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Abstract
This is a commentary on the ESM 2021 Special Issue on Innovations in Measuring and Fos-
tering Mathematical Modelling Competencies. We have grouped the ten studies into three 
themes: competencies, fostering, and measuring. The first theme and the papers therein pro-
vide a platform to discuss the cognitivist backgrounds to the different conceptualizations of 
mathematical modelling competencies, based on the modelling cycle. We suggest theoreti-
cal widening through a competence continuum and enriching of the modelling cycle with 
overarching, analytic dimensions for creativity, tool use, metacognition, and so forth. The 
second theme and the papers therein showcase innovative ideas on fostering and on the defi-
nition and analysis thereof. These reveal the need for a social turn in modelling research in 
order to capture aspects of student collaboration and agency, as well as tensions in fostering 
when tasks are derived from real-world scenarios, but socio-mathematical norms come from 
the (pure) mathematics classroom. The third theme, measuring, and the papers therein offer 
insights into the challenges of positivist research that aims to develop innovative measure-
ment instruments that are both reliable and valid, particularly in light of student group work, 
cultural background, and other socio-cultural aspects. Drawing on the three discussions, we 
go on to make recommendations for further research.
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1  Introduction

This is a commentary on the ESM Special Issue (SI) on Innovations in Measuring and 
Fostering Mathematical Modelling Competencies. The wider research field of this SI con-
cerns mathematical modelling education, that is, education in solving real-world problems 
through the use of mathematics. The theme of this SI, however, is more specialized. It 
brings together two different verbs, fostering and measuring, and an object of research, 
mathematical modelling competencies. The underlying principle is namely that for students 
to become successful modellers, they need mathematical modelling competencies, which 
should be fostered through practical modelling work in mathematics classrooms, assisted 
by competent teachers. To study the effects of fostering and to compare different types of 
fostering, robust research is necessary, and this must be based on sound, theoretical con-
ceptualizations of analytic constructs, and reliable and valid research instruments in order 
to measure mathematical modelling competencies. However, Schukajlow et  al. (2018) 
have observed a research gap, that is, a lack of methodological studies on the develop-
ment of reliable and valid research instruments for measuring modelling competencies. 
This SI aims to close this research gap. In this commentary, we will look critically at the 
ten presented studies, at how they innovate research and fill the observed research gap, and 
at the challenges addressed by the studies. Finally, we offer recommendations for further 
research.

We begin by introducing the theoretical angle of this commentary. In mathematics edu-
cation research, that is, to say not focusing on modelling education, in the 1990s a shift in 
theoretical research stances occurred, which became known as the social turn (Lerman, 
2000). The rationale was that many research observations could be better interpreted, in the 
sense of Max Weber’s Verstehen, by including interacting contexts beyond the individual’s 
mind. For example, researchers observed mathematical thinking impacted by socio-math-
ematical norms (Yackel & Cobb, 1996), mathematics classroom processes impacted by a 
didactical contract (Brousseau, 2002), curricula impacted by out-of-school requirements 
(Morgan & Sfard, 2016), and so forth. Consequently, researchers began to incorporate 
interpretive and reflective methods (e.g., ethnographic, semiotic, or discourse analysis) and 
socio-cultural theories (e.g., Bernstein, Bourdieu, Brousseau, Freire, Vygotsky, etc.). This 
social turn created a shift in journals such as ESM and JRME, as evidenced by decreas-
ing numbers of papers based on psychometric methods and psychological theories (Inglis 
& Foster, 2018). However, within the body of research on mathematical modelling, this 
social turn is less conspicuous—as demonstrated in review studies by Geiger and Frejd 
(2015), Kaiser and Brand (2015), and Stillman (2019)—which may be due to a desire in 
the modelling community to include mathematicians with an interest in teaching (Houston 
et al., 2009). Given the weaker social turn in research on mathematical modelling educa-
tion, a considerable part of research in this area has retained a more psychological or cogni-
tivist focus on the attributes of individuals. This focus cannot easily include socio-cultural 
aspects of modelling, such as collaboration between students, although this is considered a 
vital aspect of mathematical modelling (Blum, 2002). In addition, cognitivism cannot eas-
ily deal with the tensions which typically emerge from modelling problems being situated 
in the socio-cultural environment outside of school while being solved in a mathematics 
classroom. We, the authors of this commentary, have been influenced by the social turn and 
have applied socio-cultural theories from Bourdieu, Sfard, and Vygotsky in our research 
on mathematical modelling (Frejd, 2010, 2020; Hernandez-Martinez & Vos, 2018, Vos 
& Frejd, 2020; Vos et al., 2020; Vos, 2020; Ärlebäck & Frejd, 2013). We will therefore 
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include socio-cultural aspects of modelling in this commentary, for instance, regarding stu-
dent collaboration and task situations.

