 9! to (4.1), we find that for all (s,t) € Ap
and ¢ € Ej,

(2, ®) = (641, ) + (151, B) + (O, [AL" + AZ7] D),

where
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o (pst, ®) =D 1cr fj (0! [£u,wr] — ul0pa0'w,, @) 2 + (0w, Opa®T) 12) dr,
AL® = (£10,4® + v @) ZF,,
A2 @ = — ((§l0ns + 1) (6] s + 1) @) L3,

and where for each k € {1,..., K}, v : T¢ — L(Agm—1;Adm—1) is implicitly and
inductively defined as follows: for i, € {1,...,d},
(o) = @0, ¢l + 0% 0,:¢f,
and for I € I, with [I| <m —1,
01 (60050 @ + V@)L, = 610,00 + (0,06))0 0 + (0@ + (0, @),
= 10,05 + (@)Y
Consequently, the components of the v;* depend only at most m derivatives of &. In
order to apply Theorem A.5, we need to show that the pair A = (Al, A%) is an unbounded
rough driver (see Definition A.2) in the scale (F,) and that we have control of the non-
linearity p in E_; in the sense of (A.4).

Since Z satisfies Chen’s relation (i.e., (2.11)), (A.2) holds for A. Moreover, for all
® € E3 and (s,t) € Ar, it holds that

AL D = (& - VO + v @) ZE,

* 1
|AL D, Sam [Elwminee|®|p,  wz(s,t)7, Vn e {0,2},

2
|A§2*c1>|En Sdm |§|%Vm+1+n,w|<I)|En+2wz(s,t)p, VYn € {0,1}.

~

Thus, A is an unbounded rough driver in the scale (E,,).
We will now show that (A.4) holds for . For all I € I,,_1, we have

! [£uw] — 110,40 w = 0" [u10,aw] — w1000 w + ' [y Ogiu? + wigOpiul].
Applying (2.1), (2.2), and (2.4), we get

Y 10w — u0pad w2 Sam [Vulp |l + [ul e lw]
1€l 1

f,d,m |VU|Loo|w|Hm—1. (4.2)

Using (4.2) and Poincare’s inequality, we find that there exists C' = C(d, m) such that
for all (s,t) € Ar,

t
lustlg_, < C’/ |V | oo |wr | grm-1 dr.
S
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Therefore, in the sense of Definition A.4, Q is a solution of

dQ + p(dt) + A(dt)Q2 = 0.
We complete the proof by invoking Theorem A.5 and (2.4). O
4.2. Solution estimates

We will now present the main solution estimates that we will use to prove local
existence and establish the BKM blow-up criteria.

Theorem 4.2 (Solution estimates). Let u be an H™-solution of (RE) on the interval [0, T].
Then for all m’ € Ny such that 1 <m/ < m—2, there are constants C; = C1(d,m’) and
C =C(p,d,m/, |€|yym +2.) depending in an increasing way on |&|yym +2.0 such that

T
sup |ug) jmr < V2exp | C /|VUT|L00 dr + wz(0,T) [uo] grm (4.3)
t<T )
T
sup ] 1 < Ca(1+ o) exp | 1+ 2(0,T) exp c/wm ar ||, @
t
- 0

If m. <m’ <m —2, then for all T\ € [0,T] satisfying

* —1
CU+mz(0 T |U0|Hmu

it holds that

€C(1+wz(07T*))
(4.5)

sup (Ul gm < .
tSTEi| | g o 1, — eCOFm2OTIT,

Proof. Using the notation of the proof of Theorem 4.1, we let
Q= ('w)rer,, , € L=((0, T} HX(T% Ag 1) N C(0, T H (T A1),
0 = (0")rer,, , € Cyron ([0, T H™H(T% Agr—1)),
and
QF = (0'wh)rer,, , € v ([0, T); LA(T% Agi—1))-
Here, we have used the worst possible regularity at m’ = m — 2.

For given n € {0,1,2,3}, let B, = W™>®(T% Ay m—1 ® Agm—1). Let p : R - R
denote a non-negative radially symmetric function with support in the unit ball that
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integrates to one. For n € (0,1), let p,, = n_dp(g) and define the smoothing operator
J" By — C®(T% Agmr—1 @ Agmr—1) by J1® = & Py = fRd pn(y)®(- —y)dV. It
follows that (E,)3_, is a scale with smoothing (see Section 2.1) J7 = p,*, n € (0,1), in

the sense of Definitions A.1 and A.3. For ® € F3 and k € {1,..., K}, denote
Le,® = 10,00 + 1" ®,

where V,Z”/ is defined as in the proof of Theorem 4.1.

In order to obtain the desired estimates, we will proceed as follows. First, we will
write down an unbounded rough driver equation (Definition A.4) for the bounded path
092 = Q®0:[0,T7) - E_g. Second, we will apply Theorem A.5 to obtain a bound
on the associated remainder term Q®28, In the final step, we will test against a ® = I
such that (Q® Q,I) = |w[?,,,,, and apply rough Gronwall’s lemma (i.c., Lemma B.1)
to obtain two solution estimates; one of which is used for local existence and other of
which is used to derive the BKM blow-up criterion.

For arbitrarily given My, My € Ag /-1, denote M &M,y = 2_1(M1 ® Mo+ Mo® My).
Note that since Z is geometric, we have that for all k,l € {1,..., K},

Lo ® Lo 257!, = Lo 0, © L0 (21 + Z4) —2Le Q6L 0.2, (46)

We will need the following fact. The pointwise tensor product of smooth functions
extends canonically to a continuous bi-linear map

X : Hl(Td;Ad,m/_l) X Hﬁl(Td;Adfm/_l) — F_.
Moreover, for all f € HY(T% Agm—1), 9 € H Y (T4 Ag 1), and @ € By,

<f®gv(§> = <g7 (fu (I))Adyml,1>‘ (47)
Applying (4.7) and (4.6), we find that for all & € Ey and (s,¢) € Ap,

(5922, D) = 2(Q®60t, P) + (6Q451 ® 6, P)
= — (Mg, ®) — 2(Q,0Le, Q, B Z,
+2(Q0& Le, Le, Qs + Leyws@Le,ws, BYZE + (0527 @)
= — (M, ®) — (92, [T + T3]9) + (52, @), (4.8)

where

t

(Mg, @) := Z (0" [, wr] © 07wy + 0w, @ O [£4,w,], ®T7) dr,
1,Jer

m/—1 s

I = (620,00 + 2(v" ©1d)®) 2%,
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D20 := —(E10p0 + 20" ©1d) (10,0 + 200" & 1d)DZE,
Q%% B) .= 2(0,80%,, ®)
t

+ 0y (01 [$0, wp] @ 07 0wrs + 0 0wyps © 87 [£4, w,], ®T7) dr

I,JGIm/,I s

+ <Q£t ® 6, ®) + (Le, Qs ZL, ® Qﬁst’ D).

