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1. Introduction

Many special functions y(x) obey a second-order linear homogeneous differential equation
of the form

V'@ +p@y x)+qx)yx) =0, (1.1)

and in [1,2], the integration formula

/ f@OH@+p@H @ +7@h®)y@d=f ) K ®yx—hx) )
(1.2)
was derived, where y(x) is any solution of Equation (1.1) and h(x) is an arbitrary twice
differentiable complex-valued function of x. The function f(x) in Equation (1.2) obeys the
differential equation

f®) =p@f® (1.3)

and hence
[0 =exp (/ﬁ(x)dx). (1.4)

The multiplicative constant in the definition of f (x) can be arbitrarily chosen, as any choice
cancels in Equation (1.2). The general solution of Equation (1.1) is of course given in terms
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342 J.T. CONWAY
of any two independent solutions of the equation as
y(x) = Ciy1 (x) + Coyax (1.5)

and choosing h(x) = y2(x) and y(x) = y1(x) in Equation (1.2) gives immediately

A
7 ! 1.6
Y1 () Y5 (%) =¥, () y2 = f o’ (1.6)

where A is a constant, which is Abel’s identity [3,4], with the constant A determined by the
chosen normalizations for y; (x), ¥2(x) and]_‘(x).

In [1,2], various transformations of the form y(x) = g(x)y(x) were applied to
Equation (1.1) and the method of fragments was applied to the resulting equations to derive
many integrals of y; (x)and y, (x) for specific special functions. The equation obeyed by y(x)
is [1,2]

y”<x)+(zg ) +p(x>)y (x >+<g IO >gﬂ)y<x>=o (1.7)

g g (%) g )
and defining
p (%) —2g(()) +p ), (1.8)
then
gx) = % (1.9)
y(x) = ?(— (%) (1.10)

and Equation (1.7) can be alternatively expressed as [1]

/! / 1 = / 1 2 -2 -
Y@ 4Py @+ —p@) + (0 =P W)+ |y =0.

One particular transformed equation which was not examined in [1,2] is i
y' (@) +p)y x) =0, (1.12)

where
% (P —p) + i P’ @ -P @) +qx =0. (1.13)

The explicit form of p(x) in Equation (1.12) could be constructed by solving
Equation (1.13) as a Riccati equation using Euler’s method [5], but this is not necessary.
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Equation (1.12) has a constant C; as a solution, so its general solution is necessarily of the
form

y(x)=C1+ Cr(x). (1.14)
The general solution of Equation (1.12) is also given by Equations (1.5) and (1.10) as

y(x) = ,/;( (Ciy1 () + Coy2 (%)) (1.15)

and there are only two ways Equation (1.15) can match the form of Equation (1.14). These

are the choices
- X )
1/% o =f(x) =f )7 (x) (1.16)

so that Equation (1.15) becomes

y(x)=C + C2y2 8 (1.17)
and the choice
\/%— % fo=f®y @ (1.18)
which gives
y(x) = Clyl Ex; + G (1.19)

The two choices for p(x) in Equation (1.12) are given directly by Equation (1.3) and
Equations (1.16) and (1.18) as

p(x)=px) +2§1—8, (1.20)
px)=px) +2% (1.21)
resulting in the transformed differential equations
) (%) + <13 () + 2%) y' (%) =0, (1.22)
y' (0 + <ﬁ () + 2%) y () =0 (1.23)
with the respective solutions
»nx=C+ Cz}_lz Ex; (1.24)
@) = G2 ()+c2. (1.25)

Y2 (%)
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The results above can also be proven very simply using Abel’s identity (1.6) for Wronskians.

Theorem 1.1: The differential equation

Y (%) + (ﬁ (%) + 2%) Yy (%) =0 (1.26)
has the general solution
y(x) =C + Cz% (1.27)

where y1(x) and y,(x) are any two solutions of Equation (1.1).