We will discuss the ten papers by grouping them into three categories organized under the 
themes of the SI, namely, competencies, fostering, and measuring. Each category will include 
an introductory paragraph to provide a context for our commentary, and at the end of each 
section, we will present questions or make suggestions that will be discussed in Section 5.

2 � Competencies

While the term competence is used in everyday language and in scientific research, it lacks 
a unanimous conceptualization. The term is defined in encyclopedias as “the set of demon-
strable characteristics and skills that enable and improve the efficiency or performance of 
a job” (Competence, 2021). The term was developed from 1959 onwards in the research 
discipline known as cognitive psychology, in which the leading theory is known as cogni-
tivism. Cognitivism was developed to counter behaviorism, which focused on observable 
behavior. By contrast, cognitivist researchers study, for example, how students think when 
reasoning mathematically, making errors, and so forth.

The German psychologist Franz Weinert (1930–2001) lays the foundations for concep-
tualizing the term competence (1999, as cited in Röhr-Sendlmeier & Käser, 2017). Five 
studies in this SI cite his work. He advised that competence be defined cognitively and that 
aspects such as affect or willingness be avoided (Weinert, 1999 as cited in Röhr-Sendlmeier 
& Käser, 2017), which represents a cognitivist approach to the study of how individuals 
think without the inclusion of “complicating factors like affect and cultural issues in an 
attempt to simplify the research tasks” (McLeod, 1989, p. 252). Below, we will elaborate 
on two papers (Cevikbas et al.; Lu & Kaiser) that discuss the tensions which arise when 
including or excluding certain aspects in or from mathematical modelling competencies.

Cevikbas et al. present a comprehensive literature review of research on mathematical 
modelling competencies. They apply an analytic framework with three approaches to math-
ematical modelling competencies: (1) a holistic or top-down approach, which perceives 
modelling competency (singular) as one of several mathematical competencies; (2) an ana-
lytic or bottom-up approach, which assumes that a set of interconnected competencies and 
sub-competencies is needed for modelling, with optional additional aspects, such as will-
ingness (Maaβ, 2006), readiness to act (Kaiser, 2017) and metacognition (Stillman, 1998; 
Vorhölter, 2018), and global competencies, such as social and communication abilities not 
typical for modelling, but nevertheless necessary in it; and (3) further approaches, which 
encompass approaches not included in the other categories.

The first two approaches have in common an understanding of mathematical model-
ling as a cyclic process represented by the modelling cycle (Niss & Blum, 2020; Geiger & 
Frejd, 2015). This modelling cycle describes the various phases of modelling, from ren-
dering the problem context mathematizable to interpreting and validating the mathemati-
cal results. We observe that both the holistic and analytic approaches adopt a primarily 
cognitivist perspective, and that both operationalize modelling competency/cies based 
on the modelling cycle. Consequently, whether research was initiated from a holistic or 
analytic approach cannot be clearly discerned from the empirical results. Cevikbas et al. 
show that current research on mathematical modelling competencies is largely conducted 
by German researchers using the analytic approach to study, among others, (sub-)compe-
tencies, instructional strategies, and measurement instruments. They call for the extension 
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of the theoretical conceptualizations of mathematical modelling competencies. We agree 
with this call and perceive several options, for instance, using the work by Blömeke et al. 
(2015), to which they refer. Blömeke et al. (2015) explain competence as an analytic con-
struct existing on a continuum and ranging from competences that are observable and/
or dichotomously measurable through clinical tests, to competences that are needed by 
experts in complex, holistic, real-life situations. These expert competencies are “tested” 
through real-life tasks by evaluating the useability of the solution against criteria from a 
client. This perspective of a continuum can be translated to mathematical modelling com-
petences, ranging from the competencies of students as assessed by paper-and-pencil tests, 
in which cognitive components are “more easily” identified, to the modelling competences 
necessary for professional practice (Frejd & Bergsten, 2016, 2018). Expert modellers need 
mathematical, social, technological, and critical abilities, for example, regarding communi-
cation with clients; they need to select and employ technology, to perform critical analysis 
of the usefulness and effectiveness of the models developed, to discuss and present results, 
and so forth. Situated towards the middle of this continuum are Group Modelling Compe-
tencies (see, e.g., Watson et al., 1991), a construct that still needs further conceptualization 
and that applies to an important aspect of mathematical modelling (Blum, 2015). Thus, 
theorizing on mathematical modelling competencies can further build on Blömeke et al.’s 
(2015) continuum, by including modelling competencies beyond those that are observable 
and measurable. A second suggestion for theory enrichment follows the discussion of the 
next paper.

