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In recent works, beginning with [76], several stochastic
geophysical fluid dynamics (SGFD) models have been derived
from variational principles. In this paper, we introduce a new
framework for parametrization schemes (PS) in GFD. We
derive a class of rough geophysical fluid dynamics (RGFD)
models as critical points of rough action functionals using
the theory of controlled rough paths. These RGFD models
characterize Lagrangian trajectories in fluid dynamics as
geometric rough paths (GRP) on the manifold of diffeo-
morphic maps. We formulate three constrained variational
approaches for the derivation of these models. The first
is the Clebsch formulation, in which the constraints are
imposed as rough advection laws. The second is the Hamilton-
Pontryagin formulation, in which the constraints are imposed
as right-invariant rough vector fields. And the third is the
Euler—Poincaré formulation, in which the variations are
constrained. These constrained rough variational principles
lead directly to the Lie-Poisson Hamiltonian formulation
of fluid dynamics on GRP. The GRP framework preserves
the geometric structure of fluid dynamics obtained by using
Lie group reduction to pass from Lagrangian to Eulerian
variational principles, yielding a rough formulation of the
Kelvin circulation theorem. The rough formulation enhances
its stochastic counterpart developed in [76], and extended
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to semimartingales in [109]. For example, the rough-path
variational approach includes non-Markovian perturbations
of the Lagrangian fluid trajectories. In particular, memory
effects can be introduced through a judicious choice of
the rough path (e.g. a realization of a fractional Brownian
motion). In the particular case when the rough path is a
realization of a semimartingale, we recover the SGFD models
in [76,109]. However, by eliminating the need for stochastic
variational tools, we retain a pathwise interpretation of
the Lagrangian trajectories. In contrast, the Lagrangian
trajectories in the stochastic framework are described by
stochastic integrals, which do not have a pathwise interpreta-
tion. Thus, the rough path formulation restores this property.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The present work aims to transfer the fundamental properties of deterministic fluid dy-
namics derived by Hamilton’s principle into their formulation on geometric rough paths.
Recent work [44] concerning solution properties of Euler fluid dynamics on rough paths
demonstrates the efficacy of this approach to produce previously unavailable results, such
as the Beale-Kato-Majda blowup criterion for ideal fluid solutions on geometric rough
paths.

To set the scene, we discuss some aspects of the Hamilton’s principle variational ap-
proach to modelling fluid dynamics behaviour using its Lie group symmetry. Hamilton’s
principle states that critical points 6S = 0 of a time integral S = fOTLdt with La-
grangian functional L : TM — R determine dynamical equations on a manifold M. Since
its inception, Hamilton’s principle has provided a systematic mathematical framework
for scientific investigation. For example, Lie symmetries of Hamilton’s principle encode
conservation laws (i.e., Noether’s theorem [99,82,78]) on whose level sets the ensuing
dynamics takes place. Lie symmetries of Hamilton’s principle also reduce the number of
dynamical degrees of freedom to equivalence classes of observables that transform under
the corresponding Lie group.

The reduced Hamilton’s principle leading to the Euler-Poincaré equations for ideal
continuum mechanics was only developed recently in [77]. For the flow of ideal fluids
in a fixed domain M C R", Lie group symmetry reduces the number of degrees of
freedom to the equivalence classes of observables that transform under pull-back by
smooth invertible maps with smooth inverses (¢ € Diff (M), diffeomorphisms) in which
the composition of functions is understood as a Lie group operation. Euler fluid dynamics
is then recast as a flow map ¢; which defines a time-dependent geodesic curve on the
manifold of diffeomorphisms, cf., [6,77].

The present approach is based on the premise that Euler’s fluid equations arise from
Hamilton’s variational principle for geodesic flow on the manifold of diffeomorphisms
with respect to the metric defined by the kinetic energy of the fluid, [6,53]. The vari-
ations are constrained by the condition of right-invariance of the velocity vector field.
Hamilton’s principle for fluids is modified when advection by the fluid motion under the
action of the diffeomorphisms carries fluid properties such as mass and heat, whose
contribution to the thermodynamic equation of state affects the motion [77]. These
advected fluid quantities are said to follow Lagrangian trajectories of fluid parcels in
the flow. Since the Lagrangian trajectories for Euler’s ideal fluid equations are pushed
forward by time-dependent diffeomorphic maps, these trajectories may be regarded as
curves parametrized by time on the manifold of smooth invertible maps (diffeomor-
phisms) [53].

Preserving the fundamental structure derived from Hamilton’s principle in the course
of more general fluid modelling is paramount. These theoretical considerations have
helped in developing Hamilton’s principle modelling for stochastic continuum mechanics
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in [76]. In turn, this new development has recently led to new methods for stochastic
data assimilation using particle-filtering in geophysical fluid dynamics (GFD) [41].

The need for robust and computationally efficient Parametrization Schemes (PS) that
model the effects of fast sub-grid scale physics and other unresolved processes is well un-
derstood in Geophysical Fluid Dynamics (GFD). See, for example, [64], for a recent
overview. Stochastic Parameterization Schemes (SPS) have the additional ability to in-
troduce model uncertainty [13] naturally. SPS have improved the probabilistic skill of
the ensemble weather forecasts by increasing their reliability and reducing the error of
the ensemble mean. The coming years are likely to see a further increase in the use of
SPS in ensemble methods in forecasts and assimilation. This, however, will put increas-
ing demands on the methods used to represent computational model uncertainty in the
dynamical core and other components of the Earth system while maintaining overall
computational efficiency [85].

The preservation of geometrical structure and physicality of fluid dynamics can serve
as a guiding principle in designing robust PS for GFD. The PS are meant to preserve
predictive power, accuracy, and computational efficiency in modelling the effects of both:
(i) unresolved phenomena due to the known but unresolved rapid sub-grid scale physics,
as well as (ii) uncertainty due to unknown bias in the data. Thus, in ensemble compu-
tations, PS face a daunting combination of tasks.

In this paper, we propose a structured approach for parametrization of the rapid scales
of fluid motion by using a temporally rough vector field in the framework of geometric
rough paths (GRP) [59], which we call Geometric Rough Path Parametrization Schemes
(GRPPS). Namely, we will develop a new class of variational principles for fluids that
model resolved and unresolved motions of fluid advection as GRPPS. Critical points of
our rough-path constrained variational principles are rough partial differential equations
(RPDEs), whose dynamics incorporate both the resolved-scale fluid velocity and the
effects of the unresolved fluctuations.

In the particular case when the generating rough path is a straight line, or, more gen-
erally, a smooth curve, the GRPPS approach introduced here reduces to a PS approach
obtained through classical /deterministic variational principles (see Section C). Similarly,
when the generating rough path is a realization of a Brownian motion (or, more gen-
erally, of a semimartingale process), GRPPS specializes to a pathwise formulation of
the SPS characterized through the stochastic variational principles first introduced in
[76]. In other words, this work enhances the mathematical framework of Stochastic Ad-
vection by Lie Transport (SALT), in which the Lagrangian trajectories are treated as
time-dependent Stratonovich stochastic processes [76].

Non-Markovian models include models with memory which are of interest in ocean
dynamics, see, e.g., [119,51,98,19,120,84,102]. The variational treatment of fluid dynam-
ics on rough paths enables the introduction of such models. This can be accomplished,
for example, by realising the rough path as a fractional Brownian motion, or as a more
general Gaussian process with suitably chosen time correlation. There is growing evi-
dence that non-Markovianity improves models of the effects of fast sub-grid scales on
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the resolved scales (see, e.g., [5,61,33,86]). It stands to reason that such models could be
useful in parametrising the sub-grid scales of real fluids. Our framework, in particular,
includes spatially-local, non-Markovian SPS by using rough paths (rather than, for ex-
ample, state-delay terms) to model the sub-grid scale terms. Since our framework retains
the core geometric structure of fluid mechanics, one can expect the solution properties of
our equations would track those of the deterministic unperturbed equations (e.g., stabil-
ity up to blow-up time [44]). This sort of fidelity would be important in the calibration
of our models, especially for those calibrations that use the modern ‘solver-in-the loop’
estimation procedures [115].

The contents of this paper. The overall goal of the present paper is to formulate rig-
orously in Theorems 2.6 and 3.12 variational principles for ideal fluid dynamics with
advection of fluid quantities along Geometric Rough Paths. To achieve this goal, our
first aim is to derive a rough version of the Lie chain rule in Theorem 3.3 leading to the
GRP version of the classical Reynolds transport formula in Corollary 3.5. The Reynolds
transport formula for momentum density encapsulates the force law which governs fluid
motion. Mathematically, the formula describes the rate of change of the integral of the
fluid momentum density over a moving control volume that is being transported by
the rough (fluid) flow along a GRP. Thus, our key result is the Lie chain rule formula
(3.4) in Theorem 3.3 for the rough differential (or increment in time) of the pull-back
and push-forward of a tensor-field-valued GRP by a rough flow. The Lie chain rule for-
mula (3.4) is intuitive and natural because it follows from the extension of ordinary
calculus to GRP. The formula leads to a unified, stable, and flexible framework for mod-
elling fluids whose Lagrangian parcels move along temporally rough paths. Theorem 3.3
for the Lie chain rule is the foundation on which the other contributions of the paper
rest.

In order to derive the momentum and advection equations satisfied by the critical
points of our variational principles, we required a rough version of the fundamental
lemma of the calculus of variations. A version is formulated and proved in Section B.3.
As far as we are aware, this is a new result.

Our work is an example of the rigorous content of the Malliavin transfer princi-
ple, which says that geometric constructions involving manifold-valued curves can be
extended to manifold-valued stochastic paths by replacing classical calculus with ge-
ometric rough-path calculus (see, e.g. [104,54,32,21,50,3]). More specifically, we show
that deterministic geometric continuum mechanics can be extended to rough-path ge-
ometric continuum mechanics. In the particular case when the rough path is a real-
ization of a semimartingale, we recover the SGFD models in [76,109]. However, by
eliminating the need for stochastic variational tools, we retain a pathwise interpre-
tation of the Lagrangian trajectories. In contrast, the Lagrangian trajectories in the
stochastic framework are described by stochastic integrals, which do not have a path-
wise interpretation. In summary, the rough path formulation restores the pathwise

property.
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The paper is structured as follows:

e Section 2 formulates the first variational principle for fluid dynamics on geometric
rough paths in Theorem 2.6, by imposing the Clebsch constraint for the advection
fluid quantities along rough paths.

e Section 3 formulates the Lie Chain Rule Theorem 3.3 and the Reynolds Transport
Corollary 3.5 for geometric rough paths. The Reynolds transport formula in the
special case of one-forms yields the rough Kelvin—-Noether Theorem 3.6. Section 3
also formulates the Hamilton-Pontryagin variational principle for rough paths in
Theorem 3.12, which imposes the constraint that the vector fields which generate
the Lagrangian trajectories are right-invariant under diffeomorphisms whose time
dependence is rough. The Clebsch and Hamilton-Pontryagin variational principles
for rough paths correspond to those derived in the SALT approach in [76] and [63],
respectively. Next we formulate the Euler—Poincaré constrained variational principle
for ideal fluid motion on GRP in Theorem 3.15. Here, we pose an open problem
regarding the construction of variations used in this principle. Finally, we develop
the Lie—Poisson Hamiltonian formulation of fluid dynamics on GRP in Corollary 3.19.

o Section 4 provides three examples of fluid equations on GRP. These are: i) the rough
Euler equation for incompressible fluid flow; ii) the rough Camassa-Holm equation
and its limiting case, the rough Burgers equation; and iii) the equations for ideal
compressible adiabatic fluid dynamics on GRP.

o Finally, Section 5 contains the proofs of the main results formulated in Section 3.

In addition, the paper contains five Appendices which are meant to provide notation
and background information, including proofs of key technical results invoked in the main
text, a simple example of our procedure in the setting of smooth paths, and additional
history and motivation. The first two Appendices are essential and contain together the
key relationships and definitions needed in both geometric mechanics and the theory of
rough paths for the present work, which as far as we know are found together nowhere
else. The latter three Appendices provide additional information and motivation for the
theory of rough paths.

Appendix A defines the notation we use and summarises the essential background and
results for both rough paths and geometric mechanics that we use in the text. We choose
to put this section in the appendix rather than in the main text since different classes
of readers may be familiar with at least some of our notation, and might wish to see the
statements of the main results presented first. The main text will refer to sections in Ap-
pendix A as needed if we think a notation is not standard. Appendix B contains proofs
of selected technical results which facilitate the proofs in the main text. Appendix C
illustrates the variational principles we use in the example of a homogeneous incom-
pressible fluid flow perturbed by spatially and temporally smooth noise. This example
serves as a guide for introducing rough perturbations into the variational principles for
more general fluid theories. Appendix D provides a short history and motivation in the
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development of the theory of rough paths and Appendix E discusses the concrete exam-
ple of Gaussian rough paths and provides additional references to this important class
of rough paths.

Contributions of this paper.

This paper offers a variational framework that connects Geometric Rough Path The-
ory with Geophysical Fluid Dynamics, hopefully to the benefit of both fields. The
geometric variational approach followed here may enhance the development of math-
ematical and numerical models in a range of investigations in Weather Prediction, Data
Assimilation, Ocean Dynamics, Atmospheric Science, perhaps even Turbulence. For ex-
ample, the model development may benefit from theoretical results (stability results,
large deviation principles, splitting schemes) for random dynamical systems arising from
rough partial differential equations [44]. In turn, the new connections between GFD and
geometric rough paths may become a fruitful source of open problems in mathematics.

This paper introduces a GRPPS framework that transcends the scope of either de-
terministic or stochastic parametrization schemes by allowing GRP with Holder index
a € (%, 1] .1 The case a = 1 recovers deterministic fluid dynamics (see, e.g., Section C).
The case @ = 1/2 — ¢ (e < 1) gives a pathwise characterization of SPS. Widening the
choice of Holder index provides a broader scope for modelling with PS. Indeed, one may
also include models which are non-Markovian (for example, by choosing the rough path
as a realization of a fractional Brownian motion, or of a more general Gaussian process
with suitably chosen time dependence).

The GRPPS presented here possess the following fundamental properties:

e Being derived from Hamilton’s variational principle, they preserve the geometric
structure of fluid dynamics [77].

e They satisfy a Kelvin circulation theorem, which is the classical essence of fluid flow.

e They are consistent with the modern mathematical formulation of fluid flow as
geodesic flows on the manifold of smooth invertible transformations, with respect
to the metric associated with the fluid’s kinetic energy [6].

¢ They accommodate Pontryagin’s maximum principle for control in taking a dynam-
ical system from one state to another, especially in the presence of constraints for
the state or input controls [17].

Open problems Following this work, the following problems remain open:
o Completeness of the constrained velocity variations in formulating the RPDEs in the

Euler-Poincaré Theorem 3.15.
e Well-posedness of RPDEs derived in Sec. 4.1 and Sec. 4.2.

! The analysis presented here can be extended to o € (0, 1] at the expense of more elaborate computations.
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o Estimation of the rough path properties and calibration of the GRPPS model from
observed or simulated data.

¢ The development of pathwise data assimilation methods for the incorporation of data
into GRPPS.

o Uncertainty quantification and forecast analysis using GRPPS.

Acknowledgments

All of the authors are grateful to our friends and colleagues who have generously of-
fered their time, thoughts and encouragement in the course of this work during the time
of COVID-19. We are particularly grateful to T.D. Drivas and S. Takao for thought-
ful discussions. DC and DH are grateful for partial support from ERC Synergy Grant
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partial support from US AFOSR Grant FA9550-19-1-7043 - FDGRP (Fluid Dynamics of
Geometric Rough Paths) awarded to DH as PI. TN is grateful for partial support from
the DFG via the Research Unit FOR 2402.

2. The Clebsch variational principle for geometric rough paths

To streamline the presentation of our results and to provide a ready reference for
the reader, we have assembled the notation and background of geometric mechanics and
rough paths theory needed for this paper into one place — Appendix A — rather than
dispersing it sequentially in the main text.

Let Z = (Z,Z) € C¥(RE) be a given geometric rough path with Hélder index o €
(1,1] defined in the time interval ¢ € [0, 7. Let X = Xy, denote a function space of vector
fields. Let XV = %;sz denote a function space of one-form densities such that the canonical
pairing (-,-)x : Xfe X Xcoo — R defined in (A.13) extends to a continuous pairing on
XY x X. For incompressible fluids, we implicitly use the constructions of the divergence-
free, or both divergence-free and harmonic-free vector fields and their canonical ‘duals’
(see Definition A.20). We write all spaces in brief notation without including Riemannian
measure [ty or other extraneous adornment for a unified treatment of the compressible
and incompressible case. That is to say, for incompressible fluid flows, all vector fields
(and variations of vector fields) and one-form densities are constrained. Using Cartan’s
formula (A.12) and the Stokes theorem, one can show that for all u € X¢e, the adjoint
(see (A.14)) of the vector-field operation

ad, = — £, : Xoe = X

relative to the canonical pairing (-,-)x is given by ad}, = £, : X, — X},,. Thus, for all
a®D € X}, we have

ad;(a®@D)=4£,(a®@D)=£,a@D+a® &£,D =£,a2 D+ a® (divp uD).
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Let A be a direct summand of alternating form bundles and tensor bundles such that
the first component of A is the density bundle AT*M. Let AV denote the canonical dual
in Section A.2.2. Define (-, -)g : Ao X Acee — R via a sum as explained in (A.13). Let
A = Ar, = ', (A) and AV = AL = Ty, (AY) be function spaces such that the pairing
(-, ) extends to a continuous pairing on Y x 2. For all u € Xce, let £ 1 Ao — Ao
denote the adjoint (see (A.14)) of the Lie derivative £, : Afec — Al defined relative
to the canonical pairing (-, -)g.