Proof: From elementary principles y'(x) is given by

M@, =3 X))

Y (x) =C, = (1.28)
1 (%)
and from Abel’s identity equation (1.28) becomes
CA
Y= —. (1.29)
f () y1 ()
Differentiating Equation (1.29) gives
, CA(f' )71 () +2f 0] (07 )
)/ (x) _ 2 (f yl_ _2f zyl yl ) (130)
(f () y1 (x))
and substituting Equation (1.3) into Equation (1.30) gives
y(x) =- (13 (x) + Zy:—,l (x))y/ (x) (1.31)
1 (%)

and hence y(x) is a solution of Equation (1.26). As Equation (1.27) contains two inde-
pendent functions, it is the general solution of Equation (1.26) and the theorem is
proven. |

The results presented above involving Wronskians can be applied to many special func-
tions. In addition, the method of fragments [1,2] can be applied to Equations (1.22)- (1.23)
to obtain new integrals. Many useful fragments can be obtained by employing recurrence
relations for ¥|(x) and ¥, (x) in these equations. These include conventional recurrence
relations and the recurrences introduced in [6], which give more exotic integrals. Section 2
provides integrals for Bessel functions obtained with the equations above. Some of these
integrals are given in the literature and can be obtained with Mathematica [7]. However,
Bessel functions seem to provide the only example where this is the case. Section 3 gives
analogous results for associated Legendre functions and these results seem to be completely
new, with Mathematica being unable to obtain them directly. All results presented have
been checked by differentiation using Mathematica.
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2. Bessel functions

The baseline Bessel equation is

=/ 1—/ Vz =
'@+ -y (x)+(1——2)y<x>=o (2.1)
X X

for which f(x) = x. The usual two independent solutions selected for this equation are the
Bessel function of first kind J, (x) and the Neumann function Y, (x), with a Wronskian
given by [8]

2
W (%), Yo) =], (0 Y, (x) — ], (x) Y, (x) = Pt (2.2)
However, as Equation (2.1) contains v2, the functions J_, (x) and Y_, (x) are also solutions

of Equation (2.1). The four Wronskians linking J,,(x) and Y, (x) with J_, (x) and Y_, (x)
are 8]

WOy T ) =~ 2 fory ¢ 7, (23)
W (Y, (x),Y_, (x)) = —ZSH;T# forv ¢ Z, (2.4)
WOy ()Y () = 2ET fory g gz, 25)
W (Y, (x),]-y (x)) = _ZC%ECWI) forv + % ¢ 7. (2.6)

The functions in Equations (2.3)—(2.4) are independent provided v ¢ Z and the functions
in Equations (2.5)- (2.6) are independent provided v + % ¢ 7.
Applying Equation (2.2) in Equations (1.28) and (1.29) gives the two integrals

/ > -Ib9 2.7)

x2(x) 2], (%

/ AR 10N (2.8)
xY2 (x) 2Y, (%)

A closely related integral is obtained by noting that from Wronskian relation (2.2) we have

Yy ) /]y (x)) _ 2 (2.9)
Yy (%) /]y (x) x]y (x) Yy (x)
and hence
/L=zln<y“ (x)), (2.10)
@Y, (x) 2 Jv (%)

Equations (2.7)-(2.8) and (2.10) are tabulated in [9]. Equations (2.3)-(2.6) give the
additional integrals:

/ dx _ s J—v (%)
xJ2(x)  2sin(vw) J, (%)

forv ¢ 7Z, (2.11)
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/ zdx = — il Jv (9 forv ¢ 7Z,
xJ2, (x)  2sin(vw) -y (x)
/ dx =—— il Yy @) forv ¢ Z,
xY2 (x) 2sin (vir) Y, (x)
/ v _ 7 Yy @) forv ¢ 7Z
xY2, (x)  2sin(vm) Yo, (x) ’
dx _ b4 v (%) 1
/ T resem h VT2
dv T Ty (%) 1
/ XYZ (0 2cos(vm) Yoy (%) forvt o ¢ 2,
de 7 J—v (%) 1
/ xY2(x) " 2cos (V) Yy (%) forv + 2 2
dx _ T Y, (x) 1
/ML@Y_%WWMLM@ forvts ¢ %