Lu and Kaiser add an interesting enrichment to the conceptualizations of mathematical 
modelling competencies. They measure mathematical modelling competencies while also 
analyzing student creativity as another dimension of modelling, thus continuing the impor-
tant work by Wessels (2014). They conceptualize creativity in modelling as an overarching 
dimension to the cognitive activities in the modelling cycle. By positioning creativity in all 
phases of the modelling cycle, the standard cognitivist conceptualization of modelling is 
enriched. This conception of creativity as mediating cognitive activities is truly innovative. 
Similarly, Greefrath et al. (2011) explain that tool use overarches the modelling cycle. That 
is to say that in any phase of the modelling cycle, various (digital) tools can be used, for 
instance, in simulating the problem situation, in performing calculations, or in presenting 
results visually. When the analytic dimension of tool use is added, researchers can ana-
lyze how tools mediate the cognitive activities. Metacognitive strategies (Stillman, 1998; 
Vorhölter, 2018) also play a role in all phases of the modelling cycle, which then can be 
considered a further overarching analytic dimension to the cognitive activities depicted by 
the standard modelling cycle.

Blum (2015) conceptualized the modelling cycle through the inclusion of two different 
worlds, the mathematical and the real. These two worlds differ in terms of socio-cultural 
norms and conventions, and this can be acknowledged in theorizing competences. For 
instance, the mathematical world makes demands of mathematical rigor and precision, 
whereas the real world is accepting of rules of thumb and quick estimates (Williams & 
Wake, 2007). Being allowed to use extra-mathematical knowledge or own creative inven-
tions in mathematical modelling tasks in the (pure) mathematical discourse might, there-
fore, confuse students. We have noticed that Lu and Kaiser’s operationalization of creativ-
ity focuses primarily on phases in the mathematical world (mathematizing and working 
mathematically). Yet, creativity also plays a role in understanding the problem situation. 
Students may, for example, employ a variety of resources, and perhaps even interview the 
“client” about the problem. Creativity may also play a role in explaining and visualizing 
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results. These two omitted aspects of creativity pertain to the “real world” side of the mod-
elling cycle, which could be further elaborated.

Thus, regarding the theorizing on mathematical modelling competencies based on the 
modelling cycle, we suggest (1) enriching the cognitive dimension with other analytic, 
interacting dimensions, such as creativity, tool use, metacognition, and potentially further 
dimensions; and (2) including socio-cultural differences between the real world and the 
mathematical world (see Fig. 1).

Our suggestion of theorizing may influence some research interpretations and explain 
why some blockages in modelling persist. For instance, student difficulties regarding 
“assumption making” are interpreted as cognitive blockages when analyzed in the cogni-
tive dimension (e.g., Galbraith & Stillman, 2006). However, when considering socio-cul-
tural aspects in the two worlds, these may be re-analyzed as cultural blockages, since the 
didactical contract of the “mathematical classroom world” limits student agency and dis-
courages creativity (Brousseau, 2002). Cultural blockages in the learning environment may 
be more difficult to overcome than cognitive blockages in an individual student.