Definition 2.1 (Diamond operator (¢)). We define the bilinear diamond operator o :
Ao X Acoe — XYoo via the relation

Aoa,wyr = — (N, £ua)a, VN u,a) € Ao X Xooo X Ugoo.
C

We refer the reader to [77] and Section 4 (esp. Section 4.4) for explicit computations
with the diamond operator in fluid dynamics. We assume that ¢ extends to a continuous
operator ¢ : Y x A — XV.

Assumption 2.2. Let £ : X x 2 — R. Assume there exist (functional derivatives) % K
A — XV and % : X x2A — AV such that for all (u,a) € XxA and (du, da) € Xoo XAc=o:

(i)

de

L(u+ edu,a + eda) =: <§—£(u7a),6u> + <¥(u7a),6a> ;
u x a

e=0 2A

(ii) for any sequence {(u”,a")}nen C Xco X Aco such that (u™,a™) — (u,a) as
n — oo in X x A;

. o, . /ol
nh_}rrgo<5—(u ,a )75u>x = <6u(u,a),6u> and

u x
. ol .. X
nh_}rr;o<5(u ,a ),5a>m— <£(u,a),6a>

(iii) the mapping %(~, a) : ¥ — XV is an isomorphism.

A

Let £ € %g, denote a fixed collection of vector fields.?
Definition 2.3. Let Clbz denote the space of all
(u,a,A) € CH(X) x Dzr(A) x Dzr(2AY)
such that

2 It is worth noting that one can make £ time dependent and depend on other quantities as in [63].
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(i) for all ¢ € Xco, we have £4a,£,0, £4a € CX(A), and there exists (£¢a)" such
that (£¢a, (£¢a)') € Dz r(A);

(ii) for all ¢ € Xcoee, we have £\, £5,6, £51 € CE(2AY), and there exists (£:))" such
that (£2X, (£20)') € Dyp(2AY).

Remark 2.4. Let X, 2, and AV be function spaces (see Section A.2.2) such that X —
X A=A and AY — AV, and £ € L(X x A, A) and £* € L(X x AV, AY). If (u,a,A) €
CT(.%) X DZ,T(Q[) X DZ7T(Q(V) and £ € .%K, then (1) and (ii) hold.

Clebsch variational principle. The Clebsch action functional S¢%z : Clby — R is
defined by

T
SCle (U,a, )\) = /E(ut, at)dt + <>\t7dat + £dxf,at>Qla (21)
0

where
Aty Lax, a)2 = (e, L ae)adt + (N, £ear)udZy,  dxg := ugdt + EdZ;.

Remark 2.5. By Remark A.9, the integral fOT</\t, da;)g in the Clebsch action functional
in (2.1) is well-defined. Indeed, the extra structure provided by the Gubinelli derivative
in the controlled rough path space (whose elements are denoted with bold font, see
Appendix subsection A.1.1) allows one to construct this integration.

A wariation of (u,a,X) € Clbz is a curve {(u,a, A)}c¢(—1,1) C Clbz of the form
(u,a% A%) = (u+ edu,a + eda, A + ed)),

for arbitrarily chosen (du, da,dN) € CX(Xcoo X Acoe X AY ) such that da vanishes at
=0andt=T. We say (u,a,\) € Clbg is a critical point of the action functional Sz,
if for all variations one has

d

d_ SC”’Z(uE,aE,)\E) — 0
€

e=0
By virtue of the controlled rough path calculus and, in particular, Lemmas A.13 and

B.4, we obtain the following Clebsch variational principle.®

Theorem 2.6 (Clebsch variational principle on geometric rough paths). A curve (u,a, X) €
Clbz, is a critical point of Sz in (2.1) iff for allt € [0,T], the following equations hold.

3 For more details about the history and applications of the Clebsch variational principle in fluid dynamics,
see Appendix C.
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t t t

v Y4 Y4
my +/£usmsds +/£5deZS T mo + / E(us,as) cas,ds, m= E(
0 0 0

u,a) = Aoa,
t t
ai +/£usasds + /aﬂgasdzs 2 aop,
0 0

t t
At v o _|-/ <£2/\s + %(1@%)) ds+/£§A5dzs.
a
0 0

Proof. See Section 5.1. O

Remark 2.7. The Lagrange multiplier A enforces the constraint that ‘a’ satisfies

t t
a +/£usasds+/£5asdzs 2 a9, Vte[0,T).
0 0

That is, the quantity ‘a’ is (formally) advected by the integral curves of the vector
field dey = udt + £dZ;. The Lie chain rule (Theorem 3.3) and Hamilton-Pontryagin
variational principle in Section 3.3 explain the nature of this differential notation (see
Remarks 3.4 and 3.9) which we will use freely. It follows that a = (a, —£¢a) € Dz ()
and (£¢a, (£¢a)") € Dz r(A), where (£ca) = —(£¢, £¢,a)1<k,1< k. For more information
about rough partial differential equations (RPDEs) and their solutions, we refer the
reader to [59,10,47,74,75]. We mention that to prove well-posedness and, in particular,
to show that ‘a’ is controlled, one must obtain a priori estimates of a remainder term
which contains third-order Lie derivatives, see equation (A.11).

Remark 2.8. Incorporating additional constraints into the action functional is straight-
forward. For example, it is possible to enforce incompressibility via Lagrange multipliers
instead of through constraints on spaces as discussed at the beginning of this section
and in Section A.2.3. Naturally, additional terms appear on the right-hand-side of the
equation for momentum, m, corresponding to the pressure terms (rough and smooth in
time). We will explain in the examples in Section 4 how one can impose the incompress-
ibility constraint, either by using Lagrangian multipliers, or by constraining the space of
vector fields and its dual.

The most commonly solved Euler equation for incompressible homogeneous flow of an
ideal fluid with transport-type noise is, in addition, harmonic-free [43,28,27,42]. Indeed,
in most papers, the authors prove well-posedness of a transport vorticity equation on the
torus T?, d = 2,3 with u recovered via the Biot-Savart law. By the Hodge decomposition
theorem (see Section A.2.3), if the underlying equation for the fluid velocity u does not
preserve mean-freeness (i.e., harmonic-freeness), then u cannot be recovered directly from
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the vorticity equation by the Biot-Savart law. As a result of the perturbative nature of
our theory, our equations do not, in general, preserve harmonic-freeness at the level of
velocity. By imposing constraints on spaces (i.e., projections), we can easily impose that u
is both divergence and harmonic-free and derive the corresponding momentum equation
with enough ‘free-variables’ to impose the divergence-free and harmonic-free constraints.
In particular, we shall explain how the pressure and constant harmonic terms naturally
decompose into a smooth and rough part, and how they can be recovered from u as was
done in, for example, [94,95] and [74,75]).

3. The Lie chain rule for geometric rough paths and its applications

For an incompressible ideal fluid evolving on a compact oriented Riemannian manifold
(M, g) with associated volume-form i, the Lagrangian flow map 7 : [0, 7] — Diff,, may
be regarded as a curve in the group G := Diff,, of volume-preserving diffeomorphisms
on M endowed with some appropriate topology, initiated from the identity ny = id
and parametrized by time, ¢ € [0,7]. In his seminal paper [6], V.I. Arnold showed
that the configuration space for incompressible hydrodynamics is the space of volume-
preserving diffeomorphisms and that FEuler’s equation for the Eulerian velocity field u
(i.e., 7y = ug o 1y) is equivalent to the path 7 being a critical point of the kinetic energy
action functional. That is, solutions of Euler’s fluid equations are geodesic paths on
the manifold of volume-preserving diffeomorphisms endowed with a right-invariant weak
L?-metric.

However, several geometric-analytic challenges arise if one wishes to make this view-
point constructive and solve the geodesic equation as an ODE (and show there is no
derivative loss). The crux of the matter is that composition from the right is not smooth
if one wants to endow G with a Banach topology and work with a standard functional
analytic tool-set [53]. The variational principles developed in this paper can be seen as
extensions of the geodesic principle in [6] or, more generally, the overarching EPDiff
theory [77].

3.1. Lie chain rule and Reynolds transport theorem

Theorem B.1 can be extended via a coordinate chart or approximate flow argument
(see, e.g., [118,50,9]) to obtain the following theorem concerning smooth rough flows on
the closed manifold M. We assume smoothness in the spatial variable and compactness
of our manifolds for simplicity. More relaxed conditions can be found in, for example, in
[118].

Theorem 3.1 (Rough flow properties). There exists a unique continuous map
Flow : Cf(Xce) x CF(Xfw) X Cqr(RT) = CF'1(Diff o)

such that nis = Flow(u, &, Z)s, (s,t) € [0,T)?, satisfies the following properties:
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(i) for all (s,0,t) € [0,T)3, ny = 1d and

Tto © Nos = Tts;

(i7) for all (s,t) € A and f € C,

t t
nrsf = f + n:suT [f]d’f' + n:sgr[f]dzh (31)
[t
and
nts*f = f - ur[nrs*f]dr - 57‘ [nrs*f]dzr (32)
[t

Remark 3.2. Let us recall that n;, and ns. denote the pull-back and push-forward,
respectively (see (A.10)). Item (ii) in (3.1) means that for all X € M, the quantity 7., X
is the unique solution of the RDE

dntsX = ut(ntsX)dt + gt(ntsX)dZta te (SvT]v ’1755X = Xv (33)
for all s € [0, 7.

We refer to the following theorem as the Lie chain rule. A stochastic version (i.e.,
Brownian case) of this theorem was proved in [46][Theorem 3.1].

Theorem 3.3 (Rough Lie chain rule). For given 79 € Tt, 7 € Cp(T&), and v =
(7,7") € Dz r((TH)X), let

t t

=T +/7rrdr+/'yrdz,a, te[0,T].
0 0
Then for all (s,t) € Ar,
t t
v =+ [t S et [ Gt s ) a2, (3.4)
and
t t
eeti =1t [ (st = £, Ot ) At [ (s = S, () A0 (35
s s

where the time-dependent vector fields uw and & are given in equation (3.3).
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Proof. See Section 5.2. O

Remark 3.4. By (3.5), for an arbitrary 7o € 75%, it follows that 7. = 1.0.79 is a classical
solution of

t t

T —|—/£W7'rdr—|—/£gr7'rdz,» = 19.
0 0

Notice that if we introduce the notation dx; := dnyg o 77;01 = uydt + £;dZ;, then we may
write

t
Tt+/£dmrTr27—07
0

which generalizes the dynamic definition of the Lie-derivative to the rough case.

The following corollary is an extension of the Reynolds transport theorem. It is a
sequential application of the definition of the integral on manifolds (see, e.g., Sec. 8.1
and 8.2 of [1]), the global change of variables formula, the Lie chain rule (Theorem 3.3)
and the rough Fubini theorem (Lemma B.3. We will use this formula next in the case
k =1 for the proof of the Kelvin circulation theorem (see Section 3.2).

Corollary 3.5 (Rough Reynolds transport theorem). For given ag € Qb , m € Cp(Qh),
and v = (v,7") € Dz7r((Qk)K), let

¢ t
o zao—i—/mdr—i—/%dzr, te[0,T].
0 0

Then for all k-dimensional smooth submanifolds I' embedded in M and (s,t) € Ap, we

have
/ /as / / Ty + &, 7 ) dr + / / (v + £, 77) dZy.,
)

Nes (T s nps(T) 5 nps(T)

where n;5(T) denotes the image of T' under the action of the flow .
3.2. Kelvin’s circulation theorem

Assume that for all ¢t € [0, 7],

t t
my Fooo m0+/<§—ﬁ(us,as)oa5—£usms> ds—/d{gmsdzs, m= ((,:—5(%@)7
0 0
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t t
D, + / £4.Dydr + / £eD,dZ, VUECT Dy,
0 0

where all the paths and integrands are assumed to be smooth. By virtue of Theorem 3.1,
there exists a flow of diffeomorphisms n =n.¢ € C%(Diff ¢ ) such that

dmp X = ug(n: X)dt +E(n: X)dZy, t € (0,T], nmX =X € M.

We obtain the following rough version of the Kelvin-Noether theorem in [77] as an
application of the Reynolds transport theorem in Corollary 3.5,

Theorem 3.6 (Rough Kelvin-Noether Theorem). Let v denote a compact embedded one-
dimensional smooth submanifold of M and denote v, = n(7y) for allt € [0,T). If Dy is
non-vanishing, then

1o )_ Lo /%155 oad
Dt5 U, At) = DO uOvaO usuas asas.

Tt

Remark 3.7. Formula (A.15) explains that % : XYoo = Qb is defined by m = a @ v +—

m _ 4

w - Tdpc

Proof. See Section 5.3. O
3.83. The Hamilton-Pontryagin variational principle for geometric rough paths

In this section, in addition to the assumptions in Section 2, we require that 2 =

Ao, X = X, € € {Xoo}E, and Z € C;T(RK), a € (%,%], is truly rough as in

Definition A.14. We define the space of rough diffeomorphisms by
Diffz 7.0 = Flow(C%(Xc=), CF (XE<), Z) 0.

For given n = Flow (v, 0,Z).o € Diffz 7.0 and A € Dz 1 (XV), we let

O\N

T T
At, d?’]t [¢] ’I’]t / At, Ut xdt =+ / At, O't det (36)
0 0

Definition 3.8. Let HPz denote the space of
(u,m,A) € CF(Xcee) x Diffz 1,000 XDz r(XY)

such that for all ¢ € Xoeo, £\, £4,0, £4A € CE(AY), and there exists (£¢A)’ such that
(Eﬁg)\, (aﬂg/\)/) S DZ7T(XV).
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For a given ag € A, the Hamilton-Pontryagin action integral SC’Z)P z:HPz - R is
defined by

T
Sgpz (u,m, A /f e, Newao)dt + (A, dng ot — wpdt — €4Zy) x. (3.7)
0

Remark 3.9. By Theorem A.15, the Lagrange multiplier A in (3.7) enforces
dne X = uy(n: X)dt + E(p X)dZy, t € (0,T), nX =X € M.

The true roughness of the path Z defined in Definition A.14 and satisfying Theorem A.15
is required to ensure that (3.6) is well-specified and to conclude that v = v and ¢ = £ in
the proof of Theorem 3.12 (i.e., after taking variations). In contrast, we did not impose
true roughness (see Remark 2.7) of the path for the Clebsch variational principle in
Theorem 2.6 owing to the nature of the constraint and Lemma B.4.

By the Lie chain rule (Theorem 3.3), we find that a; = n.ao satisfies

t
a; + / £ax.as = ag, where dx; = u,dt + £dZ;,
0

where the notation for dz; is explained in Remark 3.4. That is, the quantity a is advected
by the flow 1 € Diffz 1 ¢. This advection equation is used directly as the constraint in
the Clebsch variational principal in Theorem 2.6.

Definition 3.10. A variation of (u,n,A) € HPz is a curve {(u®, 7, A°) }ee(~1,1) C HPz of
the form

(u, 0, X) = (u+ ebu, ) o, A+ €d)),

where ¢ € C*°([—1,1] x [0, T]; Diff ¢ ) is defined to be the flow (in the ¢-variable) given
by

6t¢§X = eatéwt(z/)fX), ¢6X =XeM,

for arbitrarily chosen (du, dw,d\) € CF° (X X Acoe X Aa) such that dw vanishes at
t=0andt="T

Remark 3.11 (Variation n°). The type of variation we use for the rough diffeomorphism
is common in the geometric mechanics community (see, e.g., Lemma 3.1 of [4]). Notice
that for all t € [0,T] and f € C*°,
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t
¢ f = f+e | (0w, fldr.
/

Applying Theorem 3.3 and using the natural property of the Lie derivative leads to

t t

nf*f =f+ /7776'* (£v7§f + €<£E)t5wrf) dr + /n;*ilgifdzr,
0 0

where v§ = 95, v and of = 5, 0. Thus, for a given n = Flow(v, 0, Z).q, it follows that
dn; X = (vi (i X) + 00w, (n; X)) dt + o7 (n; X)dZy,  npX = X € M,
and hence
n® = Flow (v 4 €0y0w, 0, Z) , € Diffz 1 ¢ .
The proof of the following theorem is given in Section 5.4.

Theorem 3.12 (Hamilton-Pontryagin variational principle). A curve (u,n,A) € HPz is
a critical point of STP2 if and only if for all [0,T],

t t t

v Y4
mt—i—/a(lusmsds—}—/aﬁgmsdzsxz mo—i—/&—(us,as)oanS, m=—
a

0 0 0

t t
a +/£usasds +/£§asts U 4y, ar = 1eeao,
0 0

dne X = u (e X)dt + EX)dZy, ¢t € (0,T], nX =X € M.

Remark 3.13. The corresponding Hamilton-Pontryagin principle was derived for SALT
in [63].

Proof. See Section 5.4. O
Remark 3.14 (Incompressible homogeneous Euler). The rough incompressible homoge-

neous (unit density) Euler equations arise from the choice of the ‘kinetic energy’ La-
grangian £ : X, — R, defined by

t(w) = [ 9wy,

M
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where (M, g) is an oriented Riemannian manifold with corresponding volume form .
We refer to Sections 4.2 and 4.2 for more details. Letting %Xg denote the space of one-
form densities modulo exact and harmonic forms (see Definition A.20), we find

_a
T bu

m=A= o= [ @l € &Y,

and hence that (u,n, A) is a critical point of HPz iff

Vo1
Al ® prg) + Lo, [uf ® prgldt + Lluy @ pgldZy = S [dg(ur, ) © pgldt,
dneX = uy(n X)dt + EeX)dZy, ¢t € (0,T], nX =X € M.