Here, 21/;;1,®id : T4 — L(Agm—1 @ Agm—1; Adm—1 ® Adgm/—1) is the unique linear
map induced by the bi-linear map 21/};1/(33)69 id: Agm—1 X Agm—1 = Adm—1©Adm -1,
x € T, defined for given (My, Ms) € Agym—1 X Admr—1 by

U (2)®1d)(My, M) = v () My @ Ms + My @ U () M.
We will now obtain control over the drift. Proceeding as in (4.2), we find that

> 10" [Euw] = w0500 |12 Saim [V oo |w] g1 (4.9)
Ierl,,/_4

Using (4.9) and Poincare’s inequality, we find that there exists a constant C' = C(d, m)
such that for all ® € Ey and (s,t) € Ar,

t

(Msy, @) = Z (0 [£u,wr] — u10200" w;) @ 07wy, @) dr
1,Jer

t
+ Z /<8Iwr ® (07 [£u,wr] — ul0pad’w,) , @) dr
1,Jer,,/1_4 s
¢

- Z (ul(0'w, ® 87w,), 0, @) dr

1LJET 1%

t
§C|<I>|E1/|VuT|Loo|wT|iIm/,ldr.
S

Claim (Verification of ‘squared’ remainder). We have Q®2t ¢ Cfgzar([O,T]; E_4).

Proof. We will proceed by estimating term-by-term. By the embeddings H?@ H* < E_;
and L' ® L' < L2 we find that there is a constant C = C(d, m/, |£|yrm’.) such that
for all (s,t) € Arp,

~ ’ P
|QS®Qit‘E_1 < fgg | |H2|Qit|§_vm;[s,t];H—1v
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|Q t ®5Qst‘L1 < |Qst|77var s, Lzmst‘

p—var;[s,t]; L2’

|‘£’§kQ Z§t®Qst‘Ll < CSUpm | wz(s, t) |Qst|

£ —var;[s,t];L2"
Upon using the decomposition

(0 [£, 0] ® 07 0wps, @) = (0 [£0, w0r] — L0400 w;) ® 07 Strs, D7)
— (ul0"w, ® Dya 07 Sy, D)
— (w90 w, ® 07 6wrs, Dpa®T)

in (4.9) and applying Poincare’s inequality, we find that for all ® € E; and (s,t) € Ar,

t

Z (O£, wr] @ 07 6wps + 01 0w,s @ 07 (£, w,], &) drr
I,Jer

m/—1 s

t

,Sd,m |(I)|E1|w|p—var;[s,t];Hm' /|VUT‘L°°‘WT‘H7"'*1 dr.

S

We then complete the proof by using the property that a product of powers of regular
controls whose powers sum to greater than or equal to one is a control (see, e.g., [31, Ex.
19. O

One can easily check that the pair I' = (I',T'?) is an unbounded rough driver in
the scale (E,) and that (A.1) holds with wr(s,t) := Cwz(s,t), (s,t) € Ar, for a
given constant C' = C'(d, m, [€]ym’+2..) that depends in an increasing way on [&]y m 2.
Therefore, Q%2 is a solution of

dQ®? + M(dt) + T(dt)Q®* =0

in the sense of Definition A.4. Thus, by Theorem A.5, there is a constant C =
C(p,d,m,|&|ym +2.) depending in an increasing way on |{|y m 42, and a constant
L = L(p) such that for all (s,t) € Ap with wr(s,t) < L it holds that

5
£ —var;[s,t];E_3

|Q®2,h|
t

<C| sup |wr|§{m/,1wz(s,t)% + / (V| oo |wr |2mr 1 drwz(s,t)% . (4.10)
s<r<t
Let I € Agm—1 ® Agm—1 be such that (Q ® Q,I) = |w|? Henceforth, let
C =C(p,d,m/, [€|ym +2.0 ) denote a constant which increases with €|y m/ 42« and, thus,
may change from line to line. Letting ® = I in (4.8), we find that for all (s,¢) € Ap,

m/—1"
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t
Ol )st = =2 Y / (0 [£,wr], 0" wr) dr + (QF2, D47 + TET) + (52, 1),
Ier

m’'—1 g

It follows from (4.10) and the fact that T' is an unbounded rough driver that for all
(S,t) € Ap with wr(s,t) < LAT,

T l=

(4.11)

t
6<|w|§{m’—1)8t <C /‘VU’I‘|L°°|W’I‘|§_IHL’—1 dr + sup ‘wr‘i]m’fle(Sat)
s<r<t
s

Upon applying rough Gronwall’s lemma (i.e., Lemma B.1) and (2.4), we obtain (4.3).
For t € [0,T], define y; = In(e + |ut| gm’ ). By virtue of the inequality (2.5) and (4.3), we
have that for all ¢ € [0, T,

t
Yy < ln(\/iyo) + Cwz(0,t) + C’/ |wy| ooy dr.
0

By using Gronwall’s inequality, we find that for all ¢ € [0,T7,

t
Yyt < (ln(\/iyo) —I—C'wz(O,t)) exp C’/|wr|Lao dr |,
0

and hence (4.4) holds.
Returning to (4.11) and applying the Sobolev embedding and (2.4) with m’ > m.., we
find that for all (s,t) € Ap with wr(s,t) < LA,

t
1
5(|w|?{m/,1)st <C /\wr\im/,l dr + sup |wr|§{m,,1wz(s,t)p

s<r<t
s

Applying rough Gronwall’s lemma implies that, for all ¢ € [0,7T] and ¢’ > ¢,
t

|wt|i]m,/—l < eC’(lerz(OJ )) ‘Woﬁqm,’—l + / |wr|§{m/_1 dr | =: Yt
0

It follows that for all ¢ € [0,T] and ' > ¢, one has

_1 ’ _1
2 _ _9—1,C(1+wz(0,t")) (yt w1 ) >

3 ’
v = ) > _9-1C0+wz(0,1))

which implies

1 c ’ ’
y, 2 > eXp—§(1+wz(0,t ) |w0|l_{}n/— — 9 1,C(0+wz(0,t")y

1
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Therefore, upon letting ¢’ | ¢ and applying (2.4), we obtain (4.5). O

Remark 4.3. In [9], the method of doubling of variables was used to derive solution
estimates and prove uniqueness for linear rough transport equations. The remainder
term for linear rough transport equations can only be expected to belong to H 2 if its
initial condition belongs to L2?. Thus, more care is needed to derive solution estimates
and uniqueness since it is not possible, at least directly, to test the equation against the
solution. In our setting, we can avoid doubling variables and obtain solution estimates by
smoothing (e.g., the path an initial condition and &) at the expense of having to assume
¢ is slightly more regular whenever continuity in time in the highest norm is needed. In
particular, we prove uniqueness by considering differences only in the L?-norm and not
the highest norm.