3 � Fostering

The term fostering is frequently used in educational research, as in the fostering of student 
discussion, of inquiry skills, of love for the subject, of resilience, and so forth. In math-
ematics education research, we see fostering of number sense at pre-school level (Baroody 
et al., 2012), and the fostering of collaboration (Chih, 2021) and creativity (Munakata & 
Vaidya, 2013). Fostering is rarely defined, so the term may convey meaningful information 
with an implicitly accepted meaning agreed by all. In encyclopedias, fostering is defined as 
“to promote the growth or development of [something]” and is used in sentences such as 
“[s] uch conditions foster the spread of the disease” (Merriam-Webster, n.d.). It appears to 
be associated with encouraging, nurturing, and facilitating. It takes time, is goal-directed, 

Fig. 1   Analytic dimensions for mathematical modelling competencies
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and requires interactivity between a subject doing the fostering and an object being 
fostered.

Fostering clearly differs from direct instruction. We contend that fostering is more 
student-centered, more informal, more experiential, and more inspiring. By contrast, 
direct instruction is more teacher-centered, more content-directed, and more explanatory 
(Stephan, 2020). In this commentary, we lack the space to further discuss the many per-
spectives on teaching (passing on knowledge, facilitating learning, enculturating, induc-
ing, etc.). We note, however, that mathematical modelling competencies cannot be taught 
through direct instruction since modelling is not a spectator sport (Blum, 2015). Instead, 
these competencies can be fostered through varied modelling experiences. This point is 
illustrated in a number of papers in this SI.

Brady and Jung explore the nature of emerging classroom modelling cultures. They 
enable the fostering of the social modelling competencies collaboration and consultation 
in modelling projects by adding a client perspective—an innovative characteristic of mod-
elling tasks. The students participating in this study worked, among others, for the Alaska 
Department for Fish and Game and for volleyball tournament organizers. The modelling 
tasks were open-ended and had no “correct” solution and the developed models were dis-
cussed from various perspectives, thus fostering students’ agency. In addition, students had 
ample time for their modelling work and opportunities to adapt their presentations. Student 
presentations were analyzed qualitatively and sub-categorized into the sub-processes of 
working mathematically, interpreting, validating and patching. The latter term is defined as 
a “[p]resentation discourse that focuses on unruly features of the problem and/or explains 
adaptations or exceptions made when applying their model” (p. 10). Brady and Jung’s 
innovative construct of patching puts a focus on student reasoning regarding potential or 
performed adaptions to their models. Patching thus fosters student awareness of the provid-
ing and receiving of feedback in order to negotiate and justify their mathematical models. 
The major finding of this study is that the classroom culture is a matter of negotiations 
between the participants involved in the activity, which means that the fostering of math-
ematical modelling competencies does not depend solely on well-designed tasks and com-
petent teachers. Researchers also need to take into consideration social interactions.

Durandt et al.’s study evaluates two different teaching approaches in engineering education 
by measuring students’ competencies and attitudes in modelling. One approach was 
independence-oriented teaching and included groupwork; thus, it was closer to “fostering.” 
The other consisted of traditional teaching with direct instruction and individual work. The 
intervention lasted five lessons, and in both approaches, the same tasks were completed. 
Some tasks were more open and made students “run” a full modelling cycle, whereas others 
focused on just one aspect of the modelling cycle, such as interpreting a graph. Besides a 
test, the researchers also developed an innovative instrument to measure attitudes, the Survey 
of Attitudes Towards Mathematical Modelling (SATMM) with 6 scales (affect, perceived 
competence, value, difficulty, interest, effort). Their results show non-significant, but 
“descriptively more positive attitudes” (p. 17.) experienced by the students who experienced 
the independence-oriented approach. The study demonstrates that a balance between 
independent work and teachers’ guidance is beneficial for fostering modelling competencies.

Geiger et al. have developed the framework “Design and Implementation Framework for 
Mathematical Modelling Tasks (DIFMT).” Their study concerns the fostering of teacher 
and researcher collaboration  to develop teaching practices suitable for fostering such 
competencies among students. Their research process of design-implement-reflect, which 
includes regular meetings with researchers and teachers, demonstrates that fostering is an 
iterative process. The DIFMT framework includes principles regarding both the design 
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of modelling tasks and classroom implementation of these. One aspect of the framework 
is termed pedagogical architecture, a truly innovative construct to identify socio-cultural 
aspects in a classroom. Other principles identify important teacher competencies for fos-
tering modelling, such as knowledge about the nature of a problem, understanding of the 
modelling processes, and how findings should be presented. We want to highlight that Gei-
ger et al.’s DIFMT framework includes implemented anticipation, a term, originally from 
Niss (2010), that describes a modeller’s foresight in earlier phases of the modelling regard-
ing that which is likely to be mathematically useful in later phases. Geiger et al. claim that 
teacher anticipation “is key to both the design and implementation of modelling tasks, as 
teachers must anticipate how students will respond, what scaffolds should be prepared, and 
where challenges are likely to emerge” (p. 6). Thus, anticipation is a competence to be fos-
tered among teachers, and its fostering takes time.