The first equation is equivalent to

dul 4 £, uldt + £5u§dzt = %dg(ut, uy) — ddps — deg,
d*u’ =divu =0,

H(u’) =0,

where dp; = p;dt + ¢;dZ; and dc; = ¢;dt + ¢;dZ; are the Lagrangian multipliers cor-
responding to the divergence and harmonic-free constraints. It follows that w = du”
satisfies

dwt + £utwtdt + angtdZt =0.

In [44], we extend the work of [75], which studied the viscous case on the torus M = T4,
to show that for an initial-velocity ug € Xwy with m > % + 1, there exists a unique
maximal Cauchy development u € C([0,T7); Xwy») N C*([0, Timax; Xyyn—2). Moreover,
we show that if Ty, < oo, then

T*

/|wt|ﬂim frg = +00.
0

That is, a Beale-Kato-Majda blowup criterion holds. In dimension two, identifying w
with a scalar & = *w € Q°, we find that |@;|» = |@o|Ls for all p so that T* = +o0.

Therefore, taking the initial data uy € Xce to be smooth, we obtain a solution
u € C%(Xee) on any interval [0, T] with T < Tiax, and hence we may construct the
flow n = Flow(u, ¢, Z) € Diffz 1 c-. Consequently, we obtain a critical point (u, 7, X) of
HPy for any T < Tiax with A = (\, X)) = ([t @ pg], £ [t @ pg]).

3.4. An Euler—Poincaré variational principle for geometric rough paths

In this section, we assume that all stated quantities exist and are smooth; so, we can
work formally (see Remark 3.17).
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Theorem 3.15 (Euler—Poincaré variational principle). Consider a path n=Flow(u, &, Z) €
Diffz 1.c. The following are equivalent:

(i) The constrained variational principle

T
5/E(ut,at)dt =0
0

holds on C3(Xce=) x CF(Uce) using variations of the form
dudt = 0y0wdt — adax, Ow and da = — £5u0, (3.8)

for arbitrarily chosen dw € C¥(Xce) which vanishes at t = 0 and t = T, where
dXt = Utdt + §dZt

(ii) The Euler-Poincaré equations on geometric rough paths hold: that is, for all t €
0,7),

t

mt—l—/i:ugmsds—i—/{ﬁgmsdzs Fge m0+/5 (us,as) 0 asds, m=—(u,a),

0
t

£uaeds + [ £ea.dZy " ao,  ay = mreap.
0

at—i—

o o
~+

Proof. See Section 5.5. O

Remark 3.16. Recalling that for all u € X*° the adjoint of ad, = —£, : Xox — X is
ady = £, 1 Xfoo = X, we have
o/

dmy +adi,, m = — oa,
¢ da, (3.9)

dat + £dxtat =0.

Remark 3.17. This is not strictly a variational principle in the same sense as the standard
Hamilton’s principle. It is akin to the classic Lagrange d’Alembert principle for dynamics
with nonholonomic constraints, because the variations of du and da in (3.8) are restricted
in terms of dw. These restrictions are discussed next.

Let n = Flow(u, &,Z). 9. Assume that for all dw € Xc and dwy = dwr = 0 we can
construct a variation {n°}.c[—1,1) such that

dn; X = ug(n; X)dt + E(n; X)dZy, t € (0,T], ngX =X € M,

and for all ¢ € [0, 77,
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9 € 9 €
adnt ‘e:O = dant ’e:O;

(ii) o » o
dw; = (Eh_oﬁf) S/ A De |E 077tX dwy (n: X).

Define du; := %|6:0u§. Then

0
d&nﬂe:o = d(dwy o ny) = (0r0wy) o medt + (T'0wy o my) (ug 0 Nedt + & 0 e dZy)
and
a € a € € €
Edm L:O = &(u onidt 4+ o ”tdzt)’e:o

= (ug on + (Tug o) (dwy omy)) dt + (TE o my)(dwy o my)dZy
Using the equality of mixed derivatives, we find

dug o mpdt = ((Op0wy) o My + [dwy, ue] 0 me) At + [dwy, &] 0 nZy
= ((Op0wy) o my — ady, dwy o 1) dt — ade dwy © N Zy.
It follows from af = 7, a¢ that da, = %L:Ong*ao = —£5pa:. Two issues now arise: 1)
we do not have a proof that such variations exist as we did for the Hamilton-Pontryagin
variational principle; ii) it is not clear how to deduce

(S’U/tdt = (8,56111,5 - adut 6wt) dt — adg 6’U)tdZt.

We shall leave the clarification of these issues about the Euler-Poincaré variations as an
open problem.

3.5. A Lie—Poisson bracket for Hamiltonian dynamics on geometric rough paths

Definition 3.18. We define A : Dz,T(.’{V) @Dz (Q[) — 'DZ7T(R) by

t t
/ msaus X _E usaas d8+/ msv£ %dzsa
0 0

(m,a) S Dz)T(x ) <) DZ,T(Ql)v t e [O,T],

where u denotes the inverse of %(-, a) : X — XV applied to m; that is, m = %(u, a).
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The rough Hamiltonian h;(m,a) is the sum of the deterministic Hamiltonian defined
by Legendre transformation associated with the Lagrangian ¢ and given by H(m,a) =
(m,uyx — £(u,a), plus G(m) = (m, &) x, so that

_ O/ H(ms, as)ds + 0/ G(my)dZ

Let us take variations of h(m, a) in m and a. For arbitrary dm € X/« and da € Ao,
we find

t
ol ou ol
/ < Msy, —— 5 X + <5m5,u5>35 - <@(u5,as), %be - <E(US7GS),5CL>%) ds
0

+ /<6m87 §>%dzs

Q)
?\

0
t t
= /<6ms,dx5 / (us,as),0a)gds, Vte[0,T],
0 0

Q

where in the second equality we have used m := % and set dz; := udt + £€dZ;. Thus,

Ohy oh Y4
d%(m a) =dx; and dg(m,a) =— E(u,a)dt,

which is to say

t t t

¢

dhy _ [6H 0G

5m(m a) = /usds+/§dZS f/ém(ms,as)der/ém(ms)ds
0

0 0 0

Shy e o
g(’n’ha) = — %(ut,at) = E(mt,at).

Corollary 3.19 (Lie—Poisson Hamiltonian form). The Euler—Poincaré equations in (3.9)
can be written in Lie—Poisson bracket form as

t
my | xVe mo adims Ooas| |déhs/dm(m,a)
ay - £pas 0 ddhs/da(m,a) |’
0

in which the bozes (O) represent substitution in the operator. For arbitrary f : XV x2A —
R such that %(m,a) € Cr(X) and g—g(m,a) € Dz r(AY) exist (see Lemma A.13), we
have
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t
f(mtvat) mo,ao +/ dmsv(s msvas x+/ dasv(; (msvas»ﬂ
0 0

(Rl e

t
-
t

/ 7, dh ms,as),

0

in which the last equality adopts the motation for the semidirect-product Lie—Poisson

bracket given in [77]. In differential notation, we find

df(mye, ar) = {f,dhs }(my, ar) = {f, H}my, ap)dt + {f, G} (my, ar)dZ;.

Remark 3.20. Stochastic Hamilton equations were introduced along parallel lines with
the deterministic canonical theory in [15]. These results were later extended to include
reduction by symmetry in [83]. Reduction by symmetry of expected-value stochastic vari-
ational principles for Euler—Poincaré equations was developed in [4] and [36]. Stochastic
variational principles were also used in constructing stochastic variational integrators in
Bou-Rabee and Owhadi [20].

4. Examples
4.1. Rough incompressible Fuler equation via Lagrange multipliers

Let (M, g) denote a smooth, compact, connected, oriented d-dimensional Riemannian
manifold without boundary. Denote by iy € Densce the associated volume form, which
is given in local coordinates by

g = /| det[gi;]| dz' A - A da.

Let A = AT*M @ A°T*M and AY = A°T*M @ AT*M. Denote the advected vari-
ables by a = (D, p) € A = Densg, @Q% and the associated Lagrangian multipliers by
A= (f,B) e A = Q) @ Densg,. In the following example, we will explain how to
impose incompressibility through projections and spatial constraints. Toward this end,
we introduce an additional Lagrangian multiplier w € Dz (3 N F1) to enforce incom-
pressibility. We consider the Clebsch action functional

SCle<u7a,A,ﬂ') = /K(ut,at)dt + <d7’l’t7 Dt — Ptﬂg>9d + <ft7 th + ‘£d$tDt>Qd

+ <5t , dpt + <£d:vtpt>Qoa
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where dxy; = udt 4+ £dZ; and the Lagrangian £: X x 21 — R is defined by

1 1
Lu,a) = 3 /g(u,u)D = 5(ub ® D, u)x,

M

where the b operation is defined in Section A.2.3. We take variations of (u,a, A) as defined
in Section 2. A variation of 7 is defined to be 7€ = 7 + €7 for o7 € C°(C) such that
omg = dmr = 0.

It follows that all (u,a) € X x 2,

4 o v ot W4 (1 v
mfﬁ(u,a)fu ®DeXxV, u=5m and —(u,a) = (ig(u,u), O) e A,

where the diffeomorphism % is defined in Section A.2.2. Let us now compute the relevant
diamond terms (see Definition 2.1). For all (h,v) € C* X Densce~ and u € Xge, we
have

—(h, £uV)qa = f/héiuz/ = f/hdiuz/ = /I/iudh = (£,h,V)qa = (dh @ v, u)x,
M M M
which implies h ¢ v = dg ® v. Moreover, since
—(v, £4h)qo = —/m'udh =—(dh®r,u)x = voh=-dhouw
M

With minor modifications of the Proof of Theorem 2.6, we find that (u,a, A, ) is a
critical point of Sz = 0, if and only if for all ¢ € [0, T7:

t t
xV
my + £dz5 ms = Mo +
0 0

my = fi o Dy + Bi o py,

DO | =

t t
g(us,us)oDsds—l—/dﬂ'soDS —/dﬂ'sugops,
0 0

t t
Den QO
Dt+/£dsts < D, pt+/£dms,os 2 s Dy = puty,
0 0

N | =

t t t t t
Q° Dens
ft +/£dmsfs = fO + /77st+ /g(u57us)ds 5t +/£dmsﬁt = ﬂO - /ﬂ'sﬂfgd&
0 0 0 0 0

Substituting D = ppg into the equation for D and applying the diffeomorphism 71 (see
g
(A.15)), we find
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t
pt+ / (i:dzsps + diV#g dxs) = po.
0

Since p is advected, we obtain for all ¢ € [0,T7,

t t

/divﬁg usds + /divug &dZg = 0.
0 0

In order to conclude that div,, v = 0, we need to assume either div, £ = 0, or true
roughness of Z. In the next example, we do not require additional assumptions to con-
clude that u is divergence-free, since we will impose this directly.

Substituting m = u’ ® D into the momentum equation and recalling that D is ad-
vected, that the Lie derivative is a derivation, and that the product rule (Lemma A.13)
holds, we find

1
du) ® peptg + Lz, U] ® peprg+ = §d9(ut7 up) @ peptg +ddmwy @ pipig + dpy @ dmwypg.

Assuming p is non-vanishing and applying the diffeomorphism 5 (see (A.15)) yields

1] 1 1 1
du} + £40,u, < §dg(ut7ut) +ddm; + p—dptdﬂ't = §dg(ut,ut) + p_d(Ptdﬂ't)
t t
(4.1)
1 1
= §d9(ut,ut) - Eddpu

in which the pressure is identified in terms of the Lagrange multiplier dm; as dp; :=
—ped7e. We will elaborate more on this equation in the following example.

4.2. Rough incompressible Fuler equation via constraint on spaces

Let (M, g) and p, be as in the previous example. Let A = AT*M and AY = A°T*M
in this example, and notice that for all D € 2f = Densgs, there exists p € Qg,.g such that
D = ppyg.

Let X,,, = X,, 7, denote the space of incompressible vector fields and Xxg =Xy, %
denote the dual space of one-form densities modulo the kernel of the divergence-free
by Z{l\fg x X,, — R the
canonical pairing defined in (A.18) in Definition A.20. Define the Lagrangian £ : X, x
A — R by

projection as defined in Definition A.20. Denote by (-, -)x

1 1 1 1
tw.0) =5 [ potuwny =5 [ gtw)D = S0 © Doz = 3 © D),
M M

The square brackets denote an equivalence class, whose elements satisfy [df ® p,]. = [0].
It follows that for all (u, D) € X,,, x 2,
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14 1
(’U,,D) = ig(uvu)a

_ 1
= —-m, and 5D

50 b
(u,D)=[w @Dl €X;, u D

m= —
ou
where the diffeomorphism % is defined in Section A.2.2. Using the diamond operation

computed in the previous example, we find
1 \%
(u, D)o D = §dg(u,u)®D €X, -

6D

Clebsch critical points (Theorem 2.6) thus satisfy
\% 1 b
[5dg(us, u) ® Didt, m=[v’ ® D),

Hg

dmy + £, mdt + £emydZy =

AD; + £, Dydt + £:DydZ; 20,
AV 1
d\, = (éﬁut)\t + 59(%5’ Ut)) dt + £ A dZ.

Critical points of the Hamilton-Pontryagin action functional (Theorem 3.12) also satisfy
the first two equations. Since D is Lie-advected and the Lie derivative is a derivation,

Ky

using the product rule (Lemma A.13), we find
X7 1
= [§dg(ut,ut) ®Dt}dt,

[du} ® Dy] + [£u,u) ® Di]dt + [£eu’ @ Dy]dZ;

Hg

or equivalently
b b b iy 5l
du; ® Dy + P(£4,u; ® Dy)dt + P(£¢u; ® Dy)dZ, P(§dg(ut, ut) @ Dy)dt.

Upon invoking the definition of %l\:g in Definition A.20, we find

v 1
du?®Dt—|—£utu§®Dtdt+£gui®DtdZt r idg(ut,ut)®Dtdt—dp®ugdt—dq®,ugdzt,

where dp € C%(Q°) and dg € Dz r((2°)K).
Applying 5 (as defined in (A.15)) and recalling that div,, u; = 0 yields

b b by 1 1 L
dut + £ututdt + <£Eutdzt = §dg(ut, Ut)dt — —dptdt — —dqtdZt,
Pt Pt

d*u’ =0 = div,, us,
dpe + £, pedt + (£ep; + divy, €)dZ, = 0.
Remark 4.1. Thus, one sees that the Hodge decomposition necessitates introducing a

‘rough’ Lagrangian multiplier (i.e., pressure term) dp; = —pdm; in (4.1). That is,
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dpy = dp ® pgdt — dg @ pgdZy,

where
y 1L b
dp; = —-Q (Pt (£utut - 2dg(ut,ut)>> and dg; = —Q (Pt<£§ut) )

and @ : Q! — dQ° denotes the projection (A.16) onto flat one-forms.

The following identity is well-known:
1 b
£,0° — §dg(v,v) = (V,v)’, W€ Xoe,

where V : Xooe X Xooe — Xow is Levi-Civita connection (see, e.g., [52][Section 3]).*
Thus, applying the # operator to the equation for u” yields

# 1 1
dug + Va,updt + (df:gui) dZ, = —Vpedt + —VqudZs,
Pt Pt
where in a local coordinate chart (see (A.11)),
(£ = (810,u" + g™ u' 0 gri + 9™ guyu' 0,57 Oy
It is worth noting that for all u € X, c~ and v,w € X¢e,

(wvadu U).'{Lz = <wb & Mg, adu ’U>X - <£u(wb & /’Lg)7v>f = <‘£uu]b oy Mg7v>%
= ((i’,uwb)n,v)xﬂ,

Remark 4.2. When £ = 0, the corresponding equation is the usual deterministic incom-
pressible non-homogeneous Euler fluid equation (see, e.g., [24][Ch. VI] or [92]).

In case of a homogeneous fluid (p = 1) we find

1
dui + £utu§dt + £5u§dzt = §dg(ut, ut)dt — dpydt — dg:dZs,

4 For the convenience of the reader, we repeat the proof. For a given u € X ¢, define the tensor derivation
Ay = £, — V. It follows that A, f = 0 for all f € C* and that A,v = —V,u by the torsion-free property
of the connection. Using these properties and that A, is a derivation, for a given a € Qlcx, we have

iy (Ay) =iy, ., and hence iy, (Auv") = ikuv" = g(v, Vyu) for all w € Xg~. Therefore,

iy (dg(u,v)) = Vylg(u,v)] = g(v, Vyu) + g(u, Vo) = iw(Auvb + Avub)7 Yu,v,w € Xgee,

where we have also used Vn = 0. Thus, £uv" — Vuvb + £vu" — V,Uub = dg(u,v), which gives the formula
upon setting u = v.
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or equivalently,

‘
dug + Vg, updt + (::E,guZ) dZ, = —Vpudt — Vg, dZ,.

In this case, another advected quantity a € ®%_ ;A°T*M and its Lagrange multiplier
A € @L,AYT* M should be introduced into the Clebsch constraint to avoid reduction to
potential flow (see, e.g., Section C).

Vorticity dynamics We will now discuss vorticity dynamics in both the inhomogeneous
and homogeneous case. We assume div,, £ = 0 and that all quantities are regular enough
subsequently to perform each calculation. First, notice that for every f € C,

df(pe) + £u, f(pe)dt + £¢ f(pe)dZy = 0.

That is, f(p;) is advected by dz; (see Remark 3.4). Let w = du’ € Q2 be the vorticity
two-form. Since the exterior derivative d commutes with the Lie derivative, we obtain

dwy + £0,wdt + £e0idZy S —dp;t Adpedt — dp; b AdgdZ,  and
Ql
ddf(pt) + £u, (df(pe))dt + £¢(d f(p1))dZ; = 0.

Thus, by the product rule (Lemma A.13), we get

d(we Adf(pe)) + &, ((we Adf(pe))dt + £e((we A df(pr))dZy
= —dp; ' Adp; Adf(p)dt — dp; A dge A df(pe)dZy.