4.3. Difference estimates and uniqueness

The following theorem establishes a priori estimates of the difference of H™-solutions
in the H'-norm and H™-norm.

Theorem 4.4 (Difference estimates and uniqueness). Let u' and u? be H™-solutions of
(RE) on the interval [0, T] with the same data (Z,§) € CE~V* (R ;RF) x (WmH2e0)K
starting from u} and u3, respectively. Then there is a constant C = C(p, d, |£|ys.) such
that

T

sup |ul — 2|1 < V2exp | C / (Jub gme + |l s ) dr + wz(0,T) lug — ud| 1.
t<T
- 0

(4.12)
If m, <m/ <m —2, then there is a constant C = C(p,d, m’, [€|yym’+2.) such that

sup ug = s < Vo (T)|ug = ug] s + T (Tt — g e [ug| prrsn, - (4.13)
t<

where

T
(1) i=VEexp € | [ (fublam. + [0l r) dr + (0, 7)
0

1 1

Proof. Let u = u! — u? and w = w! — w?. We will adopt the notation of the proof of
Theorem 4.2 and consider m' € {1, m, — 1} U {m.,m. +1,...}. For n € {0,1,2,3}, let
E, = Wn>(T4, Adm/—1 ® Agm—1). By the analysis in the proof of Theorem 4.2, we
have that

Q%% .= QL% _ Q282 ¢ 1°°(]0,T]; E_o) N CP~*([0,T); E_3)
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and
0228 = LO2E 9% € O ([0, T B )
satisfy for all ® € E; and (s,t) € Ar,
(Q57F, @) = (6952, ) + (Nor, ®) + (QF7, [Ty + T57]2),

where

t
(Nat, @) = > (0" [£0, wl] ® 07w, + 0w, @ 07 [£4, w1, @) dr
IJEl, i 1%
t
+ Y (0" [Er2wy] — u290500 w,) ® 07wy, ®17) dr
I,JEIM/,I s

t

+ 0> (0w, ® (07 [£2w,] — 120,007 w,) , 1) dr
1,Jer,,,

m/—1 s

t

— Z <uf’q81wr ® 07w, 0, @) dr.
I,Jel,,

m/—1 g

Forall f € H' and g € H® with s > %— 1, the Sobolev embedding (see, e.g., [12]) implies
that

| fglL Sd,s |fle|glas- (4.14)

If m’ = 1, then using (4.14) and (2.1), we find

|£uw1‘L2 Sd |u|H1|w1|Hm*71 —+ |VU|L2|w1|L2 Sd |w|L2|u1|Hm*

[£u2w —u? - Vowlrz Sq VU2 | |wlre Sa lwlpz|u?|gme.
Making use of (2.1) and (2.4), we obtain

m’—1

> 10w e Same Y (IID"[D™ | + | Dl D 2
Ierl, 14 =0

S [t oo 0! s + |0 | e [l

<

~d,m

{|(JJ|Hm’1'LL1|Hm* if m' = my — ].7
’

ol g2 g + ] gpr s [l g E >,
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and

> 10" [Ewpw] = uP 0,00 w] 2

Iel,, 4
—1 m’ =1
dm/ Z ||Dl 2||Dmfw||L2Jr Z HDl+1 2||Dm— w||L2
=1 1=0
S IDV R D e i = m, - 1,
CHIDIV2| | D™ | e i m > my,

<

~d,m’

<

{|VU2|LOO|UH”L/ + |u|poo [u?] grme if m"=m,—1,
~d,m’

|Vu?| oo |w] ppmr—1 + |w] Lo |U2] o if M/ > M,
Sam |wl g2 [0 g

Putting it all together and using [u?| =~ <q |u?|gm., we get that there exists a constant
C = C(d,m') such that for all (s,t) € Ar,

fst |wr |2 (|U$|Hm + |U,£|Hm*) dr if m' =1,
INT ‘ B, < fqt |w7'|§_17n’—2 (|u$ Hmx + |U%|Hm*) dr if m" =m, —1,
f |wT|Hm/*1|wr|Hm*—2|U7l«|Hm/+1 if m' > m,,
P (fublszme + 2] o) dr

=: Wym (5, 1).
Therefore, Q%2 is a solution of
dOQ®? + N(dt) + T'(dt)Q®? =0

in the sense of Definition A.4. Owing to Theorem A.5, there is a constant C' =
C(p,d,m, |€]yym'+2.) depending in an increasing way on [{|m 12, and a constant
L = L(p) such that for all (s,t) € Ar with wr(s,t) < L it holds that

3 1
|Q®2 h|£—var,[s,t];E73 <C (sb<lvl}<)t ‘WT@[T"'*le(Sv t)r + W pym! (s,t)wz(s, t)p> :

Henceforth, let C' = C(p,d, m, |{|yym/+2.) denote a constant depending in an increasing
way on [€|yym/+2.. that may change from line to line. Letting ® = I in (4.8) as in the
proof of Theorem 4.2, we get that for all (s,t) € Ap,

(|w|Hm’ 1)st < -2 Z al £ W +£u2wr] a WT>
I€l,,r_1 7%
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H(QE2 [0+ TH) + (528 1),

Thus, if m’ € {1, m, — 1}, then for all (s,t) € Ap with wr(s,t) < L A1, we have

t
1
5(|W|i1m’71)st < C/|wr|il'm,7172 (‘U}an””* + |U$|H""*) dr +C sup ‘wr‘i]m’71wZ(Sat)p'
s<r<t
s