A final innovative study, which also addresses the fostering of teacher anticipation, is 
that of Alwast and Vorhölter. Video clips of staged classroom situations were used to foster 
and measure the noticing competencies of pre-service teachers. By this is meant a teacher’s 
abilities to attend to the experiences of students, as they happen in the classroom, without 
automaticity or habits (Mason, 2002). This relates to anticipation and to being prepared 
to deal with unexpected challenges in a flexible and creative manner. Video clips showing 
student groups working on modelling problems can be useful in teacher education to foster 
teacher flexibility and creativity in classroom practice regarding social norms and expecta-
tions in mathematical modelling activities. The video clips in this study showed students’ 
difficulties regarding sub-competencies in understanding and simplifying real-world prob-
lems, and working mathematically, but the sub-processes of evaluation, validation, and 
presentation of the solution to a “client” were not included in the clips.

The four articles above provide empirical evidence of how mathematical modelling 
competencies, such as collaboration, negotiation, presentation, and agency, can be fostered 
both for students and for pre-service teachers. Moreover, it is also possible to foster the 
fostering competencies of teachers. However, we end with a theoretical question: how is 
fostering related to teaching? And we pose a methodological question, which takes us also 
into the next paragraph: if we want to foster group modelling competency, group creativity, 
group attitudes, and so forth, how can these me measured without disrupting the fostering 
process?

4 � Measuring

Research methods and analytic theories are intertwined, both connected by the research 
paradigm, which embraces beliefs and norms regarding that which is regarded as “good” 
research (Burton, 2002). Cognitivism connects well to measurement research, following 
Weinert’s writings on measuring the cognitive competencies of students in large-scale sur-
veys (1999 as cited in Röhr-Sendlmeier & Käser, 2017). The instruments (questionnaires, 
tests) are administered at the individual level. However for analysis and the reporting of 
results, data are aggregated, making participants invisible as individuals. The associated 
research paradigm is known as positivism (Bryman, 2016), and strives to gain knowledge 
in a similar way as in the natural sciences by establishing as objective a knowledge as pos-
sible through measurement, with special emphasis on the reliability of instruments and 
data analysis. One problem which arises from interpreting the results is that an observed 
correlation does not necessarily imply causality. Secondly, measurements are disturbed 
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by social and cultural circumstances, creating “noise” and uncertainty over what is actu-
ally being measured. This translates into tensions between the reliability and the validity 
of instruments and analysis, which are captured by the well-known attenuation paradox, 
which states that increased reliability is achieved at the expense of validity (Nicewander 
et  al., 1977). In educational measurement research, therefore, the development of valid 
measurement remains a challenge, as also described by Lu and Kaiser. Thirdly, we follow 
Clarke’s (1996) critique by noting that measurement can be an invasive form of assessment 
when it disrupts learning processes. Instead, researchers can turn to portraying competen-
cies of individual students, of their group work, or of the classroom culture. In this para-
graph, we discuss four papers in this SI with an eye on these three challenges.

Krawitz et  al. study the effect of reading prompts on creating a real model. This was 
measured with 9th grade students and compared between two conditions (with and without 
prompts) and between two educational environments (Taiwan and Germany). This study is 
truly positivist, creating a measurement that is as reliable as possible, to enable statistical 
analyses. For instance, the students were randomly distributed between conditions, and were 
given a supplementary test with pure mathematics tasks, not to foster mathematical model-
ling, but to statistically control samples. Furthermore, the German students were selected 
from the Gymnasium track—by homogenizing the German sample, variation was reduced, 
thereby increasing Cronbach alpha. The students were given relatively difficult tasks; only 
8% of the Taiwanese and 17% of the German Gymnasium students were successful, which 
makes the nature of measurement rather invasive (Clarke, 1996). In addition, the tasks 
appear artificial. For example, the exemplary parachute task asks for a diagonal distance 
travelled under certain crosswinds. This distance is necessary for testing student knowledge 
of Pythagoras’ theorem, but unnecessary in real-life parachuting, where it is the horizon-
tal distance which is needed to avoid landing in the sea, against rocks, or in urban areas. 
Moreover, the illustration shows a steerable parachute, which can go upwind, whereas the 
task is about non-steerable parachutes. Thus, a student with knowledge about parachuting 
may be confused by incongruency between task, figure, and real-life scenarios. We there-
fore advise further research into cross-cultural aspects in tasks, for instance, whether a task 
which includes references to a military or expensive leisure context is valid in cross-national 
comparison. In addition, the topic of reading prompts focuses on mathematical modelling as 
a paper-and-pencil test activity where the reading of task situations requires support. While 
reading prompts may ease an invasive testing regime, they are unnecessary when fostering 
student modelling competencies through collaborative work, since students are then able to 
investigate situations and look up information on the internet.