In particular, in dimension three, using that dp; A dp; A dps = dps A dg: Adp; = 0, we
find

d(wt A dpt) + £ut (wt N dpt)dt + a(’:g(wt A dpt)dZt Q: 0.

Moreover, in dimension three, applying Stokes theorem, we get
Jeindsto) = [ wondsen).
M M

We also have that

d(wef(pr)) + Eu, (We f(pe)dt + Le(w)tf(pe))dZy = —dG(py) A dpedt — dG(pe) A dgidZy,

where G is the anti-derivative of g(p) = f,§§ ), Thus, in dimension two, we obtain
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/wtf(/)t) Z/Wof(00)~

M M
In the homogeneous setting, the vorticity equation is given by
dwt + £utwtdt + a‘lgwtdZt =0.

Using the Hodge-star operator x : 02 — Q%2 and setting @ = xw € QY in dimension
two and @ = fxw € X, in dimension three, we find

0@y + ((ug - V)0 — Lg=3 (@ - Vug) dt + ((€ - V)@p — 1g—3(@; - V)E) dt = 0.

Here, we have used that * and the Lie derivative commute (see, e.g., Section A.6 of

[14]).

In three dimensions, the helicity, defined as

A@y) = /u? A wy

M
measures the linkage of field lines of the divergence-free vector field @ [7]. It follows that
A’ Aw) + £, (W Aw)dt + £ (0’ Aw)dZ; = —dp; A wdt — dg A wpdZy,
where p = p — %dg(u,u). Thus, we find

A(@y) = /ug ANwp = /u(b) Awo = A(@o).

M M

Therefore, the linkage number of the vorticity vector field A(®) is preserved by the 3D
Euler fluid equations.
In two dimensions, for any smooth f € C'°°,

df (@) + £, f(@r)dt + £¢ f (@4)dZy = 0,

and hence

/f(@t)ﬂg:/f(dio)ug.
M i

Letting f(z) = 22, we obtain

/‘Dfﬂg:/a}gﬂm

M M

which implies that in dimension two enstrophy is conserved.



D. Crisan et al. / Advances in Mathematics 404 (2022) 108409 29

Divergence and harmonic-free It is worth noting that in the homogeneous setting,
u can only be recovered directly from w if H) = 0 via the Biot-Savart law (see Sec-
tion A.2.3). Otherwise one needs to keep track of the harmonic constant. Nevertheless,
one can repeat the above analysis with the harmonic and divergence-free spaces X 1, and
f.{xg (see Definition A.20) to derive

. . 1.
du} + P£,,uldt + PEeuldZ; = EPdg(ut, ug)dt,
and hence
1
dul) + £,,u5dt + £eudZ, = 5dg(ut, u)dt + (c; — dpy)dt + (& — dgy)dZ,

where ¢ = H(£,u°) € C3(HL) and é = H(£eu”) € Dz r((HL)X) and H is the pro-
jection onto Harmonic one-forms. Here, u is constrained to be both divergence free and
harmonic free. For this equation, v’ (and w) can be recovered directly from w via the
Biot-Savart operator. This equation has been studied in [43,28,27,42]. See, also, the dis-
cussion in [55].

4.8. Rough Camassa-Holm equation and Burgers equation

Let M = S be the flat one-dimensional torus (i.e., the circle). Denote the standard
normalized volume form by p € Dens ¢ and coordinates by . In this example, we take
A=0=A". We define the Lagrangian £ : X — R by

1

l(u) = 5

1
/(\u|2 + 2|V ul?)p = §<(A2u)b ® p,u)x, where A?:=1-—a?V2.
S

It follows that

8t

" s

(u) = (A%u)’ @puex’ and u=A"2 (%m) .

If (u,n) is a critical point of the Hamilton-Pontryagin action functional (Theorem 3.12),
then

dmt + £utmtdt + <£§mtdzt = 0,

which we may interpret as Lie transport of the momentum 1-form density in the Camassa-
Holm equation along rough paths.

Since the Lie derivative is a derivation and we have the explicit formula (A.11) for
one-forms, we find

£m = (£ (A0 + (\20) div, ) © = (19, (A20) + 2(0%0)Va0) @ p, Vo € X.
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Thus, identifying v with a scalar-valued function, we get
dut + A_2 (Utam(AZUt) + 2(A2ut)6mut) dt + A_2 (E@w(AQUt) + 2(A2Ut>aw€) dZt =0.

After some simplification, we find

042
dut + (utaxut + [“)mA_2 <(|Ut|2 + 781Ut|2)>) de¢
+ (famut + A_2 (2ut0$§ + azaﬁfﬁzut) >dZt = 0,

written as a nonlocal Cauchy problem with the pseudo-differential operator A=2. Indeed,
notice that if one substitutes £ with v in the dZ;-term, then one obtains the same operator
in dt-term.

Now, if & = 0, we obtain the Burgers equation on rough paths,

dut + 3utamutdt + (§8Iut + 2utam§) dZt =0.

The properties of the stochastic Burgers equation with stochastic transport noise have
been investigated, e.g., in [2], and the properties of the Burgers equation with rough
transport noise have been studied in [73].

4.4. Rough Euler equations for adiabatic compressible flows

Let A = AYT* M@A’T*M and AY = A°T* M@AYT* M. Denote the advected variables
by a = (D,s) € 2z, = Densg, @QO% and the associated Lagrangian multipliers by A =
(f,B) e A, = QY @Densg,. Let p € Q?tg be such that D = ppug. The advected variables
comprise the thermodynamic evolution variables mass/volume, p and the entropy/mass,
s. The internal energy/mass, e(p, s), obeys the First Law of Thermodynamics, given by

de(p,s) = %dp + Tds,

with pressure p(p, s) and temperature T'(p, s).
Define the Lagrangian £: X, x 2 — R by

E(u,a):]‘[(%g(u,u)—e(p,s)) D.

It follows that

o o v 4 (1
m = E(u,a) =uw®DeX¥ and %(u,a) = (Eg(u,u) — h(p, s), —TD> ,

where h(p, s) = e(p, s) + p/p is the specific enthalpy/mass, which satisfies
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1
dh(p,s) = —dp + Tds.
)

Applying the calculations with the diamond operation (¢) in Section 4.1 yields

X twayoa= ((%dg(u, w) — dh(p, s)) ©D, Tds @ D) .

Critical points of the Clebsch and Hamilton-Pontryagin action functionals satisfy

v (1
dmy + £.4g,medt = <§dg(ut7 u;) — dh(py, st)> ® Dydt + Tyds; ® Dydt,

Dens

0
AD; + £z, Dydt P2°0, & dsy + £ap, 50 = 0.

Since D is Lie-advected and the Lie derivative is a derivation, using the product rule
(Lemma A.13) and applying the diffeomorphism % yields

1 1 1
dul + £qz,u) = (d (gg(unut) - h(PnSt)) + Ttdst) dt =: <§dg(utaut) - p—dpt> dt.
t

Restricting to dimension three and working with enough regularity to perform the sub-
sequent calculations implies three advected quantities,

)L

(d+ £42,)D; =0, (d+ £4z,)5: = 0, (d+ £q4q,)(du’ Adsy) = 0. (4.2)

Let w = du’ denote the vorticity two-form and let & denote the corresponding
divergence-free vector field. From the three quantities in (4.2), one may construct the
following advected scalar quantity known as the potential vorticity

0
(d+ £4z, )% Z 0, where €;:= Dt_lwt ANds; = pt_ldz - V.

Consequently, the following functional is conserved for the adiabatic compressible Euler
equations on GRPs

Co 3:/¢(Qt75t)Da
M

for any smooth function ® : R2 — R.
5. Proof of main results
5.1. Proof of the Clebsch variational principle Theorem 2.6

Proof. Tt is worth noting that this proof closely mirrors the proof in [76] for stochastic
variational principles. Nonetheless, we repeat the proof for the convenience of the reader.
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If (u,a, ) € Clbg is a critical point of the action functional, then it satisfies

0= di Sz (¢ a® X)) = I(du) + II(da) + ITI(8N),
€le=0
where
T
o/
I((SU) = /<—(ut,at) —/\toat,éut> dt
du x
0
T T 5[ T
II((;CL) = /()\t,ﬁtéat Q[dt+/ Sa Ut,at +£ /\t,éat Q[dt+/ £§>\t,5at Q[dzt
0 0 0
T T T
III((S)\) = /<5At,dat>g( —|—/<5At,£utat>gdt—|—/<6At,£5at>mdzt.
0 0 0

Here, we have used the definition of the diamond operator and (2.2) to exchange the
order of derivative in € and the time-integral for the Lagrangian terms. Since we may
always take du = 0, da = 0, and A = 0, we conclude that I(du) = 0, I1(da) = 0,
and IT1(6A) = 0 for all smooth (du,d\, da) that vanish at ¢ = 0 and ¢ = T. Splitting

the variations in time and space and applying the fundamental lemma of calculus of

variations in Lemmas B.4, and A.13, we find m = g—ﬁ(u, a) L Aoa and that a, A solve

the equations given in (2.2). Upon applying Lemma A.13 with the continuous bilinear
pairing ¢ : X x A — XV, we obtain

t t
mt:)\Ooao—l—/d/\roar—&—//\TodaT.

Subtracting fot %(ur, a,)dr from both sides of the above, testing against a smooth ¢ €
Xce and working in differential notation yields

o¢ a0
(dm — == 0 adt, g)x = ((dA = ==dt) oa + Ao da, ¢)x

— (£2X0a, @)xdt + (£1N 00, ¢)xdZ — (Ao £,a, ) xdt — (Ao £ea, ¢) xdZ
(by equ. for A & a)
—(£IN, £ga)adt — (£, £4a)adZ + (N, £5£,0)adt + (A, £5£ca)adZ
(by def. of ©)
(EuLe — £ofu)a)udt — (N, (£ — £4£¢)a)yudZ
A, Epuga)adt — (A, £ gja)adZ (by prop. of Lie derivative)

—(A
=
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={(Aoa,[u,9)xdt+ (Aoa,[E,d))xdZ  (by def. of o)
=—(Aoa,ad, ¢)xdt — (Ao a,ade p)xdZ  (by def. of ad,)
= —(£um, @)xdt — (£em, ¢)xdZ  (b/c adym = £,m).

Consequently,

5
dmy + £, mdt + £emdZ, = 6—2 o aydt.

The converse can be obtained by reversing the above proof. O

5.2. Proof of the rough Lie chain rule Theorem 3.3

Proof. We will prove the statement using the following steps.

. We prove the formula for scalar functions by working in a local chart;

. We prove the formula for vectors by reducing to step 1 and using the product formula;
. We prove the formula for one-forms from steps 1 and 2 and the product formula;

= W N =

. Using steps 3 and 4, we apply an induction argument to prove the general formula.

For simplicity, we will drop the d¢-terms and time-dependence on &, and assume s = 0.
That is, we consider the C*°-flow n € C%(Diff ¢ ) satistying

A X = E(pX)dZy, noX = X € M.

Since we are working in C'°°, we will simply write Dz for the controlled spaces.
Step 1. Assume that f € C%(C*°) has the decomposition

t
£ = fo +/7r,«dZT, te0,T].
0

We aim to show that

t

nifi = fo+ / 0 (m + €1£,]) A2Z, (5.1)

0
and

t

nt*ft = fO + / (nr*ﬂ'r - g[nr*frb dZ,,

0
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where both integrals are understood in the sense of controlled calculus. We focus only
on the pull-back formula (5.1) as the equation for the push-forward can be shown in a
similar way.

Towards this end, let us fix a coordinate chart (U,z). Let p := ¢ on, Z¢ 1= £[¢7],
F, = fio¢~! and b(t, ) = m (¢~ 1(-)). We will now show that

t

Fip) = Fo + / (2 (0)0: Fr(py) + b(r, 1) dZ, (5.2)
0

which is (5.1) written in local coordinates. Since (U, ¢) was arbitrary, proving (5.2)
completes step 1.

To see this, it will be convenient to spell out the expansion in terms of scalars. We
identify Z(-) as an operator on L£(R¥ R9) acting on Z with Z;(-)6Z% and write the
Davie’s expansions of p and F:

Spst = Enlps)0ZY, + 0,21 (ps)Ei(ps) 2% + (5.3)
and
5F(-) = bi(s,)3ZE + b}, (s, ) Z% + b2, (), (5.4)

where |p3| < |t — s|* and b S |t — s*
To prove (5.2), we Taylor expand Fy, bi(s, ), and by ,(s,-), and use (5.4) to write

Fy(pe) — Fs(ps) = Fi(pt) — Fs(pe) + Fs(pe) — Fs(ps)
= b (5, pe)5 28, + Vi1 (5, p) 235 + Uiy (pe) + Oui Fulps)oply
1 o
+ §axjaxiFS(pS)6p?st6p{9t + O(‘6p8t|3)

= (bk(sv ps) + awibk(sa ps)(;pét + 0(|6p8t|2))5Z§t
+ By (5, ps) + 0(1pse ) 2L + b, (o)

+ 0 Fy(ps) g (p5) S ZE, + 0, Fy(p5) s 2 (05 E] (ps) L% + 8,6 Fy (ps)ply

1 .
+ 50000 Fa(ps) 540256 251 + 0(10pst )
Since Z is geometric (i.e., Z!¥ + Zk = 7!, ZF) | plugging in the expansion (5.3), we find

Fy(pe) — Fs(ps) = (bk(stS) + 8:viFS(PS)E§<(PS)) 82,
+ (aw'bk(s, ps)Ei(ps) + Opibi (s, Ps)Ei(Ps)) leli

+ (azf aziEe(ps)Eﬁai =+ aziFs(ps)aszZ(ps)Eg (,Ds)) Zili +o(|t - 5‘3a)-
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Straightforward, but tedious, computations show that the local expansion
Wy o= (bi(s, ps) + 0ui Fs(ps)Zi (ps)) 625,
- (0uibi(5. 9)ZH(ps) + Dusbi(5, po)Zk(p3) + Ors s Fips) 1],
+ 0 Fu(ps)00sZh (0, (02) ) 2%
satisfies |62 9¢| < |t — 5/, By the uniqueness in Lemma A.1, we get (5.2).

Step 2. Let V € C2(X¢c~) be such that

t
V.=V +/7erZT, t 0,7,
0

for some (mw,7") € Dz. For any f € C*°, we have

(e V1 = Vi) g nes f1 = nf (Vilne])-

Recall that n, = n. € CE(C™) satisfies (3.2) with s = 0. Applying Lemma A.13 with
the continuous bilinear map B : Xge x C*° — C*°, we find

Vil = Volf] + / (m1g,] — Vi lelgr]) A2

Moreover, making use of step 1 with f; = Vi[n:] € C°°, we obtain

t

VL = m (Vi) = Valf) + / 0 (molg] + EVilg,]) — Vilelga])) 42,
0
—Volf] + / 0t (melg] + €V, lgv]) 2,

0
— Volf] + / (0 (mr + 6, Vi) [f14Z,.

Because f was arbitrarily chosen, we conclude that (n*V,n*£V 4+ n*n) € Dz and

t
Vi = Vo + /n;f (Tr + £V,) dZ,.
0
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Noting that

(e VO] = e Vi) sy f1 = e (Vilng £1),

and following a similar proof, we find that (n.V, —£n.V + n.m) € Dz and

t
nt*‘/t Vo + / NrsTpr — nr*v))dzr (55)
0

Step 3. Assume that a € C(2L) has the decomposition

t
oy = o + /ﬂ'TdZT.
0

Fix an arbitrary vector V' € X¥¢« independent of ¢t. Using (5.5) and Lemma A.13, we get

t
at(nt* = O40 + / r 77r* - O‘T(E’ nT*V])) dZ,.
0

Applying (5.1), we obtain

(nra) (V) = ¢ (an(neV))
= ap(V) + / 0 (e (V) = (612 V]) + [E(ar (e V)]) A2

The derivation property of the Lie derivative implies

€l (e V)] = (0 (£en))(V) + 07 (i ([6, 76 V])) -

Noting that 7} (m:(nV)) = (nym) (V) and that V' was arbitrary, we obtain
¢
Ny = o + /n;f (mr + £e) dZ
0
Following a similar argument, we get

t
NexCty = Qg + /nr*ﬂr — £ (nr*ar) dZ,,
0

which completes step 3.
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Step 4. Let us show how to extend to TH_ . Let ViyooowVi € Xooo, and aq,...,0p €
Ql. We recall that

(n:Tt)(ah .. '7al7X17 e 7X/€) = 77: (Tt(nt*ala .. 'ant*ahnt*Xh e 777t*Xk))'

Using induction in the product formula, we obtain

Te(Meeety oo e, N Vi, ooy Vie) = 1oy oy, Vi, oo, Vi)
t
+/[%(nr*oq,.-.,nr*az,nr*%,...,nr*Vk)
0
l

- Tr(nr*ala ceey £Enr*aja oo anr*alanr*vl, cee anT*Vk‘)
7j=1

Tr(Mra 01y <oy a0, e Vi oo £emei Vi oo nr*Vk)}dZT,

KM?T

<
Il
—

which from (5.1) yields

nim(ar, ..o, Vi, oo Vi) =100, .o a, Vi oo Vi)

+ I:T]:(’YT(T]T*ala"'7nr*al7nr*‘/1a"'an7‘*vk))

\w&‘

M- -

T’r‘(nr*ala ER) ££777‘*aj7 cee 777T*al777r*vl7 cee 7777‘*Vk)

j=1

k
— Zq—r(nr*al, ey Nes g, nT*Vl, ey £§77r*‘/j; e 7177‘*Vk,‘)] dZT
j=1

t

+ / D€l eV 1 Vi))AZ,.
0

By the derivation property of the Lie derivative, we get

5[7—?"(777’*0513 e 57’T*al7nT*Via ceey nr*vk)]
= (£§Tr)(nr*a1» cee 7nr*alanT*V1a cee 7nT*Vk>