Applying Lemma B.1, we get

sup |w; = w7 | 1
t<T
T
<V2exp | C /(|ui|Hm + |uZ|gme ) dr + @z (0,T) |wd — walgmr—1, (4.15)
0

and hence (4.12) follows from (2.4).
If m' > m,, then for all (s,t) € Ap with wr(s,t) < L A1,

t

5(|w|?{m/—1)st < C/(|WT|HM’—1|WT‘HW*—2‘“}*|HM’+1 + |wr|§{m/—1 (|ui|H""* =+ |u%\Hm/)) dr

S

+C sSup |Wr|§.[m’f1wZ(57t)%-

s<r<t
Using Lemma B.1, (4.3), and (4.15), we obtain that for all ¢t € [0,7] and ' > ¢,

t

|wt|§{m,71 < @ () |w0|§{m/71 + \w0|Hmrz|w(1)\Hmr1/|wT|Hm/,1 dr |,
0

where

’

t
et i= VEexp € { [ (Jutlarn. + [u2lyo0) dr + 20,1
0

Thus, letting ¢’ | ¢, we find that for all ¢ € [0, T,

Jwi = @ [ < VG (8)]w) — | e+ ()|wg — WG| rrme 21| s 1

which yields (4.13). O
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5. Local well-posedness (Proof of Theorem 3.7)

Proof of Theorem 3.7. There exists a sequence {(uf,Z", ")}, € C® x Cyv
(C2*)EK such that for alln € N, Z" = (62", Z") is the canonical lift of a 2 € C’OO(R+, RK)
{(ug, Z", ") }2; converges to (ug, Z, &) in HJ" x CP~2 x W™ +hee “and for all n € N,

|uglam < fuglam, |€" [wmzoe < [Elwmszoe, (5.1)

@z (5:1) < 1+ wz(s.1), ¥(s,1) € Apoo)- |

For all n € N, there exists a maximally extended solution u” € C*([0, T, ); C°) of
du™ + P(u" - Vu")dt — PE£Ludz™" =0 on (0,T7,,) x T¢, 5:2)

u® =u? on {0} x T? .
such that if T, < oo, then limsupypn [uf[gm. = 00.? Integrating (5.2) over an
arbitrary interval [s,t] C [0,77,,) and then substituting the equation into the dZ"*-

integral twice, we obtain

t
uPr = sul, + /P(u?-Vuf)dr—Pcﬁzgu?Z?t’k — Pl£g PELuZE™,  (5.3)

S

where

T s R

s<to<t;<t

— / Pep PEZL P(uf, - Vup, )dtg dzgy' dzp*

s<tz<to<t<t

* * * s R Jk
+ / Pa‘légPd{E{LPa‘Zg&Lug dzp ¥ dzy dz",

s<tz<ta<t1<t

2 Indeed, to see this, for given N € N, consider the equation

61714 +PP<N(P<NuNn VP<NU )*PPSN(o{szSNuN’")Z?’k:O on (O,OO))(’]Pd7
uN—PSNUO on {O}XTd‘

One may then derive solution estimates independent of N but dependent on fot |2™]dt as in [5, Chapter 3]
or [4, Chapter 7]. We are not able to derive a priori estimates independent of N and n jointly because the
presence of the projection P<y prohibits us from deriving the unbounded rough driver equation (i.e. Defini-
tion A.4) for Arw™™ ® 87wN°™, and hence applying Theorem A.5 to derive solution estimates independent
of n as in the proof of Theorem 4.2. For fixed n € N, one passes to the limit as N — oo and establishes all
other solution properties (e.g., BKM blow-up criterion) as in [5, Chapter 3] or [4, Chapter 7] or as detailed
below for the rough version of the equation.
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and hence u™f ¢ 0231‘02“([0 7. ); C2). In particular, u” is a H™2-solution of (5.3)
on the interval [0,77,.) in the sense of Definition 3.1.

By virtue of (5.1) and Theorem 4.2, there are constants C; = Cy(p, d, m, |£|pmx+2.00)
depending in an increasing way on |£|yym.+2.0c and constant Cy = Co(p, d, m, |€|wm+2.00 )
such that for all T, < T, . satisfying

1A=z OTNT < |yg| .,

it holds that for all n € N,

601(1+wz(07T*))
(5.4)

up [ul?] e <
e fut lme < g — O (=201 T,

sup |ul'|gm < V2exp | Co /|Vu?|Loo dr + wz(0,T%) |uo|gm (5.5)
t<T.

<V2exp | Co /|’LL;L|Hm dr 4+ wz(0,T) |wo|prm .

Furthermore, by Theorem 4.1, there exists a constant C' = C(p,d, m,|{|yym+2,.) such
that for all (s,¢) € Ap, with Cwz(s,t) <1, it holds that

P
|u71 tI|2—v'1r[st] sH™—3

<C | sup |u}|gmwz(s,t) t /|u |2m droog (s, t)%
s<r<t

and for all (s,t) € Ap with Cwz(s,t) + C’f; |u"|% dr < 1, it holds that

‘u |p var;[s,t];Hm 1
1

<C /\u"|Hm dr+ sup |uy|gm /|u?‘%[7n dr | 4+ wz(s,t)

=

s<r<t

We deduce that {u"}22; is bounded in L>([0,T.]; H™) N CP=var ([0, T,); H~1). In
particular, {u™}52; is equlcontmuous in H™=1. For all € > 0, there exists a 0 € (0,1)
such that for all (s,t) € [0, T.]?,

lu" — vy [gm—e Sam Uy — ug |H -1 SUP |y |Hm7
t<T.

which implies that the sequence {u"}22 ; is equicontinuous in H™~¢. Moreover, by virtue
of the boundedness of {u™}5° ; in L*°([0, T,]; H2") and the compactness of H™ in H™ €,
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the generalized Arzeld-Ascoli theorem implies that there exists a subsequence {u™} that
converges to u in C([0,Ty]; ﬁ;’“e) for any € > 0. Moreover, we may extract a further
subsequence, also denoted by {u"} that converges to u in the weak-star topology of
L>([0, T.); H™). Furthermore, u € CP~v** ([0, T,]; H™ ) N L>([0, T.]; H™). Using the
lower semicontinuity of norms in the weak-star topology, we may pass to the limit in
(5.4) and (5.5) to obtain (3.11) and (3.12).

Claim. u € C,, ([0, T.]; H™).