/ dx . F14
xJy (x) J_y (x)  2sin (vrr)

ln(]V(x) > forv ¢ 7Z,
J—v (x)

Y, (%)

dx . T
/ XYy (¥) Yy (x)  2sin (v7) “(Y_v @)
Yo, ()

/ dx B T 1 (
Wy () Y_y () 2cos(wr)  \ Ty (%)

Y, (x)

dx . T
/qu (0 ]y (x)  2cos (V1) J_y (x)

Equation (2.19) is tabulated in [9].

1
forv+£§éZ.

For the Bessel equation, Equations (1.22)-(1.23) become

/ ]/ ()
Y “*(ﬁ I x ))
with a solution
(x) = Y, (x)
")
and
p y (%)
Y (%) +( Y, (x))
with a solution
B Jv (x)
YO =y e

Employing Equations (2.23)- (2.24) in Equation (1.2) gives for arbitrary h(x)

/va * (h”( >+(
X

I'()
]v()

(x) =0

¥y (x) =0

)h’( )) Y, (x) dx

) forv ¢ Z,

1
) forv+§¢Z,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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2h (x)

=h ) @)Y, (x) -

and employing Equations (2.25)-(2.26) in Equation (1.2) gives

/ xY, (x) (h” (x) + < + 2Yz§ ;) W (x)) o (x) dx

=H (x) xJy () Yy (%) + #

Choosing the fragment
1
Hx)+-x=0
x

with solution y(x) = In(x) in Equations (2.27)- (2.28) gives the integrals

/]; (x) Y, (x) dx = Ly )Yy () 1n(x)’
2 T
/ Y]/) x) J (x) dx = Yy (x)zjv (x) " 11‘175)6) ‘

Perhaps the most interesting special cases of these integrals are

ffl (x) Yo (x) dx = _Jo®) Yo (%) 4 In (x),
2 b4
f Y1 (%) Jo (x) dx = _Jo (x)2Y0 () 1n7§x)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

and these results appear to be new. Mathematica is able to evaluate the integrals in Equa-
tions (2.32)-(2.33) in terms of the Meijer G function, but is unable to reduce these

expressions.
Employing the conventional recurrences in Equation (1.2)

7, ) = (Jo 09 = 211 )
v v x v >
Y, 0=+ (Yop 0 - - Yo @),
X
and the fragment

1Fx2
h (x) + Ty (x) =0= h(x) =x%

in Equation (1.2) for v # 0 gives the integrals

X2V 1
/x2”]v1 (Y, (x)dx = > <]v (%) Yy (x) — —) )
v

—2v

1
/x_zv]v-i-l x) Y, (x)dx = . <]v x) Y, (x) + —) ,
viw

2v

/xzva x)Yy—1 (x)dx = il <]v (x) Y, (x) + L) ,
2 4

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



348 (&) J.T.CONWAY

—2v

/x_zva () Yoq1 (x) dx = _x2 (]v (%) Yy (x) — i) . (2.40)
V7T

Equations (2.32)-(2.33) can be considered to provide integrals (2.37)-(2.40) for the for-
bidden value v = 0. Results equivalent to Equations (2.40)-(2.43) can be obtained by a
formula given in [9].