!
+ ZTT(UT*CH, e BNy e O ek Vi ek Vi)
j=1

k
+ ZTr(nr*al7 LR 777T*alv777‘*v17 .- '7‘££n7‘*‘/j7 R 7777‘*Vk)7
=1
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and hence

nyme(ar, . o, Vi, oo Vi)
i
:TO(‘/lu'-~7 +/ 77r’7r n’l"*a17'~'7777‘*al777’r’*vl7"'7777‘*Vk:)
0

+ n:(£§TT)(nT*a17 sy Mrs Qg 777‘*V17 s 7777‘*Vk):| dZT

=71olar,...,a, Vi, ., Vi)

t
+/17T'yr o, .00, Vi oo Vi) + (miEere) (a0, Vi, oo Vi) dZ,.
0

Since aq,...,q; and Vi,..., Vi were arbitrary, the result follows. O
5.8. Proof of the rough Kelvin—Noether Theorem 3.6

Proof. Let p € Densg~ be an arbitrary non-vanishing density and set p = % € C* so
that D = pu. Recall that for all w € Xgoo, £,D = (£,,p + div, w)p. It follows that for
all t € [0,T7,

t

Pe = po — /(£quT + pr div, u,)dr — /(£§pr + prdiv, £)dZ
0 0

Using the Lemma A.13 and the identity £w% = —p%;ﬁwp, w € Xoeo, we find

t i
11 11 11
_:_+/< £ur—+—dlvuur> dr+/<—£5—+—divug> dZ,.
popo pr P ) pr - pr

Forallm =a®v € X¥}e and w € X, we have

dv dv . dv
£om = £ <0sz ®N> = (<£w <ald,u> + (div,, w)aidu) ® 1

Therefore,
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(e () ramon)

Applying the Lemma A.13 and the identity % = d—},t% = p11 Z’, we arrive at
S

t t
my - mg 1 66 my 1 my
D, ~ D. +/Dr (aamh‘“)”t Fur (m))d’" /Dr&(m)dz”

S

We then complete the proof by applying Corollary 3.5 with « = m/D. O
5.4. Proof of the rough Hamilton—Pontryagin Theorem 3.12

Proof. If (u,g,\) € HPgz is a critical point of the action functional, then

0= 2

o SHPz (ue n, %) = I(6u) + II(8w) + ITI(5N),

e=0

where

T
/ < ’U,t, at /\t7 (S’U,t> dt
0 X

T T
d d .
el /E(ut,(ni)*ao)dt—l- o /O‘t»dnt’ 1771{>36
e=0

I1(6w)
€ e=0 0

T T
ITI(8)) (X, dn o ) x —/ (g, ug)xdt — /Mt, €)xdZ;.
0 0

O\H

By virtue of the fundamental lemma of calculus of variations, I(du) = 0 implies m =

\/
gﬁ (u,a) Y Separating variations in time and space and applying Theorem A.15, from

IT1(6)\) =0, deduce that v =u and o = &.
We now focus on I1(éw) = 0. By the equality of mixed derivatives (see, also, Lemma
3.1 in [4]), we have

P O
Atde ~ Oedt

= 3t5wt o 'l/)t +e— [8t5wt o d)t] V(E,t) S [—]., ].] X [O,T]

Oe

oy° —
5 |o—o = 0w, and hence

Using the above relation and that ¥ X = X

d

de

d

v =
¢ de

€

(1/%6)*” = _[5wt7 Ut] = adguw, vt

e=0

e=0
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Therefore,

d

de

T T
/<)\t7d77§ ng)x / (At, Ordwy + adsw, vt xdt—f'/ At, adsw, 04)xdZy,
e=0
0 0

where we have exchanged the order of % and the rough integral using Theorem A.S.

Moreover,
d ‘ d )
de - (nf)«ao0 = T Y (Y5)sar = —£65w,at, Yt €[0,T7],
which implies that
. [ M ’ 6€
_ /g(uﬂ nt / utvat c‘E,swfat Q[dt / utyat Oat,éwt>g‘dt
de|._, 5a -
0 0 /

The proof is completed by splitting the variations of dw in space and time and applying
Lemma B.4. O

5.5. Proof of the rough Euler—Poincaré Theorem 3.15

Proof. Using the definitions of du and da in (3.8), integrating by parts, and taking the
endpoint conditions wg = wr = 0 into account, we find

T

(SSEPZ — /<ﬁ(ut>at)75ut>xdt+ <ﬂ
6ut

5a, (Utaat)75at>Ql

Y4 Y4
(—(ug, ap) , 0p0w) xdt + {— (uy, ay) ,adqy, dw)x
Ut (Sut

O\% o

Y4
— (5. (s, ar) 0@, Sw)xdt
at

50 Y. 50
<—d<5—w) _addwt(s_ut 5 >x+<6—t<>at 6’U)>:{dt

Ft—n T

Y4 o0 o
(—d( ) d{dwt&u +6 toatdt ,0w) x.

(S’Z,Lt

We conclude with the corresponding momentum equation by splitting up variations in
space and time and applying Lemma B.4. In addition, the advection equation da; +



D. Crisan et al. / Advances in Mathematics 404 (2022) 108409 41

£4z,a: = 0 follows from the push-forward relation a; = (;).ag by the Lie chain rule in
Theorem 3.3. These two results complete the proof of Theorem 3.15. O

Appendix A. Notation and required background
A.1. Geometric rough paths

In this section, we will provide an overview of the theory of geometric rough paths.
We invite the reader to consult Appendix D for a historical account motivating the use
of rough paths and [90,60,59,8] for more thorough expositions.

Let T > 0, A2 = {(s,t) € [0,T]? : s < t} and A3 = {(s,0,t) € [0,T]> : s < 0 < t}.
Let E denote an arbitrary Fréchet space E with family of seminorms P. Elements of
family of seminorms P will be denoted by p. For a given a € (0, 1], let C%(E) denote the
space of Holder continuous paths; in particular, Ch(E) is the space of Lipschitz paths.
Moreover, for a given m € {2,3}” and o € Ry, denote by C, (E) the space of functions
that satisfy

p(5t17-~»7tm)

b — L]0 < oo, peP.
m

[Elap=  sup
(1, tm ) EATR

ti#ty,

Define 0 : C#(E) — C5r(E) by 0f =s:= fi — fs for f € C&(E) and 6 : C9'7(E) —
Cng(E) by

5253915 = Est — Zsp — Eet7 (S,H,t) € A%’ Ee€ CQOL,T(E)

It follows that d2 0 6 : Cp(E) — C3 p(E) is the zero operator.

For a given = € C¢'1(E), B € Ry, and p € P, the quantity [02Z]g ;, defined above,
may be regarded as a measure of the extent to which = is an increment 6 f for some
f € CX(E). The following lemma, proved in [72][Proposition A.1], is referred to as the
sewing lemma. The lemma says that if § > 1, one can construct a “unique” f € C%(E)
such that = is close to §f in C’Q’B)T(E) by (A.1).

Lemma A.1 (Sewing Lemma). There exists a unique continuous linear map I

Csp(B) — CR(E) satisfying IZg = 0 and [0IE — Elg g (0255, for all E € Cy o (E)
and p € P. More explicitly, for a given (s,t) € AZ,

6(I2)y = lim Z Etitirss (A1)

P NI=0 e TeP(is.)

5 We only need m = 2, 3 because we consider only rough paths with Hélder regularity o € (%, %]
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where P([s,t]) denotes a finite partition of the interval [s,t], |P([s,t])| denotes its mesh
size, and the limit is understood as a limit of nets (with the directed set of partitions

partially ordered by inclusion).
Remark A.2. Notice that if = € CQQTB(E) and E - = ¢ CgT(E), then 7(2) = I(2).

For a given Fréchet space E and K € N, let EX denote the direct sum of E with itself
K-times. By virtue of the Sewing Lemma, one can construct an integral of Y € C’g(EK )
against Z € CY(RE) if a + 8 > 1 by letting 2y = Y072y = Zszl YF§ZE for all
(s,t) € A2, and defining

t
/YTdZT _ I(E),, te0.T).
0

This integral construction coincides with the integral that L.C. Young [121] constructed.
In particular, for Z € C¢(R¥) with o € (%, oo), we may define Z € CQQ,T(RKXK) by

t to t
Zst = //\dZt1 X dZt2 = /6Zst2 ® dZtQ, (S7t) S AT,
S S S

where we have used the § notation defined above in the second equality. One can easily
verify that (Z,Z) € C¢(RE) x C2%(RE*K) satisfies

622515 - 6259 ® 6Z€tv V(S, 97 t) S A%v (A2)

and

1
Sym(Zst) = §6Z5t ® 62515 V(S,t) S A% (A3)

The condition (A.3) is a geometric property which encodes the usual chain and product
rules, upon which our variational theory is based. Paths Z € C$(R¥) with o € (3,1]
are referred to as Young paths. Young paths are distinguished from rough paths Z =
(2,Z) € CZRE) x CHRE*E) o € (3, 3], which are defined to be paths such that
an a priori postulated two-parameter path Z € C2%(RE*K) satisfies (A.2). A subclass
of rough paths are the geometric rough paths, for which a classical calculus can be
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developed. In particular, (A.3) holds. For a few more words of motivation about rough
paths see Appendix D.

Definition A.3. For a given a € (3,3], define the set C;T(RK) of geometric K-

dimensional a-Hélder rough paths on the interval [0,T] to be the closure of

{zzyecwe)o w2 - [[1z0az}
in CF(R¥X) @ Cg'p (RF*K) with respect to the metric
p(Z(l), Z(2)) — [Z(l) _ Z(Q)]a + [Z(l) _ Z(z)]za-

It follows that both (A.2) and (A.3) hold for all Z = (Z,Z) € C¢(R¥) by a limiting
argument. For a given a € (3, 1], we denote C;T(RK) = CZ(RX).

Remark A.4. To have a uniform notation for all o € (3,1], we write Z = Z € C;T(RK)
if a € (%, 1].

It is possible to consider infinite-dimensional geometric rough paths, but for simplicity
we restrict ourselves to finite-dimensional paths. However, we consider controlled rough
paths (defined in the next section) in Fréchet spaces. We also remark that our theory
can be extended to more irregular paths a < %7 but this requires higher-order iterated
integrals and more cumbersome notation.

There is a large class of Gaussian processes that belong to C;T(]R{K ) for a € (%, %]
We refer the reader to Appendix E for a slightly more in-depth discussion of Gaussian
rough paths. The present discussion will be brief.

Example A.5 (Stratonovich Brownian motion). Consider a Brownian motion B : £ X
[0,7] — RX on a complete probability space (Q2,7,P) and let B be the stochastic
iterated integral constructed from Stratonovich integration theory. By virtue of the Kol-

mogorov continuity theorem, one can find a event Q € ¥ with P(Q) = 1 such that
B(w) = (B(w),B(w) € Cy1(RX) for any o € (3, 5). This the Stratonovich lift of Brow-

nian motion. Indeed, the Stratonovich integral is a limit of integrals of piecewise-linear
approximations of Brownian motion.

Example A.6 (Gaussian rough paths). More broadly, a Gaussian process Z : Q x [0,T] —
R% can be lifted to a geometric rough path Z(w) = (Z(w),Z(w) € CSp(RF) for a €
(%, 64], provided the correlation in time of the process is fast enough depending on &
(see Appendix E). In particular, fractional Brownian motion B¥ : Q x [0,7] — R¥ can
be lifted to a strong geometric rough path B (w) = (B (w), B (w) € C;T(RK) for all

a € (%, ﬁ) for all w in some event of probability one.



44 D. Crisan et al. / Advances in Mathematics 404 (2022) 108409

A.1.1. Controlled rough paths and integration
Let us first describe the integration theory for paths Z = (Z,Z) € C;"VT(]RK ) such
that o € (%, %]

Definition A.7 (Controlled rough path). We say a path Y € CX(E) is controlled by Z, if
there exists a Y/ € C%(EX) such that RY : A2. — W defined by

K
RY, = 6Yy —Y[6Zy = 0Yu — » Y[*6ZL, (s,t) € AT, (A.4)
k=1

satisfies RY € C%O‘T( ). For o € (3, 3], we define the linear space Dz, r(E) of controlled
rough paths to be those pairs Y = (Y, Y’) € C&(E) © C3(E") such that R € C3%.(E).
The function Y is referred to as the Gubinelli derivative [65]. The space Dz r(FE) is a
Fréchet space with seminorms

|Y|Z71) = |Y0|p + |Y0/‘p + [Y/]a,p + [RY]Qa,pv peP. (A-5)

We note that any Y € C2*(E) satisfies (A.4) with Y’ = 0. Moreover, Z itself is
controlled with Z’ = id. However, the additional structure provided by Y is natural in
the context of rough differential equations (see Remark A.17). It is worth mentioning
that Y’ is not uniquely specified unless the path is truly rough (see Definition A.14
and Theorem A.15 below). The integration of controlled rough paths is an immediate
consequence of Lemma A.1

Theorem A.8. Let Z = (Z,Z) € C;T(RK) for a given o €

( ,%} There exists a linear
continuous map 1z : Dz r(EX) — Dz (E) defined by Iz(Y

5
)= (Z(2),Y), where

K K
Bot = YabZo + Y] Ty = Y YFSZE + Y YIHZ™, (s,t) € AT,
k=1 k=1
and I is as in Lemma A.1. We write

t

/ Y,dZ, = I(2) € C3(E), t € [0,T).
0

Remark A.9 (Integral of controlled path against a controlled path). Let F,G denote a
Fréchet space and B : F'x E — G be continuous and bilinear. For Y = (Y,Y’) € Dz r(E)
and X = (X, X’) € Dy r(F), we define

R S

t
/B(thYr) = (6I5), where Eg = B(X,,0Yy)+ B(X.,Y)Zy, (s.t)€ A2

(A.6)
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Indeed, for all (s,0,t) € A3,

62250t = —B(R2, RY,) — B(RY,,Y3)0Zgs — B(X., RY,)0Zsg — B(X.,0Y9)6Zsg @ 0 Zp,
+ (B(X, YY) — B(Xy,Yy)) Zox,

CREC]

—_

which implies in = € CS’%(G), so that we may apply Lemma A.1. Notice that if Y €
C2%(E) and Y’ = 0, then (A.6) agrees with the Young integral. This definition is used in
the Clebsch variational principle in order to define the integral of the Lagrange multiplier
against an advected quantity (see Remark 2.7).

For Young paths, the extra structure provided by the Gubinelli derivatives is not
needed.

Definition A.10 (Controlled paths in the Young case). We define Dy p(E) = CH(E) if
S (%, 1].

Remark A.11. To have a uniform notation for all o € (3,1], we write Y =Y € Dz 1 (E)
if « € (%, 1]. We also remark that obviously the controlled space does not depend on Z
in this case.

A.1.2. The rough chain and product rule
Let E and F be Fréchet spaces and C(E; F) denote the space of continuous maps.
Let C}(E; F) denote the space of bounded functions ® : E — F such that the limit

D(e)h = lim ®(e+th) — @(e)

e—0 t

exists for all e,h € E and D® : F x E — F is continuous and bounded. We define
Ci"(E; F) for m > 2 analogously (see [69][Def. 3.1.1 & Section 1.3.6]). Let N, = 0 if
a=1 Ny, =1ifa€ (3 1) and N, =2if o € (3, 3). The following lemma says that
controlled rough paths are stable under composition and products. Their proof can be
found in Lemma 7.3 and Corollary 7.4 of [59].

Lemma A.12.

(i) IfY = (Y,Y') € Dz r(E) and ® € CL(CY*(E; F)), then ®(Y) = (¢(Y), Do(Y)Y")
S ’DZ7T(F).

(i) Let B : F x E — G be continuous and bilinear. If X = (X, X’) € Dz r(F) and Y =
(Y,Y') € Dzr(E), then B(X,Y) = (B(X,Y),B(X",Y) + B(X,Y") € Dz r(G).

In order to construct the integration theory given above, we have actually not needed
the geometric nature of the path (i.e., (A.3)). However, to obtain an extension of the
ordinary chain and product rule, we require (A.3) to hold (see [59][Section 7.5]).
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Lemma A.13.

(i) For a given, Yo € E, 8 € Cr(FE), and (0,0) € ’DZ’T(EK), let

t

Y, =Yy + /ﬂ,«dr + /ardZ,., t € 10,7]. (A7)
0

If & € CL(CNTH(E; F)), then for all t € [0,T)

3,(Y;) = %yb+/at Y,) + D®,(Y, @W+/D@ )ordZ,..
0

(ii) For a given, Xo € F, € Crp(F), and (6,6") € Dy (FX), let

t
X, =Xy +/Brdr+/6TdZ,., t €[0,T],
0

and'Y be as specified in (i). Let B: F x E — G be continuous and bilinear. Then
for allt € [0,T],

t
B(X..Y)) = Xo,Yo+/ (B, Y2) + B(X,, B,)) dr
0

t
+ [ (B Y) + BX,,0,) 42
0

In Section 3.3, we need the decomposition of paths Y satisfying the relation (A.7) to
be unique. A decomposition of a path Y satisfying (A.7) is unique if the rough path Z
is truly rough (Theorem 6.5 of [59]). Examples of truly rough paths include fractional
Brownian motion B with H € (g %]

Definition A.14 (Truly rough path). Let o € (3,4 and Z € C;"’T(RK). We say Z is truly
rough if for all s in a dense set in [0, 7],

0Zst|

lim sup =
s | 2«

tls |t -

Theorem A.15. If Z is truly rough and

i t t
n:m+/mw+/ Z, =Y, + / /mM”Wemﬂ
0 0 0
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where Yy, Yy € E, 8,8 € Cp(E), and (0,0"),(5,6") € Dyr(EX), then § = 3 and
(0,0") = (5,5).