Proof. Fix an arbitrary e > 0 and ¢ € ﬁ;m. We need to show that there exists a dc 4 > 0
such that for all (s,t) € [0, T,] with |t — s| < d¢,¢, it holds that

(P, ur — ushypgm < €

Since I-Dla_m“ is dense in ISI;”H there exists a 1. € ﬁ;mH such that
€ -1
6= el < 5 sup fuelih-
t<T.
It follows that for all (s,t) € [0, T.]?,

<¢a Ut — us>Hm = <¢5,Ut - us>Hm_1 + <¢ — Ye, Uy — us>Hm
< <weaut - US>Hm*1 + 2 sup |U|Hm|¢ - we‘H*m
t<T.

€
< AYe,us — ug)gm-1 + 3

Since u € C([0, T.]; H?12) € Cy ([0, T%]; H™ 1) we can find .4 > 0 such that for all
(s,t) € [0, T.)* with |t — 5| < 8c.py (Y, ur — us) grm—1 < 5, which completes the proof of
the claim. O

We will now show that u is a H™-solution of (RE) on the interval [0, 7] in the sense
of Definition 3.1. By (5.3), for all ¢ € Cgo and (s,t) € Aj,1,), we have

t
n;,P, n; " Iy I nj,k
@gpﬂ@=w%p@m—/w~®mmvwww+w;ﬁw@m4t

S

. Lk
— (ul, Lep Phepd) 12 L]

Since u™ — wu in C([0,T%]; L2), € — ¢ in (W2°)K and Z" — Z in CP=v, the
right-hand-side of the above converges for every ¢ € Cgo . Thus, (u?t’P’h,QS) converges
to (u%F, ¢), which implies that u™* € CE—var([0,T); D). Since {u™-P#} is bounded
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uniformly in Cigzar([O,T*];ﬁ;"_?’), we have u? ¢ Cigzar([O,T*];ﬁ;”_3)7 which com-
pletes the proof that u is an H™-solution in the sense of Definition 3.1. Uniqueness
follows immediately from (4.12) in Theorem 4.4.

Finally, we will show that if £ € (W™t4)K then u € C([0,T.]; H™). For given
N € N, let ulf = Poonvug € C,. By the above proof of local well-posedness, since
¢ € Wmthee and |ull|gm. < |ug|gm. for all N € N, there exists a sequence of H™*2-
solutions {uN}%_, c L>®([0,T.); Ht2) n cP=var ([0, T.]; H7) of (RE) on interval
[0, T,] with initial conditions {ud }3_, C ﬁ;"'”. Moreover, for all N € N,

oC1 (142 (0.1.))

N
A L —
tST* |u(])V|H1n* — ecl(1+wZ(O’T*))T*

oC1 (142 (0.1.))

=~ 1 )
|u0|Hm* _ eCl(l+wz (O,T*))T*

T,
sup |ulY|gm < V2exp [ Co /|uéV|Hm ds + wz(0,T%) [uo| grm .
t<T.

- 0

By virtue of (4.13), for all N € N, we have

sup [ulN — wglgm < Van (T [ud) = uolgm + Teqn (T [ud — wol grm—1|ud) | gmr,
t<T.

where

T,

v (TL) = Va3exp | © /(|ugV\Hm+|us|Hm) ds + wz(0,T)
0

It follows that

2_N|U(1)V|an+1 = 2_N|P§2NUO|Hm+1 S |U0|Hm

[N

lim 2V |ul = ug|gm—r < lim | > [nf"ag(n)? | =0,
N— o0 N— o0
[n|>2N

which implies that the sequence {u™}3¥_, converges to u in C([0,T.]; H™), and hence
uweC([0,T.); HM). O
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6. Proof of the remaining results
6.1. Recovery of the pressure and harmonic part (Proof of Proposition 5.3)
Proof of Proposition 3.3. Define = : Ap — H™™3 by
Ea = £{ w2l + £ PEEuLLE.
Using that P =1 — Q — H (see Section 2.1.1), we find that for all (s,t) € Ap, we have

t

Zuzéust—&—/ur Vurdr—/Q V) dr — Eg + Q4 + HE.

S

We will apply the sewing lemma (i.e., Lemma 2.2) to construct the rough integral
I, = /a‘lzkurde, In=0,

from the local expansion Z. For all (s,0,t) € AZ,
000 = — &5 uly 2, — £3 PEE SusZl,

where u™¥ is as defined in Theorem 4.1. By Theorem 4.1, for all (s,t) € Ap with
Cwz(s,t) + C’fst |uy|%mdr < 1, it holds that

|Zst|ggm—3 < Csup \ur|Hm71wz(s,t)%
r<T
— P 1 2
‘6‘:89t|Hm_3 S C (|’U’P7’i|%—var,[s,t],H""*sz(‘%t)p + ‘U|Z—var,[s,t],H"”*1wz(‘S?t)p) .

Thus, applying Lemma 2.2, we find that there is a paths I € CP~vr([0,T]; H™3),
12 = QI € CP~([0,T); VH™ 2), and h = HI € cr—vr ([0, T; R9) such that u? :=
SI-=¢ c;l;j”([o T); H™3), u@f .= 519 — Q= € c;loj‘“([o T); VE™2) and vl .=

dh— HE € C;loc ([0, T]); RY).
For all t € [0, 7], we have

t t t

/ |Q(uy - V)| gm-s dr < / [ty - Vi | gm-s dr < /|VUT|LOC [t grm—3 dr.
0 0 0

We define ¢ € CP~vr([0,T); H™2) by
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t
Vg = _/Q(ur - Vu,)dr + I2.
0

Therefore, we have that for all (s,t) € Ar,

t

uSPt’h + uit + u?t’u + ui’h = dug + /ur -V, dr — 61 + Vg + Ohst,

S

from which we deduce (3.4) since the right-hand-side is a path of £-variation, and hence
zero. 0O

6.2. Mazimally extended solution (Proof of Corollary 5.8)

We will give a constructive proof of the maximally extended solution as it will be used
in subsequent proofs.