The study by Cai et al. deals with the modelling competencies of mathematics teach-
ers, as well as their noticing competencies regarding student answers. The study aimed to 
compare two groups of mathematics teachers in the USA: 21 pre-service teachers (novices) 
versus 21 recipients of a prestigious teacher award (experts). This study is not purely posi-
tivist: it is not large-scale, and the instrument involved two open modelling tasks. Having 
completed these, the teachers were given a number of solutions by individual students, on 
which they were asked to comment in a free, narrative format on the appropriateness of 
the students’ modelling approaches. Through an inductive, grounded theory approach, the 
researchers developed codes that portray teachers’ modelling competencies and noticing 
competencies. Since these codes were developed transparently in alignment with the data, 
they have a high level of validity. We consider it interesting that the resultant codes differed 
to quite an extent between the two tasks, both regarding teacher solutions and their reflec-
tions on student answers. Thus, the codes are task-dependent, but likely also dependent 
on the answers given by students, on the participating teachers, and on the instructional 

462 P. Frejd, P. Vos



1 3

culture. There also emerged common codes between the tasks, such as offering praise as 
part of feedback, which may be more consistent across tasks/populations/etc., and this 
cross-task consistency could be an object of further research. We recommend the replica-
tion of this study with other scenarios, in particular with group work, and with modelling 
tasks that address realistic problems from a client, see Brady and Jung. We disadvise the 
reuse of the artificial problems given. For instance, in the “seashell task,” seashells are 
placed on a scale and the task asks for an estimation of the weight of some additional sea-
shells. In real life, one would likely observe the readings given on the scale! With more 
fostering of mathematical modelling, we also hope to see teachers noticing task flaws, 
which will result in codes such as “need for task redesign.”

A similar study on measuring teacher modelling competencies and their didactical compe-
tencies was carried out by Yang et al., focusing on the comparison of pre-service teachers in 
three countries (Mainland China, Germany, and Hong Kong) and collecting large-scale data. 
The same type of instrument as in Cai et al. was used, with small differences: four, rather 
than just one, didactical questions were posed regarding the presented student answers. Fur-
thermore, codes were not inductively developed from the data. Instead, teacher answers were 
evaluated on an ordinal scale (from high to low). This results in codes which are more unified 
than in Cai et al. and more suitable for statistical analysis. This increased reliability comes 
at the expense of validity, since details are lost and percentages of high, average, or low lev-
els conceal the phase of modelling at which the blockages occur, as well as how praise was 
offered to students by teachers as part of their feedback. By obscuring details of individuals 
and their reasoning, this study has more validity issues, in particular cross-culturally.