The sequence of recurrence relations given in [6] for general cylinder functions Z, (x)
can be used to obtain many different integrals. The simplest of these are

Z, (0 + (f—c - 2(+_1)) 200 = 5o B ) (2.41)
Z, (%) + (L - 3) 2y () = 7y (). (2.42)
20+1) «x 20+1)

Substituting Equation (2.41) into Equation (2.28) with Z,(x) = ], (x) gives

/x]v (x) (h” (x) + (1 — (1 42 m)) W (x)) Y, (x) dx
X v—1 Jv (%)

2h (x)

=H (%) x], (x) Y, (x) — — (2.43)
Choosing the fragment
1—-2
W' (x) + ( . 1) W (x) =0 (2.44)
v —
gives immediately
/ 2v—1 x2
h =x""" - 2.45
=) oo
and h(x) can be expressed in terms of the incomplete Gamma function with definition [10]
[e.e]
I (a,x) = / 1 le~t dt (2.46)
X
as
v—1 v x2
h = -2 -’ {v,———). 2.47
() -1 (v z(v_1)> (2.47)

These results give the integral

2
[ (<50 et e

w1 (_L)I()Y +2v(v—1)v+1r< x? )
= (v X~ exp 0= y (%)Y, (x) - V’Z(v—l) .

(2.48)

A similar integral can be derived using recurrence (2.42), which is

2
/ 72 exp <2(vx—+1)> Tz (@) Y, () de = — (v + D2
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xZ . -V (V + 1)—\)-‘1-1 xZ
X eXp <m> ]U (x) YU (x) + (—1) fr <—U, —m> .

(2.49)

The corresponding integrals obtained using Equations (2.26) and (2.28) with Z,(x) =
Y, (x) are

2
/x1+2” exp <——> Jo (%) Yy—2 (x) dx

2(v—1)
" 52 2V (v — 1)v+1 x2
=Wv—-Dx exp(—m>lv(x)Yv(x)— - F<v’2(v—1))’
(2.50)
1-2v xz —2v
/x exp <m> LYy p@di=—@w+1x
£2 27V (w4 1)~v+ 52
X exp (m> ()Y, (x)+ (-1 fl" <—v, —m> .
(2.51)

3. Associated Legendre functions

The associated Legendre functions obey the baseline differential equation

2x  _, v(iv+1) w? _ _
1—x2 (x)+< 1—x2 (1_x2)2)y(x)—0 S

}—1// (x) _

with
fx) =1-x% (3.2)

and the conventional general solution is
y () = C1Py (x) + Q) (%), (3.3)

where Pl (x) is the associated Legendre function of the first kind and Ql (x) is the asso-
ciated Legendre function of the second kind. Here it is assumed that these functions are
those defined with the real axis cut outside the interval —1 < x < 1, which is the default
in Mathematica [7]. The results presented here apply on the real axis within this interval.

From symmetry the six additional functions P, "), QM (x), P‘ivfl(x), Q" b1 (%)
P:ﬁ_l (x) and Q:’UL_ 1 (x) are also solutions of Equation (3.1), but the identity [10]

P (x) =P (x) (3.4)

eliminates P:ﬁ:_l(x) as an additional independent solution. The function Q" b1 () is

given in terms of P "(x) and Q, " (x) as [10]

7 cos (vmr) cos (uir)
sin[(v — p) ]

sin [(v + w) ]
sin [(v — ) ]

Q& = Q) (x) — Py (x), (3.5)
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and on the grounds of space, this function will also not be explicitly considered here.
With this restriction, the results presented here largely mirror the corresponding results
for Bessel functions.

From Abel’s identity, the Wronskian of any two independent solutions is of the form

W (51 (x),72 (x)) = (3.6)

1—x2

As f(0) = 1, the constant A in all of these Wronskians can easily be determined from the
values of P! (x), QX (0), P'* (x) and Q" (0), within the interval (—1 < x < 1) enclosed by
the singularities of the Wronskian at x = %1. These values are given in [10] as

N

P (0) = , (3.7)
V— U —v—-—u-+1

r( : +1)r<—2 )

24+ gin (% v+ ,u)rr) r (HT“ + 1)
Pl (0) = T ) (3.8)

var (5
<U+M+1>

QL (0) :—zﬂ_lﬁsin< (v—i—u)n) ( ), (3.9)

(5
( —utl

Fv+up+1)

QU (0) = 2/ cos (% W+ n)