A.1.8. Solutions of rough differential equations (RDEs)
We will now introduce the definition of solution to an RDE. Let V denote a Banach
space.

Definition A.16. Let u € Cr(Cy(V;V)) and € € CH(CY(V; V)X). We say Y is a solution
of

AY; = u,(Y,)dt + &(V,)dZ,, Yo=v eV, (A.8)

on the interval [0,T], if Y = (Y,£(Y)) € Dz (V) and

t

t
Yi=v+ [ w(Y,)dr+ [ &(Y,)dZ,, Vte[0,T]. (A.9)
[ o]

Remark A.17. The rough integral in (A.9) is well-defined by virtue of Lemma A.12.

The following lemma concerns equivalent notions of solutions. Its proof is a direct
application of Theorem A.8 and A.13. The first formulation is referred to as the Davie’s
formulation [45] and the second naturally extends to the manifold setting.

Lemma A.18. Y is a solution of (A.8) on the interval [0,T] if and only if

(i) Y2 .= 5Ystffst w (Y )dr — €5(Y3)(0Zst) — DEs(Ye) s (Yi) (Zst), (s,t) € A2 satisfies
Yhe CS’?“T;

(i) (V) = () + [{ DF(YV)un(Yo)dr + [ DF(V)E (Y, )dZy, Wt € [0,T), Vf €
Cy°(V;R).

The proof of existence and uniqueness for RDEs uses a Picard iteration argument in
the controlled rough path topology (i.e., (A.5)). We refer the reader to, e.g., [59][Section
8.5] for a proof. Moreover, in Section B.1 we give more details about flows on Euclidean
spaces.

Theorem A.19. There exists a unique continuous solution map

S:V x Cp(CHV; V) x CH(CYT (V)Y x €y r(RF) — Dgr(V)
(v,u,8,Z) = (Y, §(Y)).
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A.2. Differential geometry

A.2.1. Basic setting and the Lie derivative

Let M denote a smooth compact, connected, oriented d-dimensional manifold without
boundary. For an arbitrarily given rank p vector bundle E over M, denote by I'ce (E)
the space of smooth sections endowed with the Fréchet topology defined through a cover
of total trivializations of E. Denote by C*° = I (R) the space of smooth functions on
M, Xce = Lo (TM) the space of smooth vector fields on M, T&, = [oee (TFTM)
the space of smooth (I-contravariant, k-covariant) tensor fields on M. Denote QF. =
Lo (A*T*M) as the space of smooth alternating k-forms on M. We let Densgee :=
Q4. It is worth remarking that non-orientability and tensor-densities can be easily
accommodated by introducing weighted densities (see, e.g., [108,1,116]). However, we
avoid this extension for brevity in the presentation here.

Denote the wedge and tensor product by A and ®, respectively. Let d : Q’éx — Q’g;,l
denote the exterior derivative operator and i, : Q’ém — Q’é;l denote the interior product
operator for an arbitrarily given u € X¢g~. For given F' € Diffc~ and 7 € Té’io, the
push-forward and pull-back are defined by

F*T = (TF)* oTOo Fil a‘nd F*T = (Fil)*’r’ (Alo)

respectively, where TF € C°°(TM;TM) is the tangent map of F, which extends to an
isomorphism (on fibers) (T'F), € C®(T*TM;T*TM).

For a given time-dependent vector field u € C°(R x M;TM), let n: R2 x M — M
denote the two-parameter smooth flow of diffeomorphisms generated by u’; that is, for
all (s,t) € R2, ny9 0 0gs = 15, and 1., X is the unique integral curve

,':’tS'X = ut(ntSX)7 nssX = X S M.

For given u € C®(R x M;TM) and t € R, the Lie derivative £,, : Tt — TH. is
defined by

d d
‘£‘Ut7— = 75 (77925)*7_ = —MNtsT = nts£ut7~
ao|,_,

dt
If u is independent of time, we define £,7 = %|t:0 n; T, where 1y = no is the corre-
sponding one-parameter flow map. It is well-known that the Lie derivative (see, e.g.,

6 The time-dependent vector field . may be associated with a time-independent vector field @ € C*=(R x
M, TR x T M) on the manifold TR x T'M via u(p) = {u(p), 1+ } € TyR x T}, M for all (¢t,p) € R x M. Thus,
the two-parameter flow may be defined in terms of the one-parameter flow of @ by n:—s(x,s) = {mts, t}. It
follows from ns: o s = id that for all s € R

d
Enst = —Tnst 0 uy = _(nst)*ut O Nst-

Equivalently, for all f € C°°, h. = n...«f = (ns.)" f € C™ solves the PDE 9,hy + £,,h; = 0.
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[78,1]) is the unique operator on the tensor algebra @; ;74 that i) commutes with
tensor contractions, ii) is natural with respect to restrictions, and iii) satisfies for a given
local chart (U, ¢) and all f € C*®|y, u,v € Xeo=|y,

Suf =u[f] =u'0y f =idf and (£,0)" = u!d,v" — VIOl
It follows that for all u € X |y, o € Q’éxh}, and T € T(l;koo lu,

(£ua)i1...ik = ujc')xj (o7 M aj...ik(')mil w4+ Oéil...jaxik u’
Jidi 08 o Juvedu _ dvediy o L AJ1d o d Jidkgn .9
(LuT)i = w0 =71 ) O w T O ! + 7717 0w (A1)

R ok v AT AT

ij

Thus, for given v € C*°(R x M,TM), the Lie derivative £,, is a first-order differential
operator on the bundles A*T*M and T"*T'M. For non-vanishing ; € Q‘éoo, the operator
div, : Xge — C* is defined by the relation

Loup = (div, u)p.
For u,v € Xg~ we let [u,v] = £,v and ad, v := —£,v and note that
(£udo — £0£0) T = £y T = —LadyoT, VT € T,
Moreover, for all u € Xcw~ and a € QF., we have
L0 =d(iya) +ida, (A.12)
which is referred to as Cartan’s formula.

A.2.2. Vector bundles: canonical pairings, adjoints, and function spaces

For a given vector bundle E, denote by E* the dual bundle. Let EV = E* @ AYT*M
and we may extend the dual pairing between E and E* to a mapping (-, Vg : EY X E —
AYT*M. The bundle EV is often called the functional dual bundle. We may then define
the canonical pairing (-, -)p(g) : [~ (EY) x T (E) = R by

(s, s)r(p) = /(s',s)E, (s',8) €ETex(EY) x Tow (E). (A.13)

The quantity (s’,s)g € Densce in the integrand is a volume form and it is being
integrated over the manifold M. The distributional sections of E and EV are defined
by T'p (E) :=To=(EV)* and T'gy (EY) := T (E)*, respectively. The canonical pairing
(A.13) induces the following dense embeddings:
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Lo (E) = T'p(E) via s+ 1ls = (-, s)rp) and

Fcec(Ev) — FD/(EV) via §—ly = <S/, >F(E)

The pairing and definitions of distributions are canonical in the sense that no metric or
volume form is needed to define them. We extend the pairing (-, )r(g) to T/ (EY) x
I'cx(E) and Tge (EY) x T'p(E) in the usual way.

The adjoint of a linear differential operator L : I'cw(E) — T'c<(E), denoted by
L* : Ty (EY) = T (EY), is defined by

(L*s', s)r(py = (', Ls)r(py, VY(s',s) €Tp(EY) x Toee(E). (A.14)

It follows that L* restricts to L* : Tow(EY) — Lo (EY), and we write L = L** :
Lo (E) = T (E).

For a normal, local, and invariant Fréchet, Banach, or Hilbert function space # on
R?,” we define a Fréchet, Banach, or Hilbert, respectively, of sections I'r(E) via a cover
of total trivializations.® It follows that

Do (E) < Ty (E) = Ty (E),

where the embedding I'cee (E) — I'¢(E) is dense. We refer the reader to [116][Ch. 3] for
more details. Exactly the same construction applies to obtain a function space I'r(EY):

T'cw (Ev) — F¢(Ev) — gy (Ev)

In the present work, we assume that all function spaces F are normal, local, and invariant.
In particular, we let

F =T#(R), X5 =Tx(TM), Dens) =F, T =Tqx(T*TM), QF =Tx(A*T*M),
FV =Tg(A'T*M) = Densg, X} =T¢(TMY), (THF) =Tx(T*TM)Y),
(QX)Y = Te(A*T*MVY).

Any strong bundle pseudo-metric (-,-)g : E x E — R induces an isomorphism b :
I'r(F) — I'¢(E*) with inverse denoted  : I'¢(E*) — T'¢(E) for an arbitrarily given
function space ¥ . Moreover, a non-vanishing volume form p € Densge induces an

7 Let ¥ denote a locally convex topological vector space of functions f : R¢ — R such that C2°(R%) —
F — O'(R?) := C2°(R?*)* and such that pointwise multiplication of functions in # by functions in C2°(R%)
is a continuous operation. We say that a function space ¥ is normal if the embedding CZ° (RY) — F is
dense, local if ¥ = {u € D'(R?) : pu € F, Vo € C(R?)}, and invariant if any smooth diffeomorphism
x € Diff ¢~ induces an topological isomorphism on F via push-forward.

8 A total trivialization is a triple (U, ¢, %) such that (U, ¢) is a local chart of M and ¢ : Eyy — U x Rrank(E)
is a trivialization of E over U. Any such trivialization induces an isomorphism hy  : Loy (E|y) — Do (¢(U)).
A section s € Ty (E) belongs to I'y (E) if for every total trivialization (U, ¢, %), kg4 (s|v) € F((U))2KE),
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isomorphism id @u : T¢(E*) — T'e(EY) with inverse % :T#(EY) — I'g(E*). For every
s € Ff(E*)7

ideu(s) =s® p.

To describe the inverse, note that for all densities v € Densce, there exists g—/’; e C*

such that v = 3—” . The inverse is induced by
m

l(s®1/) :5@ s@upels(EY). (A.15)

I dp’

Composing these isomorphisms, we obtain an isomorphism b ® u : I'¢(E) — T'e(EVY)

with inverse % :T#(EY) — I'¢(E). In particular, we may define a pairing (-, I, (B) ¢
FLZ(E) X FL2(E) — R by

(51 82)0. 28y = (0 ® (1), $2)r(a) = / (s, 52) 1 = / (51,82)mi, 51,52 € Do (E),
M M

which may be extended to I'gy (E) X I'ce (E) via the isomorphisms (b ® u)* : T'p (E) —
F@/(Ev).

If (-,-)p is a metric, we obtain a Hilbert structure on I'z2(E), the space of square-
integrable equivalence classes of measurable sections. Furthermore, for every s € R,
there exists an order s elliptic operator A satisfying A : I'y;(E) — FW;—I(E) and
Tws(E) = A7'T'12(E), where W5 = (I — A)~2L? denotes the Bessel-potential spaces,
which provides a Hilbert structure to I'yy; (E) [71,93]. Moreover, if L : I'g~(E) —
Toe(F), then LE@M = % o LT ob®@ p: Toe(E) = Tos(E) is the adjoint of L relative
to the pairing (-, )r,,(g)-

A.2.8. Riemannian manifolds and the Hodge decomposition
Any Riemannian metric ¢ on M gives rise to a volume form g, defined in a local

coordinate chart (U, ¢) by
frg = \/det[gi;] dz* A - A dad.

Furthermore, the metric g extends to bundle metrics on T**T'M and A*T* M in the usual
way. In particular, we obtain the diffeomorphisms b,id ®p, and b ® pg discussed in the
previous section. For every k € {0,1,...,d}, the metric and orientation gives rise to the
inner product on Q’ZQ defined by

(04,5)9’22 = /g(avﬁ)ug :/a/\*ﬁ, a,f € Q’ZQ,

M M

where we have used the Hodge-star diffeomorphism * : Qé — Qi‘k defined by
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anxB = g(a,B)ug, Va,B € Qf.

The adjoint of d : Qk. — Q’gi;} with respect to the L?-pairing is given by d* :=
(1) + s dx: QI — QF.

The Hodge decomposition plays an essential role in incompressible fluids on manifolds.
We now briefly describe the decomposition and the canonical pairing we use in the
incompressible case.

Let Ay =dd* +d*d: EB%ZOQ%/ — @ﬁzoﬂ%/ denote the Hodge Laplacian, which is
formally self-adjoint and non-negative with respect to the inner product ZZZO(-, Jak-
Let

HE = {a € Qw : Aga =0} = {a € Qe : da = da = 0}

denote the finite-dimensional space of harmonic k-forms. It follows that harmonic 0-forms
are constant.

Let ¥ denote either the smooth F = C*°, the Bessel-potential ¥ = W, s > 0, p €
[1,00), or the Holder functions ¥ = C™%, m > 0, a € (0, 1). The Hodge decomposition

of Q’/é is given by
QF = HE ® ApGQf = HE @ d*Qitl & dOy, (A.16)

where G : Q’;- — Qéiw satisfies AyGa = o — Ha, H va — (Hg is the harmonic
projection [100,117,97,105,94], and F 1 and F72 are the one and two-more regular
spaces (in the non-smooth case). That is, ! = Wst! and 2 = W52, and similarly
for Holder spaces.

Letting k£ =1 in (A.16), applying the diffeomorphism f : QL — X#, and defining

VF i=4dF Tt Xg,, =HA ©4d" Q2 & Xg,, =1d Q2.

we obtain an extension of the Helmholtz decomposition of (possibly non-smooth) vector
fields to manifolds:

Xy =Xy, ®VF T = (HA) @ X5, © VFT, (A.17)

which is an orthogonal decomposition with respect to the inner product (-, -)x,, : Xz2 X
Xr2 — R defined by

(U7U)XL2 = /g(uav)uga U,V € xLz-
M

Using i, pg = *u” and Cartan’s formula, we find divy, u = —d*u’ =0 forall u e X g
Thus, X# ,,, consists of divergence-free vector fields and X ,, consists of harmonic-free
and divergence-free vector fields.
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Let us recall the canonical pairing (A.13) (-, )x : Xfe X Xooo — R:

(@@ p,u)x = /oc(U)m

M

and diffeomorphism b ® j1g : Xcoo — X oo, which satisfies (b @ pg(v), u)x = (v,u)x,, for
all u,v € X¢. Applying the diffeomorphism b ® p, to (A.17), we get

Koo = (1[d @py) Qoo = (Id @py)HA © (id ®p1g) 00200 @ (id @p,)dC.

Define the ‘projection’ operators P : XY — (id@pu,)HA @ (id ®py)d* Q4. and P :
Xtoo — ([d®py)d*Q% ., which act only on the one-form component. Clearly, if we
restrict the canonical pairing (-,-)x t0 Xfe X Xy, and Xfe X fcm,#g, then the
pairing is degenerate; indeed,

(@@ p,u)x =0, YueXgx,, = Pladu =

0,
(a®@p,uyx =0, Yue icoc,#g — Pla®p) =0
Notice that the kernel of P is (id ®u,)dC*> and the kernel of P is (id ®puy)HL @
(id ®ug)dC. To restore non-degeneracy, we mod out by the kernel; the following defi-
nition is standard [7,80,81].

Definition A.20. Let X = X//(id®pu,)dF ™" and XY, = X//(idop)Hx @
(id®pg)dF . Moreover, we define the canonical pairings (-, ")x, : %éwwg x Xgooo u, — R
and <~’ >x# : %ém7 B ® %Cooyllg — R by

Hg

“w

<[a®ﬂl>u>xug =(a@p,u)x, V(a®ul,u)€ xéw,ug X %C“’,Hy

. . (A.18)
(lo®plv)g, =(e@pmv)e, V(BOV],v) € Xbx ), X Xo

where the [a ® p] denotes an equivalence class with representative o ® . It follows that
bR pug : Xy — %}A’M and b ® pg : }.I,m,ug — i%“q are diffeomorphisms.

It can easily be checked the definition is well-defined in the sense that the right-
hand-sides of (A.18) are independent of the representative. Indeed, for any two given
representatives a ® p and § ® v of an equivalence class of X g We have

Pla@u)=PBevr) <= a@u=F@u+df®pu, for some f € FH

and for any two given representatives a ® p and § ® v of an equivalence class of %;é e

Pla®u) = P(Bov) <= a®@p=pBou+(df+c)@pu, for some f € F & c € H).
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Appendix B. Auxiliary results
B.1. Rough flows on FEuclidean space
Theorem B.1. There exists a continuous map
Flow : C¢ (Xce (R7)) x CF (X (RNF) x Cg 0 (RF) = C5 1 (Diff o (R?))
such that the flow nys = Flow(u, &, Z)s, (s,t) € [0,T)? satisfies the following properties:

(i) for all (s,0,t) € [0,T)3, nu = 1d and 1m0 © s = Nys;
(i) Y. = n.(X) € C%([s, T]; R?) is the unique solution of the equation

dY; = w(Yy)dt + &(Y;)dZ,, Y, = X € R%
(iti) n is the unique two-parameter flow satisfying (i) and
e = sl oo < Clt = s, ¥(s,1) € [0, T,

or a constan , where | € ) I oo (%) € -approximate jiow girven
tant C, wh Cs 1 (Diff g (R?)) is the C> imat '
by

s = exp | us(t —s) + Zg (s )Zlit + E ]Afi )

k=1 1<k<l<K

or equivalently by u:s(X) := Y1 such that

K
Yo = us(Yo)(t —5) + > &(s)(Ya)dZb + D [6k(s),&(s)](Ya) AL,

k=1 1<k<l<K

0<1, Yo=X eR%

(iv) for all f € C°(R%GR) and s € [0,T), n = f(n3t) € C%([s, T); C°(R%R)) satisfies

t t

un +/£urgrd’l"+/£§rgrdzr = f;

S S

in Cp°(RY); that is, (¢lg], —€[¢[9]]) € Dz([s, T); C7°(RY)).