Remark 6.1. Both Definition 3.1 and Theorem 3.7 can be extended in the obvious
manner to account for an arbitrary initial time ty > 0. More precisely, for all ug €
H™ and ¢ € (W™t2)k | there exists a unique H™-solution u € Cy([to, Te]; H™) N
CP=var([to, T,]; H™=1) on an interval [to,T,] with initial condition u|—s, = uo for any
time T, satisfying

eCl(l-‘rwz(tmT*))(T* —tg) < |u0|l}}n*

and

eC1(1+wz(to,Ty))

su Ug| FHmw < .
tE[toPT*]| tlm. < |u0|1_{}n* _ eCI(1+wz(to,T*))(T* — o)

Moreover, if m > m.,

Ty
sup |uglgm < V2exp | Co /|V'LLS|LOO ds + wz(to, Ty) |wo|prm .
te(to,Tx]

to
Proof of Corollary 3.8. Let R > 1 and C > Cy(p,d, |¢|ym.+2.) be arbitrarily given,
where Cy is as given in (3.10) in Theorem 3.7. Define f : R3 — [0, 00) by

f(S,(S) — eC(1+wz(s,s+5))6.

Note that for all s € Ry, f(s,0) = 0 and limsyoo f(s,0) = 00. Since wyz is non-decreasing
in its second argument, f is strictly increasing in d, and hence there exists an inverse of
[ in its second argument &, : R — R ; that is, for all (s, M) € R3,
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F(s,8.(5, M)) = CUT=z(s:0-(MN)5 (5 M) = M.
Let Ty = 0 and uf, = uo. Let Ty = To + 6.(To, (R + |ufy |gm-)~")) so that
U= (0TI () — Ty) < COF=2 0TIy — Ty) < (R+ [ufy e ) ™ < [uly |t -

By Theorem 3.7, there exists an H™-solution u! of (RE) on the interval [0,7}]. Let
T2 = Tl + 6*(T1, (R + |U%ﬂl |H'm* )71)). Since

eCl(l+wz(T1,T2))(T2 _ Tl) < eC_'(1+wz(T1,T2))(T1 _ TO) — (R—I— |u;1‘HM*)71 < |u%"1|1__1:'l;n*,

by Remark 6.1, there exists an H™-solution @? of (RE) on the interval [T7,75]. Let
u? = u! on [0,71] and u? = @2 on [T1, T3] so that u? is a H™-solution of (RE) on the

interval [0, Ts]. Proceeding by induction, we define
Tivr =Ti+ 0u(Ty, (R + Jug ) ™), LE {3, 0,

and appeal to Remark 6.1 to obtain an H™-solution u™ of (RE) on the interval [0, T}]
for all I € N. Let Tinax = sup,en, 71 and u™* = lim;_, ul. Tt follows that «™2* is the
unique H™-solution on the open [0, Tynax) by virtue of (4.12) in Theorem 4.4.

Assume that Tinax < 00. Suppose, by contradiction, that limsupp, || rms < 00.
In particular, there exists M > 0 such that |u¢|gm. < M for all ¢ < Tinayx. For arbitrarily
chosen € > 0, there exists a L = L(e) > 0 such that for all [ > L, T;y; — T} < €, which

implies
eé(l"l‘wz(O,Txnax))(R+M)—1 < eé(1+wZ(Tl’Tl+1))(R+ |UT,‘HW)_1 <e

Choosing € > 0 smaller than the left-hand-side, we obtain a contradiction.

Suppose, by contradiction, there exists T' € (Tiax, 00] and an H™-solution  of (RE)
on the interval [0,T). By virtue of uniqueness (i.e., (4.12) in Theorem 4.4), we have
u=u on [0, Tiax), which implies

lim sup |ug| gms = U, |gme <00 =  Tyax = 00.

max
max

This leads to a contradiction, which precludes the existence of an extension of u. O
6.3. BKM blow-up criterion (Proof of Theorem 3.9)

Proof of Theorem 3.9. The strategy of the proof is to first construct an approximation
sequence of H™2-solutions that converges to u on any interval [0, 7] C [0, Tyax). We will
then use the solution estimate given in (4.4) in Theorem 4.2 and then pass to the limit in
both sides of the solution bound. The approximation sequence is constructed separately
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for m = m, and m > m,. If m = m,, we only approximate the initial condition, assume
(Wm=+4)K "and use (4.13) in Theorem 4.4 to establish convergence in C([0, T); H™),
which is needed to continue the approximating sequence up to Tiax. If m > m,, we can
avoid the assumption & € (W™+4>)K for all m by smoothing the initial condition and
¢ and relying on compactness to obtain convergence in C([0,T]; H™+), which allows us
to continue the approximating sequence up to Tiax-

Case m = m,. Let {T,,}52, be the sequence of times specified in the proof of Corol-
lary 3.8 converging to Tiax. In the proof of Theorem 3.7, we showed that the sequence
{u"}22; of H™*2-solutions on the interval [0, T}] corresponding to the initial conditions
{P<onug}pe, € C converges to u in C([0,T1]; H™). In particular, there exists an
N, € N be such that for all n > N, |uf, |gm. < |ug,|gm. +27 ' R. Thus, by Remark 6.1
and (4.12) (i.e., uniqueness), we can extend the solutions {u"}7 . to the interval [0, T5]
such that for all n > No,

eC1(1+wz(T1,T2))

sup |uy|gm. < —
te[Ty,Tx] k ‘u’%l |H1n* — eC1(14@z(T1,T2)) (Ty — TY)

eC1(1+wz(T1,12))

< .
T @R A ugy [gme )T = (R Jury e )

Repeating the argument at the end of the proof of Theorem 3.7 (i.e., applying (4.13)) on
the interval [0, T3], we get that the sequence {u}oly, of H m+2_solutions on the interval
[0, T3] converges to w in C([0,T:]; HY**). Proceeding inductively, for all I € N, we find
an N; € N such that the sequence {u"}72 . converges to u in C([0,T}]; Hm).

Case m > m,. There exists a sequence {(u,&")}22, € C° x (C2°)X that converges
to (ug, &) in HI" x W™H1:°¢ and such that for all n € N, |ul|gm < |uo|gm, |£"|wm+2.0 <
|€|wm+2.00. Let {1,152, be the sequence of times specified in the proof of Corollary 3.8

converging to Tyax. By Theorem 3.7, there exists a sequence of H™ 2-solutions {u"}%° ;
on the interval [0,7T}] corresponding to the data {(uf,&™)}22, such that for all n € N,

eC1(14+@z(0,11))

sup [ul[gm. < ——
t€[0,T1] ! IuolHl,,L* — (R + [uo|gms )™t

T
sup |ul'|gm < V2exp | Cy /|u?|Hm ds + wz(0,Ty) |uo|grm .
te[0,T1] 0

Following the proof of Theorem 3.7 (i.e., applying Theorem 4.1, compactness, and Arzelé-
Ascoli, and then passing to the limit) and using uniqueness, we find that the full sequence
{um}>2 | converges to u in C([0, T1]; ™) for any € > 0 and in the weak-star topology
of L>°([0,T1]); H). In particular, there exists an Ny € N be such that for all n > Ny,
luf |me < |up, |gme + 27'R. By Remark 6.1 and (4.12) (i.e., uniqueness), we may
continue the solutions to the interval [0, T3] such that for all n > N
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eC1(14+wz(T1,T2))

sup |uy|gm. < — — —
el (27'R+ |ur, [gms )™t = (R + |ug [gms ) ™!