4
; (3.10)

and these results give the Wronskian

n 1 =
W (Pl (), QY (x) = (AT ot (3.11)
Hence, in a manner closely analogous to the Bessel function case, we have
i /
<Q;i (x)) _ F+p+D 2’ (3.12)
Py (x) (1-x2) T (v—p+1) (P ()
L /
<P1:L(x)> _ Fv+p+1 i (3.13)
Qv (%) (1= T —p+1(Q) )
which give the integrals
_ 1
/ dx = Frv—u+1) Qlli (x), (3.14)
(1-2)(Plw) To+u+D @
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/ dx __F(v—pL+1)Pff(x) (3.15)

(1-2)(Qw)? Te+e+hd @ '
dx _Te—p+D. (Q®

/(1—x2)P’J(x)Q‘J(x)_F(v+u+1>ln<P£‘<x>>' (10

These results appear to be new, and Mathematica cannot obtain them directly. The Wron-
skians for any other pairs of the independent solutions given above can be obtained by
switching the sign of 1« as necessary in Equations (3.7)-(3.10), which gives the Wronskians

W(Pff (x), P* (x)) = —;S(iil—(_lzz; for u ¢ 7, (3.17)
W (Q* (), Qy* () = —7;‘1“—_(’:’27)) for 1 ¢ Z, (3.18)
W (P @, Q% ) = SV o 1~ g 7, (3.19)
1
W (QY (x), Py " (%)) = _C‘;S_(’; Z) for p+ 3 ¢ Z. (3.20)
Equations (3.17)-(3.20) immediately give the integrals
dx B aPH (x)
/ (-2 () zsmemPie oMFE G2
dx 7Pl (x)
= f Z, .
/ (1—x2) (Pu_“ (x))2 2sin (ur) P, (%) orn g (322
dx _ 2Q," ()
/ (-2 (@ w)  rmmemaie " G2
dx B 2Q (x)
/ (1-22) (QJM (x))2 sin (um) Q" (%) for s ¢ Z, (3:24)
dx RO C)) 1
/ (-2 (P w)y eumiem T2 629
dx Py (x) 1
= — - foru+ - ¢ 7, (3.26)
/ (1—x2) (QJ" (x))2 cos (um) Q" (x) e
o
f dx = D () for 11 + % ¢ 7, (3.27)

(1—x2) (P; g (x>)2 cos (u) P, " (x)

dx _ P* (x) 1
/ D) (@) wumdm ohTaEs 428
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L

/ dx = = .ﬂ ln<P_V(x)) for u ¢ 7Z,

(1—=x2) Py (x) P, (x)  2sin(um) P (x)

i

f dx - = .2 ln(Q_V(x)> for u ¢ 7,

(1 — xz) Q) (x) Q" (x) 7 sin () Q" (%)

dx 1 Q" () 1

/ (1-x2) Pl ) Q" (x)  cos(um) 1“( Pl (x) ) foruty ¢ %

w
./ = 1n<Q_v(x)> forpt L ez
(1 — x2) QIvL (x) Py H (x) cos (i) P+ x) 5

(3.29)

(3.30)

(3.31)

(3.32)

For the associated Legendre functions, Equations (1.22)-(1.23) and their principal solu-

tions become

, PG o _Adw
Y+ <2P,; @ 1_x2>y (0 =02y = =
Yo+ (2O 2 ) oy W

Q) 1-¥ Q' (x)

Applying these equations in Equation (1.2) gives

v 2
f (1—x?) (h” (x) + (2 o ((;C)) -1 _xxz) W (x)) P (x) Q) (x) dx

h(x)Tw+pn+1)
rv—up+1

v 2
/ (1—x?) (h” (x) + (2 o ((;C)) —1 _xxz) W (x)) P (x) Q) (x) dx

=(1-%)N Py x) Q) (x) —

h)T (v +p+1)
Fv—pu+1)

= (1 — ) (x) P4 (x) Q¥ (x) +
Choosing the fragment

h// (x) _

2 1
X (x) =0 = W (x) = ——; h (x) = arctanh (x)
1—x2 1—x2

in Equations (3.35)-(3.36) gives the integrals

“w n

/ P () QU (x) dx = (")ZQV ®) Ll ;FFM( U+_1) :rjt'cll;lh ).
“w i

/ QP () Pl () dx = 2 (x)sz 0 T ;rru( :r_l):tteltglh (x)

which are closely analogous to Equations (2.32)-(2.33).