Remark B.2. Claims (i-iii) are a direct extension of Corollary 11.14 of [60]; one can easily
verify the Davie’s estimates (Corollary 11.14 of [60]). We do not impose that our drift
coefficient is Lipschitz in time because it is the solution of a rough partial differential
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equation driven by the path Z in our framework, and hence it can only be expected to
be a-Hélder continuous. We also allow for time dependence in the vector field £ since
this is used in Section 3.3 to take variations. Claim (iv) is a minor extension of Theorem
16 of [8,11] (or Theorem 1.27 of [50]), which uses the method of approximate flows. It is
possible to weaken the required regularity in space and time of the coefficients, but for
simplicity, we do not pursue this.

Claim (iv) is the initial-value first-order linear transport rough partial differential
equation (RPDE) for the inverse flow. We understand g as the classical solution in the
spatial variable and in the sense of controlled rough paths in time. In [30][Corollary
8], the method of characteristics solution theory for initial-value RPDEs (in the case
u = 0) is established and the solutions are characterized as being a limit point of ¢g" =
f(X7), where X™ is the solution of the time-reversal along a sequence of smooth paths
Z" = (Z™,7Z"™) converging to Z in the rough path topology. It is not clear that one can
deduce a stronger notion of solution (in the sense of controlled rough paths) from this
result in a simple manner (see, also, Remark 2.10 of [48]). The works [48] and [12] prove
the well-posedness of the final-value transport equation and its adjoint, the initial-value
continuity equation, in the sense of controlled rough paths. We were not able to find the
exact result in the literature.

Nevertheless, the solution of the RPDE can be derived using theory of unbounded
rough drivers ([10,47]), which is analogous to the energy method in deterministic PDE.
Indeed, one may first derive a solution g € C([s,T]; W3 (R%)) under the assumption
u € Cr(C™(R4GRY)), ¢ € CmH3(RERY), and f € WiH(R?) for any m € Ny by
adapting Theorem 2 of [72] and Section 5.2 of [39]. Then one may obtain a solution
u € C¥(C>=(R%R)) by applying the Sobolev embedding. Finally, one can apply the
pull-back version of the Lie chain rule Theorem 3.3 to show that g(n.s) = f.

B.2. Rough Fubini’s theorem

Let T >0, € (3,1],and Z € C5 r(R¥). By virtue of the fact that rough integration
is a linear continuous map, we can easily obtain a version of Fubini’s theorem. Let
(X, A, i) be a o-finite measured space and W be a Banach space. Denote by L*(X; W)

the Banach space of equivalent classes of Bochner integrable functions f : X — W
endowed with the norm

o = [ flvda, £ € LCGW).
X
Recall that for an arbitrary Banach space V' and linear map L € L(W, V),
L/fduz/Lfdu, Vfe LNX;W). (B.1)
X X

The following lemma is then a straightforward application of (B.1), Theorem A.8, and
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LNX; D% (V) € Dzo(LH(X;V)5),
which itself follows from Fatou’s lemma.

Lemma B.3 (Rough Fubini). If F = (F,F') € L'(X; D% p(VX)), then for all (s,t) € AZ,

t t
/ / F,dZ.dp = / / F,dpdZ,.
X s s X

B.3. Fundamental lemma of the calculus of rough variations
Let T >0, € (%, 1],and Z € C‘;T(RK).

Lemma B.4. Assume that Y = (Y,Y") € Dz 1 (RE) and A € Cr(R) satisfy

b b
/ \eppdt = / ¢+ Y, dZ; (B.2)

for all € CF(R) such that ¢o = ¢ = 0. Then for all (s,t) € A2,
st = /YTdZT. (B.3)
Remark B.5. On the right-hand-side of (B.2), we have used that (¢,0) € Dz r(R), and

thus that Y = (¢Y,¢Y’) € Dz r(RE) by Lemma A.12.

Proof. Step 1. We will begin by showing that equality (B.2) must hold for any Lipschitz
¢ € CL(R) such that ¢g = ¢ = 0, where ¢ on the left hand side is the bounded
weak derivative (which exists by Rademacher’s theorem [70][Theorem 6.15]). Consider
a mollifier on R defined by p,,(0) := np(n#), n € N, where [p p(#)dd =1 and suppp C
[0, T]. Because ¢ vanishes at the end points, we can extend ¢ by zero

- :{qbt te0,7]

and note that ¢ € CH(R) has the same Lipschitz constant as ¢. For a given n € N,
define

O = % pu(t) / —opn( d9—/¢9pnt—9)d9 teR,
R
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which is clearly bounded in Cr(R). For all n € N and s,t € [0, 7], we find

01 = 61l =| [ (G0 = 300u(0)0] < [ Blpn0)a0 = [ 6lo(6)a0
R R

R
and

565 = [ Groo = du-0)pn(®)d0 St = 5| [ pul6)ds =t~ .
R

R

By Arzela-Ascoli’s theorem, ¢ — ¢ uniformly, and, in fact, in C’?(R) forall 8 < 1. A
classical argument shows that

T T
lim /q%?/\tdt:/étAtdt.
n—oo

0 0

For fixed Y € Dz r(RX), the mapping ¢ — ¥Y := (¢Y,1Y’) is a linear and continuous
operation from C’g(R) to Dz r(RE) for all B > 2a. Moreover,

WYz < [Y[sY]z(]Y o + [Y]o0)- (B.4)

Thus, by the continuity of the rough path integral (Theorem A.8), we obtain

n—roo

b b
lim /@b?YtdZt :/¢t1/tdzt,

which completes step 1.

Step 2. We will now construct a sequence of Lipschitz functions {¢"},en C CH(R)
converging to the characteristic function 1(, 4, for s,¢ € R such that 0 < s <t <T', and
then pass to the limit on both sides of (B.2) to obtain (B.3). We then extend the equality
to (s,t) € A% by continuity. Toward this end, for large enough n € N and r € [0,T],
define

1 r € [s,t]
o = nir—s)+1 se[s—n"14
"o Y nt-r)+1 set,t+nl ]

0 otherwise

50 that [¢"|s = 1 and |¢"|o = n where ¢" is the weak derivative defined by
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1

n  rels—n's
or=< —n reftt+nl
0 otherwise
A classical argument shows that
T
lim [ A@ldr = 6.
n— o0
0
Since the rough integral is an increment, we have
T s t t+nt
[ovaz,— [ oz [vaz.+ [ oy,
0 s—n—1 s t

If we can show that the first and last integrals converge to zero as n — oo, then we are
finished. We will only show that the last term converges to zero, as the argument for the
first integral is easier. Let C denote a constant that is independent of n and may vary
from line to line. By Theorem A.8 and the fact that |¢"Y|z < Cn by (B.4), we find

-1

t+n
/ d):«erer = ?Y;ﬁtsZt,tnLn*l + ¢?Y;€/Zt,t+n*1 + Rr" (tvt + nil) )

t

where

IR"(t,t+n" ") < C(([Z]a + [Z]2a)|0" Y|t +n~ " —t>* < Cn' 2> = 0,
as n — oo. Moreover,

|07 Ye0 Zttn=r + 87V L= | < [Voo[Z]an™ + [V']so[Z]2an > = 0,
as n — 00, which completes the proof. O
Appendix C. The variational principle for incompressible fluids on smooth paths

The purpose of this section is to explain the variational principles we formulate in this
paper in the simplified setting of an incompressible homogeneous ideal fluid evolving on
the torus with a smooth perturbation. The beginning of the section can be read with no
knowledge of differential geometry. The rest of the section assumes some basic knowledge
of differential geometry (see Section A.2).

We also explain the presence of the so-called line-element stretching term in our main
equation. The presence of this term distinguishes our equations from a pure transport
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perturbation of the deterministic Euler equation on flat space in velocity form. In partic-
ular, we show that the stretching term arises as a direct consequence of the variational
principle and not by how momentum is characterized; that is to say, our variational
principle indirectly enforces a covariant formulation, which naturally leads to a Kelvin’s
circulation theorem, helicity conservation in dimension three, and enstrophy conservation
in dimension two.

By appealing to the Helmholtz decomposition (Hodge decomposition), we explicitly
show the decomposition of the pressure terms into the unperturbed and perturbed part,
which motivates the corresponding decomposition in the rough case. As a result of
the presence of the stretching term, our equations do not preserve mean-freeness (i.e.,
harmonic-freeness) unless we impose an additional constraint in the variational principle.
By imposing this constraint, the velocity u can be recovered directly from the vorticity
@ = V x u via the Biot-Savart law. In vorticity form, our equations are a pure transport
perturbation of the deterministic Euler equation in dimension two. The associated vortic-
ity equation in the Brownian setting has been studied in the literature with u recovered
directly from the vorticity w via Biot-Savart [28,43,42,27].

We consider an incompressible homogeneous fluid moving on the flat d-dimensional
torus T? with the standard volume form dV. Denote by ¥ the space of smooth vector
fields, X4y the space of smooth divergence-free vector fields and Xgv the space of smooth
divergence and mean-free vector fields. It follows that

X=2Xqy ®VC™® = X4y ®R? @ VC>,

where the decomposition is orthogonal with respect to the L2-inner product. Let
P:X — X4v,Q : X - VC™, P.x > de, and H : ¥ — R? denote the corre-
sponding projections (see Section A.2.3 and (A.17)). We recall that in dimension three,
curl : X4y — Xgv is an isomorphism, and in dimension two, curl : Xzv — C™ is an
isomorphism. Denote the inverse of curl by BS (for Biot-Savart).

We assume that the Eulerian velocity field v : [0,T] — X4y of the fluid admits a
decomposition into a sum of a dynamical velocity variable u : [0, T] — X4y and a known
model vector field ¢ : [0,T] — Xqv:

Ve = Ut + Cta (Cl)
The vector field ¢t in (C.1) admits the specified decomposition
. K .
Glo) =E@) 2 =Y &G(@)ZF, (t,z) €[0,T] x T,

k=1

where & € iffv and Z : [0, 7] — RX in this appendix is a differentiable path, as opposed
to the rough paths in the main text.
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Review of geometric ideal incompressible fluid dynamics. In ideal incompressible fluid
dynamics, the fluid flow is obtained as a smooth, time-dependent volume-preserving
diffeomorphism 7 : [0, 7] x T¢ — T9 by integrating the velocity vector field

M =veon =uon +&§on, Mo =1id.

In fact, n may be regarded as a curve in the group of volume-preserving diffeomorphisms
on M, denoted by G = Diff4y(T¢) and endowed with some appropriate topology. The
Lagrangian, or material, velocity, is the velocity of the particle labelled by X € T¢ at
time ¢t. The Lagrangian velocity is given by U;(X) = 97X = v(n:X); that is, U =von.
The Eulerian velocity, which is the velocity of the particle currently in position z € T¢
at time ¢ (i.e., x = z(X,t) = X), can be expressed as

vi(w) = U(X) = Us(n; ') or v =i = Ty, R, 10,

where the notation in the right-most expression is the right action (technically the tan-
gent lift of the action) of the inverse map 7, ! on the tangent vector 7, € T,,G by the
inverse map 7, ! The action by the inverse map translates the tangent vector 7 at 7
back to the identity g = TiaG = Xr(G) = X4 (the space of divergence-free vector
fields). It follows that vy = !is invariant under the action of the diffeomorphisms
from the right given by 1, — n.h for any fixed diffeomorphism h € Diff ;. This sym-
metry corresponds to the well-known invariance of the Eulerian fluid velocity vector
field v; under relabelling of the Lagrangian coordinates as X — hX. As discussed in
Section 3.2, right-invariance is the key to understanding the Kelvin circulation theorem
from the viewpoint of Noether’s theorem.

Clebsch constrained variational principle. In order to derive an equation for u, we will
apply a Clebsch constrained variational principle. For arbitrary « : [0,T] — X4y and
Aa:[0,T] x T4 — R? we define

T d
swan=[ [ [§|ut|2+ZAz<ataz+<vt'v>a3> avt, (c2)
g=1

0 Td

where until otherwise specified we will work in the Euclidean coordinate system. Hence-
forth, we will also drop the summation over ¢ € {1,...,d}.

The history of the Clebsch constrained variational principle §5(u, a, A) = 0 goes back
to [38], as reviewed for fluid dynamics, e.g., in [106]. The first term in the Clebsch action
integrand in (C.2) corresponds to the kinetic energy of the unperturbed velocity u in the
decomposition (C.1), rather than that of the total velocity, v. The second term indirectly
imposes the constraint 7 = v o 5 through the advection relation. Indeed, the method of
characteristics shows for a given ag : T? — R that the path a; = ao(nt_l) = Neeap (the
push-forward of ag by n;) satisfies the advection equation
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8tat + (’Ut . V)at = 8tat + (ut . V)at + (f . V)atZt = 0
To continue, we consider variations of the form
u=u+edu, a‘=a+eda, AN =A+ed\, ec(—1,1),

for arbitrarily given du : [0,7] — Xgqv and da,d8X : [0,T] x T4 — R such that
du, da, 0|0, = 0. Upon taking these variations of the action functional, one finds

T
0=4685(u,a,\) = // [ (u+ AVa)-6u+A (08a + (v-V)da)+6A (a+ (v-V)a)]dVdL.
0 T4
(C.3)
Here, the dot product with ‘-’ denotes the inner product on R? relative to the Euclidean
coordinate system (i.e., the flat metric d;;). We note also that since u and du are con-
strained to be mean-free and divergence-free, we have

/ (u+ AVa) - dudV = / (u+ PAVa) - sudV.
T4 T4

By using integration by parts in space and time, we find that (u,a,A) is a critical
point of S if and only if

u=—-P(\-Va), IX+(w-V)A=0, 0w+ (v-V)a=0.
It follows that

O Pu = —PdA\Va — PAVd,a = P((v-V)A\)Va + PAV((v- V)a)
= (P((v-V)\)Va+ PA(v - V)Va) + PAd,;aVv’ (C.4)
= —P(v-V)u—P(Vu)! - u.

Here (V)T - u)? := §9u*d,;v* and we have used the §” in order to maintain the

geometric index convention even though we are working on flat space. Therefore,

8tut+P(vt~V)ut+P(Vvt)T-ut =0 <~ 3tut+(vt-V)ut+(Vvt)T~ut = —th+ct.
(C.5)
In terms of the projections @ and H, we find
—Vp = Qvr - V)ur + Q(Vur) Tuy = Quy - V)uy + (Q(€ - V)ug + Q(VE)Tuy) Zy

et = H(ve - Vug + HVo)T - uy = H(Vv)Tuy = HVET w2, = /(vg)T cuydV Zy.

Td
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We note that the pressure p enables us to enforce the constraint that u is incompressible
and the constant (in space) ¢ enables us to enforce that u is mean-free. Substituting in
v=u+¢&Z, we find

. - N 1
Apue + (ug - V)ug + (€ V)ug + (Ve u) Zy = —Vpi+ce, Pr=pi+ 5\%\2-

In dimension two and three, one can readily check an equivalent formulation in terms of
the vorticity @ = Curlw:

at(:)t + (’Ut . V)@t - 1d:3(dzt . V)Ut = 0, u = BS(w) (CG)

From this point on, we assume the reader is familiar with basic differential geometry
(see Section A.2). Let us introduce an arbitrary coordinate system on a Riemannian
manifold with metric g. Denote by {dz'}%_; a global frame of Q!. Moreover, let the
musical notation b : X — Q! denote the isomorphism between vector fields and one-
forms. Equation (C.5) can be expressed covariantly as

E)tui + £Utu5 =—dp+ ci, (C.7)

where the Lie-derivative operator £,, acts on the one-form u” to produce the one-form
£Utub, given by

£vtub = £, (gkiukdxi) = (v{axj (gkiuk) + gkjukaxivf> dx’
= (’Ugukawj Jki + gkﬂ){amj uP + gkjuk('“)xmg) dz'.

Here dp is exterior derivative of the scalar-field p.

Let w = du® € 2 denote the vorticity two-form obtained by applying the exterior
derivative operator d. Since the exterior derivative commutes with the Lie derivative,
one finds

8twt + £vtwt =0. (CS)

The two characterizations of the vorticity w and @ satisfying, (C.6) and (C.8), re-
spectively, are related by the Hodge-star operator % : Q2 — Q%2 In dimension two,
@ = +w € QY and in dimension three, @ = fxw € X4v. In order to obtain equation
(C.6) directly from (C.8), one uses that fx and the Lie derivative commute (see, e.g.,
[14][Section A.6]).

Kelvin circulation theorem. The covariant formulation immediately implies a Kelvin
circulation theorem. Let v denote a closed loop in T?. Then using Reynolds transport
theorem,
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d -
G Pu=§@ursa- § a0

7t () ne(7) 7 ()

where one transforms the integration around the moving loop 7:(7y) to the loop « in
the material frame by applying the pull back n; to the integrand, then takes the time
derivative, applies the dynamic definition of the Lie-derivative, transforms back and
substitutes the covariant equation of fluid motion (C.7).

Helicity conservation. In three dimensions, the helicity, defined as
A(@) :/ub/\wz /ub/\dub
T3 T3

measures the linkage of field lines of the divergence-free vector field & [7]. Owing to (C.7)
and (C.8), we have

(U’ ANw) = =K, (W) Aw — u° A £ — dp Aw,

and hence

%(@)Z%/ b/\wz/dﬁ/\dub:/d(]adub):o,

T3 T3 T3

Thus, the linkage number of the vorticity vector field A(®) is preserved by the 3D Euler
fluid equations (C.7).