Ts
sup |ul|gm < V2exp | Cy /|'U/?|Hm* ds + wz(0,T3) |uo|grm -
te[0,T3] 5

Again, following the proof of Theorem 3.7 and using uniqueness, we get that the full
sequence {u"}5% y, converges to u in C([0,Ty]); H"~¢) for any € > 0 and in the weak-
star topology of L ([0, T»]; H™). Proceeding inductively, for alll € N, we find an N; € N
such that the sequence {u"}7 y, converges to u in C([0,T;); H™~¢) for any e > 0 and
in the weak-star topology of L>([0,T;]; H").

We will now show (3.13). Let T' < Tmax = supey 17 be arbitrarily given and
N(T) € N be such that the sequences constructed above {u"™}> N(T) of converges to u
in C([0,T); ™) and in the weak-star topology of L>([0, T]; H™™) if m > m,,. It follows
that {w" = dbu"}>? v 7 converges to w in C([0,T]; L*).? By (4.4) in Theorem (4.4),
there exist constants C; = C1(d,m) and Cy = Cy(p,d, m, |£|ym+2.0) such that for all
n> N(T),

T
Sl<1p |uf |gm < C1(1 4+ |ug|lgm)exp | Co(1 + wz(0,T))exp | Cs / |wi | Lo ds
t<T

- 0

Using the lower semi-continuity of weak-star convergence if m > m,, we pass to the limit
as n — oo on both sides of the inequality to obtain (3.13).

If Thnax < 00, then lim sup,, |tt| rm = oo, which yields lim SUD447,. fg |ws|pee =

Tmax

oo by (3.13). Conversely, if limsupy7, fg |ws|Leeds = oo, then

1T max

¢ ¢
o0 = limsup/ |ws|peds < limsup/ |us|gmds,
A 11T imax 0

which implies lim sup;r,  |u¢|gm =o00. O

6.4. Global well-posedness in two-dimensions (Proof of Theorem 3.10)

N max)
corresponding to the data {(ug,Z",£")}o2, € C° x C; 7™ x (Cg°)* from the proof of
Theorem 3.7. For given n € N, let @™ = curlu™, so that (see Remark 3.5),

Proof of Corollary 3.10. Consider the sequence {u"}22; of H-solutions on [0,7}

3 We actually only need convergence of {u"} in C ([0, T]; I-AI;”*fe) for any € > 0 to conclude this. However,
in order to construct the approximating sequence up to the maximal time Ti,ax, we needed the convergence
in ([0, T]; HZ').
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{d@" +um . VaOrdt + £ - VardzF =0 on [0,T7,,) x T4,

Q" =ar on {0} x T
It follows that for all n € N, ¢ € [0,00), and p € [2, 0],
|wi' e = |wg |Lr < |wolLe. (6.1)

Moreover, T2 . = oo since (see, e.g., [5, Chapter 3] or [4, Chapter 7]) for all n € N,
¢
e < Cy(1+ [ | m) exp 02(1+/|z«g|ds) exp (Catlwf 1)
0
Owing to (4.4) in Theorem 4.2, there exist constants C; = Cyi(m) and Cy =
Ca(p, m, |€|ym+2.00) such that for all n € N and ¢ > 0,
|U?|Hm S Cl(l + |U0|H'm) exp (02(1 + ’(Dz(O, t)) exXp (CQt|(UO|LOC)) . (62)
Proceeding as in the proof of Theorem 3.7 and using uniqueness, we find that {u"}%2
converges to u in C([0,00); H~€) for any € > 0 and in the weak-star topology of
L>([0,00); H™). We may then pass to the limit (6.2) using lower semicontinuity of
weak-star convergence to obtain (3.15). Since there always exists an € > 0 such that
m—e>%+1, {&"}22, converges to w in C([0,T]; L>), and thus passing to the limit
in (6.1) yields (3.14). O
6.5. Continuous dependence on data (Proof of Corollary 3.11)
Proof of Corollary 3.11. Let R > 1 be such that for all n € N,
luglam < R, [§"[wmizoo+[E|wmrze <R, wzn(s,t) < Rtwz(s,t), Y(s,t) € Ajg o).
We will establish the convergence of {u™} for the cases d = 2 and m > m, separately.

Case d = 2. Owing to (3.15), there exists a constant C' = C(p, m, R) such that for all
and n € N and t > 0,

[ < C1(1+ R)exp (C(1L + wz(0, 1) exp (Cliso| 1)) -
Proceeding as in the proof of Theorem 3.7, we find that {u™} N, converges to u in
C(]0,00); H™¢) for any € > 0 and in the weak-star topology of L>([0, 00); H™).
Case m > m.. Let Cy(|€|wmutz.x) = Ci(p,d, m,|E|wm.+2.) denote the constant

appearing in (3.10). Let C = RC1(p, d, m, R) and note that for all (s,%) € A o),

Cr(|€nlwmes2) (L + @zn(5,1)) V C1(|Elwmasa.ce ) (1 + @z(s,1)) < C(1+wz(s,1)).
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Let {T},}22, be the sequence of times specified in the proof of Corollary 3.8 with R and
C as just specified. We then proceed as in the proof of Theorem 3.9 to show that for
all T < Thnax, there exists an N(T) € N such that the sequence {u"}>? \ ) of H™-

solutions converges to u in C([0,T7; H m—¢) for any € > 0 and in the weak-star topology
of L>([0,T]; H™).