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

The four conventional recurrence relations for associated Legendre functions are [5,10]

vx v+ u
RM (x) = _le; (%) + le;_l (%),

(3.40)
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R (x) = (jt—)xR’“‘( x) — 1__—‘“; 1 (%), (3.41)
pn—1
R (x) = 1’ix2Rf;(x)+(v—u+1)(v+M)1j/“l__(x’2, (3.42)
n+1
RM (x) = — _x SR (x) — }j/”l__(xx;, (3.43)

where here RY(x) =PL(x) or R (x) = Q) (x). Substituting Equation (3.40) into
Equation (3.35) for R} (x) = P} (x) gives the integration formula

2 Pt 2 1
/ (1-) (h” <x>+< ivfx?) Ef}l(,(;c) B (ff xz)x) " <x>) Pl (x) QY (x) dx

, hx)T(wv+pu+1)
= (1— )W () P! (x) QY (x) — —— (3.44)

and choosing the fragment

2 1
H (x) — Lz)xh/ =0 (3.45)
1—x
for which the solution is
/ 2\—v—l 1 3
W (x) = (1-x%) sh(x) = x5 F) 5,v+1;5;x (3.46)
gives the integral
/ Pl @,  P@d®  xoRGrtLid)Te+p+))
(1-2)"" 200+ (1-22)" 20+ W—p+1

(3.47)
Substituting recurrences (3.41)-(3.43) with Rl (x) = Pl (x) into Equation (3.35) and
choosing h(x) in a similar manner gives the integrals

/(1—x2) 1 (0 QY (x) dx

=x2F1( AT w+u+)  (1-x 2)"FU Pl () QY ()

, (3.48)
20—pu+ DL W—p+1) 200 —p+1)
/ (1- xz)—u—% P71 (x) Q* (x) dx
(=)0 xR (pl-w ) T +p+ D (3.49)
S 2w—p+D+p  20—p+DE+WI@—p+1)’ '
/ ““(x)Q“(x) xR (Gu+ LA T0+ua+D PEeQ . (3:50)
(1 )M+2 o 2T(v—p+1) 2 (1 — xz)
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The corresponding integrals obtained from Equation (3.37) with R (x) = QY (x) in the
four recurrences (3.40)-(3.43) are, respectively,

>

/Q LT OPY ) QY0P ) R G+ 5L T p+1)
2)VH! 2w+ (1—x2)" 20+ T w—p+1)
(3.51)

/ (1-x%)" Qb (0 Pl () dx =

R (-3 To+p+) (1= d @ ®
20 —pn+DTW—pn+1 200 —p+1)

/ (1- xz)’“’% Q! (%) PH (x) dx

(=) @ P ) L Xoh (:l-m3d) T +pt1) (3.53)
T 20—t Dt 20—t DAt 1) '
/w y _xaFy (Gn+ L35 T W +p+1) QWP W
(1= Fw—atD 2=

(3.54)

, (3.52)

Equations (3.51)-(3.54) can be obtained from Equations (3.47)-(3.50) by exchanging the
two kinds of associated Legendre functions in the formulas and reversing the signs of the
terms containing hypergeometric functions. The sign reversals are necessary because these
terms are derived from Wronskians, which are antisymmetric on the exchange of the two
independent functions.

All of the integrals for associated Legendre functions presented here appear to be new.
They are not tabulated in the standard literature [9-11] and Mathematica [7] cannot derive
them. Two clearly related results for Airy functions are given in [12].
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