Enstrophy conservation in two-dimensions. In two dimensions, for any f € C*°, we
find

Ouf (@) + (v - V)(@e) =0,

and hence

T/2 J@n)av = T/ f(@o)av.

2. we find

/|a;t|2dvz/|@0|2dv,
T2 T2

which implies that enstrophy is conserved in two-dimensions.

In particular, taking f(z) =«

Momentum representation. The Lie derivative of the volume form dV along v is zero
since £,dV = (divv) dV = 0. Thus, we can also write equation (C.5) as
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8tmt + £vtmt = dﬁ X dV +c® d‘/, (Cg)

where m; = v’ ®dV € XV := Q! ® Dens denotes the space of smooth one-form densities.
In Sections 2, 3.3, and 3.4, the momentum is regarded as a one-form density in order to
conveniently incorporate both the inhomogeneous and compressible settings and work
canonically. One can always transform between equivalent formulations once a metric
and volume form have been fixed. We will now explain how one can derive the various
equivalent formulations directly from the Clebsch action functional.

Clebsch constrained variational principle revisited. Let us now explain how we can
directly derive (C.7) and (C.9) from the Clebsch action functional. The first term on the
RHS of (C.3) can be expressed in the following three equivalent coordinate-free ways:

(i)
(u+ AVa,du)x,, = /g(u + AVa,du)dV, where (-, )x,, : X x X = R;

Td

(i)

(u’ 4+ \da, du) = /iau(ub + Ada)dV, where (-,-): Q' x X = R;

Td

(iii)

(W @ dV + da ® AV, du)x = / i, [(ub ®dV +da® AdV)} :
Td

where (-, )% : XY x X = R.
Let us denote
() m=ueX, (i) m=ueQ (i) m=uv odVekx’.
Let

(N a)pz: = /)\adV, where (-,-): Q% x Q° = R.
Td

It follows that

(i) (N &oa)rz = —(Aoa,v)x,,, (1) (A, £,a)2 = —(Aoa,v), or
(ii1) (A, £4a)p2 = —(Aoa,v)x,

where

(1) Aoa=—AVa, (i) Aoa=—Ada, or (iii) Aoa=—da® AV,



D. Crisan et al. / Advances in Mathematics 404 (2022) 108409 65

respectively.
A critical point of the Clebsch action S in (C.2) then satisfies

Pm = P(\oa),

where we use the same notation P for the corresponding projection onto ‘divergence and
harmonic-free’ parts (see Section A.2.3) in all three cases. In all three cases, following a
similar calculation to the one given in (C.4), we obtain

8tmt + P£vtmt =0.

The first case (i) agrees with the direct calculus computation given above. In general,
the main ingredients of this computation (see Section 5.1) are 1) the definition of ¢, 2)
the relation for all v,w € X and a € Q° (i.e., for all tensor fields, a) that

£v£wa — £w£va = £[v’w}a,
and 3) that
(m,ad, w) = (£,m,w),

for all of the above pairings. That is, ad;, m = £,m. If v is not divergence-free, then
ad;, m = £,m is only true for the pairing (-, )x.

Thus, one may characterize the ‘momentum’ m in various ways if a metric and volume
form are fixed. However, the pairing (-, -)x is canonical in that it does not require a metric
or volume form to be fixed (see the discussion in Section A.2.2), and we use this pairing
above.

As a consequence of this discussion, we see that the line-element stretching term
(Vo)™ - uy in equation (C.5) does not arise because we have characterized momentum
in a certain way. This term appears even if we treat m as a vector and work in a
fixed standard coordinate system. As derived here, the stretching term tells us that the
Clebsch variational principle has produced covariant coordinate-free equations. This is
simply the generalized-coordinate theorem for the covariance of variational principles,
the first being the Euler-Lagrange equations in classical mechanics, which are valued for
precisely this reason.

Hamilton-Pontryagin variational principle.

Another way to impose the constraint on the deterministic flow decomposition is
through the Hamilton-Pontryagin variational principle. The Hamilton-Pontryagin action
integral on [0, 7] is given by

T

1
S(U>7]a)\) = // |:§|Ut|2 + )\t : (77t77;1 - Ut) dvdt.
0 Td
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Here, n : [0,T] — Diff5 is an arbitrary time-dependent map. The second-term corre-
sponds to the Lagrangian dynamical constraint 77 = v o 7. A variation of 7 is simply a
two-parameter curve 7 : [—1,1] x [0,T] — Diff4 with equality of mixed-derivatives.

One refers to the stationary principle S = 0 for the action integral above as the
Hamilton-Pontryagin variational principle since the Lagrangian constraint variable A
is the symmetry-reduced version of the adjoint variable in the Pontryagin maximum
principle, as first discussed for fluids in [17]. To explain this analogue further, the cost
may be regarded as the L?-norm of the (control) u, the path is constrained to satisfy
7t = v o 1, the endpoints of 7 are treated as fixed (i.e., 9 = id and nr = ), and one
seeks to find a path that minimizes the cost. However, in general, critical points are not
global minimizers [25,26].

Appendix D. A few words of motivation for the theory of rough paths

Let {&:}5 | C X be a family of smooth vector fields on a closed manifold M. Let
a € (0,1] and Z € C¢(R¥). Consider the ordinary differential equation

K
dY; = Y &(V)dZF, Yilimo = Yo. (D.1)
k=1

If we can solve (D.1), then we expect for any f € C*°(M) that f(Y) € C%(R), and hence

&f(Y) = §(Y)0ui f(Y) € CH(RF).
If we require 2 > 1, then the integral [ &.[f](Y)dZF in

t

K
f0) = 00 + 3 / S (Ya)dzk (D.2)
k=1 0

may be defined as a Young integral [121] (see Lemma A.1), and we expect to have
stability properties of the solution in terms of the path Z; that is, the mapping Z €
C&(RE) — f(Y) € C%(R) is continuous for all f € C°°(M). However, if 2a < 1, then
Young integration is inadequate to develop a pathwise solution theory with a stability
property.

A prime example of such a path is a realization of a K-dimensional real Brownian
motion ZF = Bf(w), w € , for which it is known that on a set of probability one,
B(w) € C¢(R¥) for o < 3. Indeed, T. Lyons showed [39] (see, also, Prop. 1.1. in [59])
that there exists no separable Banach space 8 C Cr(R¥) in which the sample paths of
Brownian motion lie and for which the integral [, fidg: : C3°(R)x C3°(R) — C3° extends
in a continuous way to 8 x 8 — Cr(RX). Since the integral fot Bl(w)dB2?(w) is expected
to be the solution of the simplest differential equation driven by a two-dimensional
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Brownian motion B(w) = (B'(w), B?(w)), the result of T. Lyons indicates that the
development of a pathwise theory must take into account the additional structure of the
solution Y and the path Z.

If, however, K = 1 or the vector fields commute (i.e. [, ,&k,] = 0 for all kq, k3), then
a solution theory can be developed for continuous paths Z € Cr(R¥). Indeed, H. Doss
and H. Sussman [49,110] showed that the solution can be defined by

K
Y, =exp (Z&Zﬁ) Yo,

k=1

where exp (Zszl katk) is the flow of the vector field Y1 | £, ZF with t-fixed at time
t =1 (i.e., the time-one map). This is clearly a continuous function of Z and satisfies the
equation exactly if Z is differentiable. In [110][pg. 21], H. Sussman discussed the connec-
tion of pathwise solutions with so-called Wong-Zakai results/anomalies (see, e.g., [114])
and clearly indicated that: (i) extending this result to K > 1 in the non-commutative
case would require substantially new methods; and (ii) finding such an extension would
lead to significant progress in our understanding of the anomalies.

The key idea for extending the pathwise theory came from T. Lyons [107,88,87] as a
tour de force which combined iterated integrals [101,18,91,34], control theory [35,56,111,
57,112], system identification and filtering [96,23,22], numerical schemes [29,37,113,62,
67], and renormalization [66,56,40,16].

To describe this idea, let us assume for the moment that third-order brackets vanish
(i€, [Erys [€hyy Ers]] = O for all ki, ko, k3) and that ZF = BF(w) is a realization of a
K-dimensional Brownian motion. Consider for all (s,t) € A2 the time-one map

K K
1
pst(w) = exp [ > &IBE(w) + 3 > 6 &IBL (w

k=1 k=1
K
= exp (Z &OBY (W) + Y&, &]Mﬁ(w)) :
k=1 k<l
where the quantity

Bl (w) := / / 4B}, o dBf, | (w) (D.3)

S S

is the 2a-Holder modification of the Stratonovich integral evaluated at w and A% (w) =
1 (B (w) — B (w)). Then Y;(w) := po¢(w)Yp is the pathwise solution of the SDE. Thus,
the notion of path is enhanced to include the addition of the iterated-integral

B() = (B), B(v)) € CH(R) x C33(RF), a <3,
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where w belongs to a set ' € F of probability one. Of course, we are able to con-
struct a pathwise solution because probability theory (specifically, the L?(2)-closure of
time-approximating discretizations of the quantity in (D.3)) enabled us to construct the
iterated integral of the path ZF = BF(w), and the Kolmogorov continuity theorem al-
lowed us to obtain a 2a-Hélder version of the iterated integral. Furthermore, the map is
stable in the sense that for any { B"(w)},en such that B™(w) = (B™(w),B"(w)) — B(w),
one has p”(w) — pst(w) as m — oo. It is in this sense that the Y;(w) is a pathwise so-
lution. The reader familiar with Magnus expansions will notice that u is essentially the
second-order Magnus expansion and the expansion is exact because of the third-order
bracket condition.

Use of the relation B (w) + B* (w) = 6B, (w)dBY,(w) shows that for all (s,t) € Ap
and f € C*°(M),

K K
F(w) = F(Ya(w)) + Y &lfIYa(w)dBE W) + > &l (Ys(w)BY (w) + fh(w),
k=1 k,l=1

(D.4)
where f*¥: A2 — R satisfies for a constant C' > 0

|F5 )] < Clélos ([B@)]a + [B(w)]2a)lt — s

Upon defining for all (s,t) € Ap and w €

Sor = E[f)(Va(w)IBE () + &€ [f]1(Ye)BY (w) + £ (w),

and invoking |f%, (V) (w)| < C(w)|t — sP** and 5Bk (w) = 6B, (w)dBE,(w), one can
directly check that = € C’; ’ioia(]R). Hence, one may apply Lemma A.1 to construct
the integral 72 = ([ ¢£[f]dB)(w). This integral agrees with the Stratonovich integral
(f; E[f1(Ys) o dBS) on a set of probability one (see Theorem A.R).

The expansion (D.4) is called the second-order Chen-Fleiss expansion in the system-
identification and control literature. Here, B can be interpreted as a control. Such
expansions illustrate that all information of the controls impact on the system is con-
tained in the iterated integrals of the control. The Chen-Fleiss expansion can be obtained
directly from (D.2) by formally iterating the integral (Taylor series) with Z = B and
then evaluating at w. One immediately recognizes the advantage of the Magnus expan-
sion over the Chen-Fleiss series. Namely, the Magnus expansion is an exact solution of
an approximating system, while the Chen-Fleiss series is not [79]. Nevertheless, such ex-
pansions are of great utility in the study of controllability and analysis of control systems
[112].

From the above discussion, we understand that for all w € ', (B(w),B(w)) belongs
to the class of (Z,Z) € C¢(R¥) x Cg%(RKXK) such that for all (s,t) € Ap

62ZY%, = 6219025, 1Y%+ 7k =52%,02F,. (D.5)

S
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For o € (3, 3], the closure of the set of Lipschitz paths in C$(R¥) x Czo‘ 2 (REXKY that
satisfy the above properties is called the space of geometric rough paths

The fundamental idea of T. Lyons is that (in the general case that the Lie brackets
among the & do not vanish) the notion exists of the solution of equations driven by
geometric rough paths Z = (Z,Z) and an accompanying well-posedness theory can be
developed. There are many equivalent notions of the solutions of such equations (see
Lemma A.18). For example, the Chen-Fleiss expansion up to level two can be used to
define an intrinsic notion of the solutions by additionally specifying that the remainder
f* belongs C’SO‘T(R) for any f € C°°(M) [45]. Higher-order iterated integrals are needed
ifa < % However, one still needs a means of constructing Z, and probability is the main
tool used to do so. Effectively, then, the technical ingredient necessary to develop the
basic theory of rough paths is the sewing lemma (Lemma A.1) [65]. To wit, the sewing
lemma is used to establish the existence of integrals against Z and to obtain bounds on
‘remainder’ fsﬁt. It is also possible to prove that there exists a unique two-parameter flow
associated with the time-one map

K K
1
pat(w) = exp ;gkazft +§k;1§l,fk JZ%(w) |, ¥(s,t) € AR,

even if the third-order Lie-brackets of £ do not vanish. The main ingredient in this
approach is the multiplicative sewing lemma, developed by I. Bailleul [8].
A prophethetical quote of M. Fleiss [56][pg. 33] translated into English reads,

We know (cf. Schwartz [103]) that it is generally impossible to multiply the distri-
butions and, in particular, that the powers 62,63, -, of the Dirac impulse are not
distributions. Similarly here, we cannot represent the square of a Dirac impulse by a
series of Chen. However, it is possible to propose what is called in physics a renor-
malization (et. Glittinger [66]) based on natural combinatorial considerations.

T. Lyons showed that by postulating the existence of objects Z which satisfy (D.5),
a solution theory can be developed for differential equations driven by rough paths. As
explained above, probability is used to construct Z. Thus, probability can be understood
as a tool to renormalize through its construction of otherwise analytically ill-defined
quantities Z — and it is only this quantity that needs to be defined to construct a
solution. M. Hairer extended the T. Lyons program by developing the theory of reqularity
structures as the basis of a solution theory for stochastic partial differential equations
driven by white noise [68] (see, also, [59]). One of the key theorems in M. Hairer’s theory is
the Reconstruction Theorem, which is a substantial generalization of the sewing lemma.
As predicted by M. Fleiss [56] and H. Sussman [110], this theory has had a transformative
impact on renormalization in statistical physics, and of our understanding of stochastic
differential equations (in finite and infinite dimensions) and the so-called Wong-Zakai
anomalies.
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Appendix E. Gaussian rough paths

A broad class of geometric rough paths are given by the Gaussian rough paths. Fix
a complete probability space (Q,F,P) supporting a K-dimensional Gaussian process
{Z;}+<7 with independent components and zero mean. Let Ry(s,t) = E[ZFZF] denote
the corresponding covariance functions and
Ry, =E[0Z562),] = Ry(s,u) + Ri(t,v) — Ri(s,v) — Re(t, u).
The existence of a rough path lift for X is contingent upon sufficient rate of decay of the

correlation of the increments. If for a given ¢ € [1, %), there exist a constant C' > 0 such
that for all k € {1,..., K} and (s,t) € Ar,

sup > |RiVTHL 10 < Ot — 4, (E.1)

k751‘,57:+1
Pst1) [tistit1]X[si,8i41]€P([s,t]2)

where the supremum is taken over all finite partitions P([s,t]?) of the interval [s,?]?,
then there is a random variable Z and set 2 € ¥ for which P(Q) = 1 and such that for
allw € Q, Z(w) = (Z(w),Z(w))) € Cop(RF) for o € (3, ﬁ) Furthermore, the lift is
canonical in the sense that for all (s,t) € A2,

Z 0Zst, ®0Zs;4, — Lst| =0,

lim
PUI=0 1 Tepis)

where P([s,t]) denotes a finite partition of the interval [s,t] and |P([s,t])| denotes its
mesh size and the integral is understood in the sense of a limit of nets.
If X is stationary and

o (1) = RZ{@EZ_)T) (E.2)

is concave and non-decreasing as a function of 7 on an interval [0, h] for some h > 0 and
there is a constant C' > 0 such that for all k € {1,..., K} and 7 € [0, h],

02 (7)] < Clrl7,

then (E.1) holds. We refer the reader to [59][Ch. 10] and [58][Ch. 15] for a more thorough
expositions.

Example E.1 (Fractional Brownian motion). The prototypical Gaussian process satisfy-
ing these assumptions is a K-dimensional fractional Brownian motion B¥, H € (%, 1],
which has the covariance function

R (s,t) =S [P+ 27 — |t —sPPH] x Ix = op(r) =771,

N | =
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where I is the K x K-identity matrix and o7(7) is defined in (E.2). Thus, B lifts to
a geometric rough path B (w) = (B (w),B¥(w)) € C;T(]RK), o € (3, 17) for all w
in a set of probability one. In particular, for H = %, B := Bz is a standard Brownian
motion, B(w) = (B(w),B(w)) € C;‘"T(RK), a€ (3,1), and

t
B.i(w) = / 5By, ®odBy, | (W), (s,1) € A2,
We note that
Bl (w) # / 6B, (w) o dBE (w),

because stochastic integrals are defined for non-simple processes via an L?(§)-closure and
there is no pathwise way (i.e., in the sense that it is robust under smooth approximations
of the path) to make sense of the right-hand-side other than by simply defining via the
left-hand-side.

Example E.2 (Volterra Gaussian processes). A Volterra kernel K : [0,T])> — R is a
square integrable function such that K(s,t) = 0 for s > ¢. One can find conditions on
the kernels K : [0,T]?> — R such that the corresponding Volterra Gaussian processes

T tAs
= /K(t, s)dBs, R(s,t) = / K(t,r)K(s,r)dr,
0 0

can be lifted to a geometric rough path. We refer the reader to [31] for a more in
depth discussion of Volterra Gaussian processes and even how to extend the setup to
more irregular paths. Fractional Brownian motion, Riemann-Liouville, and more simply,
Ornstein-Uhlenbeck processes are all examples of Volterra Gaussian rough paths.
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