We will now turn our attention to showing the convergence of the pressure and har-
monic constant. Let T' < Tpax and N(T) =1 if d = 2 and N(T') as specified if m > m...
By Proposition 3.3, for all n > N(T), there exists ¢" € CP~v2([0,T]; VH™2) and
h™ € CP=var([0, T); RY) such that

¢ ¢
u?—ug—i—/u:‘-Vugds—/iign u?dZmF = -Vl — h?,
0 0

where, upon adopting the notation in the proof of Proposition 3.3, for all (s,t) € Ar,
we have

Viqyg, := / Qu” - Vul)dr 4+ QE", 4+ u™H §AY, = HE, + ™8,

and
2l = £5ul 250 + £, PEL LY.
Thus, for all (s,t) € Ap
Vg3l s < (0= 5) Sup [Vl s dr s + 0705
[6h%] < 1Z i 4 [u™ P s

There exists a constant C = C(p,d, m, R) such that

B0 prm—s < O sup [ul| 1070 (5,1)7.
r<T

Theorem 4.1 implies that there exists a constant C = C(p,d, m, R) such that for all
(s,t) € Ag with Caogn (s,1) + C [ |u [} dr < 1, it holds that

(6%t prs < © (JuP¥)§

1 2
2 _var [s,8), Hm—2PZ" (87 t)p + |U |5 var,[s, ], Hm—1 92" (8, t)p)

2
| Eye /lu oo+ st i e (5,0

s<r
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The bound (2.13) in the sewing lemma then implies that
uh @l = §mQ — Q=" and wt e = spm — =",

are bounded independent of n in CQ%;)Z&Y([O, T); VHE™2) and Cﬁl_ozar(m T}; R%),
respectively. Therefore, {(Vq",h™) ZO:N(T) is bounded in CP~¥*([0,T7; Vf{m‘Q) X
CP=var([0, T); R4). Following the proof of Theorem 3.7 and using uniqueness of u from
which uniqueness of (¢, h) follows, we deduce that {(Vq", h")}72 7 converges to (g, h)

in C([0, T); VH™27¢) x C([0, T]; R?) for any € > 0. O
Appendix A. Unbounded rough drivers

In this section, we present some elements of the theory of unbounded rough drivers
[9] and the associated remainder estimates. We use Theorem A.5 in Section 4 to derive
a priori estimates of the remainder and solution (i.e., Theorems 4.1, 4.2, and 4.4).

Definition A.1 (Scale). We say a sequence of Banach spaces (E,, |- |n.)3_o = (E,) is a
scale, if F,, 11 is continuously embedded into E,, for all n € {0,1,2,3}. Denote by E_,
the strong topological dual of F,.

Definition A.2 (Unbounded rough driver). For a given interval [0,7], let A* : Ap —
L(E_pn; E_(n44)) for n € {0,1,2} and 7 € {1,2}. For a given p € [2,3), a pair of 2-index
maps A = (A', A?) is called an unbounded p-rough driver on the interval [0, 7] with
respect to the scale (E,,) if there exists a regular control wa on [0, T such that for every
(8, t) € Ap,

|A;t|i(E_n;E7(n+1)) < wa(s,t) for ne{0,2},
, (A1)
|Ast|z(E7n;E7("+2)) S WA(S,t) fOI‘ ne {07 l}a
and, in addition, Chen’s relations hold:
5AL, =0 and §A%, = —A} ALy, V(s,0,t) € A (A.2)

Definition A.3 (Smoothing). We say a family of operators (J"),c(0,1) is a smoothing on
a given scale (E,,) if the following conditions are satisfied:

‘JU - I|£(E,,L;E") 5 Umin fOI'(?’L, m) S {(07 1)v (07 Q)v (17 2)}
T 2z S ™™ for(n,m) € {(1,1),(1,2),(2,2), (1,3),(2,3)}.

Definition A.4 (Solution of unbounded rough driver equation). Let A = (A, A?) be a
continuous unbounded p-rough driver on [0,7] with respect to a scale (E,). Let p €
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C1=var([0,T); E—1). Assume that (FE,) admits a smoothing. A bounded path f : [0,7] —
E_g is called a solution of

df + p(dt) + A(dt)f =0 (A.3)

on the interval [0, 7], provided f%: Ar — E_3 defined for every (s,t) € Ar and ¢ € E3
by
(Fior 8) = (O fut, @) + (1o, &) + (fo, (AL + A%7))

p_
3 var

satisfies f% € C

2,loc

([0, T} E—3).
Define the map f#: Ay — E_3 for every (s,t) € Ap and ¢ € E3 by

(5, 0) = (0fst, 8) + (fo, AL S) = —(Opst, &) — (fur A2 ) + (2, 0).

The first expression for f¥ consists of terms that are less regular in time and more
regular in space than the second expression for fgt. The following theorem is proved
using interpolation, and hence properties of the smoothing operators, and the sewing
lemma (i.e., Lemma 2.2). Its proof can be found, for example, in [39, Proposition 3.1].

Theorem A.5 (Unbounded rough driver estimates). Let u be a solution of (A.3) and
assume that there exists a regqular control w, on the interval [0,T] such that for all
(Sa t) € AT;

|6/~Lst|E,1 < wu(&t). (A4)
Then there exist positive constants C = C(p) and L = L(p) such that for all (s,t) € Arp

with wa (s,t) < L it holds that

P 3 1
|fh|§—var'[s t);E_3 <C ( sup |fT|E—0wA(s>t)p +w#(s7t)wA(svt)p) :
3 HEIN s<r<t

Furthermore, for all (s,t) € Ap with wa (s,t) + w,(s,t) < L it holds that

P 2
3 st SC(%(s,m sup |fr|E_owA<s,t>r>) ,

s<r<t

1 1
|f‘§7var,[s,t];E_1 <C (wu(s,t) + sup |frleg_o(wu(s,t)? +wA(s7t)p)) .

s<r<t

Appendix B. Rough Gronwall’s lemma

In this section, we state a rough version of Gronwall’s lemma. The proof can be found,
for example, in [23].
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Lemma B.1 (Rough Gronwall’s lemma). Let L and p denote positive constants. Let k €
LY(I) and @ be a reqular control on the interval [0,T]. Let ¢ : Ar — Ry be such that
o(s,t) < ¢(0,T) for all (s,t) € Ap. Assume that G : [0,T] — Ry is such that for every
(s,t) € Ap with w(s,t) < L,

t

0Gst < P(s,t) + /HTGT dr + w(s,t)% sup Gy.
r<t

Then there exists a positive constant § = 3(L,p) such that

T

sup Gy < 2exp | 8 / fedr +w(0,T) | | (Go+(0,7)).
0<t<T ;
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