The study by Greefrath et al. is a pre-test–post-test experiment focusing on pre-service 
teachers regarding the effect of two different types of modelling seminars on their pedagog-
ical content knowledge for the teaching of mathematical modelling (PCKMM). A control 
group of pre-service teachers who had not received any professionalization on modelling 
was also tested. The modelling seminars focused either on (1) modelling tasks, the analysis 
and development of these, and without a focus on adaptive teacher interventions; or on (2) 
adaptive teacher interventions, preserving students’ independence, and without a focus on 
developing tasks. The paper is positivist, drawing on sophisticated statistical notions and 
dehumanizing the participants by writing about “test subjects” (p.14). The results showed 
that both experimental groups improved on their PCKMM, the “task group” to a greater 
extent than the “intervention group,” whereas the control group did not. The seminars were 
thus effective, and different emphases were shown to yield different effects. However, with 
such positivist research, differences, while observed, cannot easily be interpreted, espe-
cially with an opaque test instrument. Fortunately, this instrument was published else-
where (Wess et al., 2021); closer scrutiny of it gives reason for concern, again, regarding 
validity. In order to measure PCKMM, the instrument had 71 items on four scales. Two of 
these—“knowledge about interventions” and “knowledge about tasks”—aim to differenti-
ate between the “intervention group” and the “task group.” Knowledge about interventions 
was measured by 24 complex, verbose items that asked participants to evaluate a teacher 
intervention as “suitable,” “unsuitable,” or “I don’t know.” Such complex items concerning 
teacher-student interactions require analytic skills, which are fostered through many experi-
ences, and were thus feasible for students in both conditions. By contrast, the 17 items on 
knowledge about tasks were all yes/no questions on characteristics of modelling tasks (see 
Fig. 2). These items ask for jargon knowledge, which students in the “task group” likely 
had learnt in their seminar. Differences between item types can thus explain differences 
in scores between groups. In other words, the instrument may have led to the (lack of) 
differences that it intended to measure. At a more general level, the use of dichotomous 
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items should be avoided (Bryman, 2016), since they disallow nuance, discussion, or con-
ditional answers such as “it depends…” or “yes, unless...,” which is typical of the dialogic 
and reflective nature of mathematical modelling. We advise future adaptations to include 
more open tasks, focusing on the collaborative analysis of classroom situations, and to ask 
(teams of) teachers to develop their own modelling tasks, as in Geiger et al.

The four studies discussed in this paragraph provide reliable instruments for the meas-
urement of mathematical modelling competencies to narrow the research gap. With the 
exception of Cai et al., these papers reflect a positivist research approach, favoring reliabil-
ity over validity. However, the papers by Cai et al., and by Brady and Jung and Alwast and 
Vorhölter, discussed earlier, illustrate that measurement can have a higher validity when 
striving to portray competencies through a combination of measurement and fostering. We 
can therefore pose a more specific question than the one central in this SI: how can we 
develop measurement instruments and methods that have high validity; that can portray 
more complex competencies on the competence continuum beyond those assessed through 
paper-and-pencil tests (Blömeke et  al., 2015), in particular group competencies; that do 
not invasively disrupt that which is being fostered; and that moreover have a reasonable 
reliability?

5 � Discussion and conclusion

This SI focuses on mathematical modelling competencies related to the modelling 
cycle, a topic frequently addressed in research on mathematical modelling education, as 
observed by both Stillman (2019) and Geiger and Frejd (2015). This focus yields a pro-
ductive research corpus, bringing mathematical modelling to the attention of the wider 

Fig. 2   Excerpt of instrument to measure teachers’ PCKMM (Wess et al. 2021, p. 101)
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mathematics education research community and providing a clear connection to compe-
tence-oriented curricula. It also yields methodologies and empirical evidence, on which 
teachers, researchers, and policy makers can further build. We observed that the SI fills the 
observed research gap mentioned in Section 1. This SI presents innovative instruments and 
methods for measuring pre-service teacher noticing skills in modelling contexts (Alwast 
& Vorhölter; Cai et  al., Greefrath et  al.), attitudes (Durandt et  al.), and creativity (Lu & 
Kaiser). In some studies, the qualitative work was transformed into measurement by care-
fully and transparently developing adequate codes (Alwast & Vorhõlter; Brady & Jung; Cai 
et al.; Geiger et al.). We argue that a cognitivist analysis, focusing on data at the individual 
level, challenges the collaborative aspect in modelling. A positivist research stance also 
provides high reliability at the expense of validity.

Some studies in this SI (Brady & Jung; Geiger et al.) demonstrate that fostering is about 
the development of a productive classroom culture. Mathematical modelling is teamwork 
(Blum, 2002) and fostering collaboration is not direct instruction (Chih, 2021). Geiger 
et al. provide a productive example on how fostering relates to teaching, where researchers 
and teachers collaboratively and iteratively adapt the didactical contract in mathematical 
modelling. To foster the multidimensional sense-making goals of modelling (Blum, 2015), 
new possibilities may be offered by team-based learning (TBL); “while the assumption that 
teaching is ‘imparting’ knowledge tends to be concerned only with knowledge acquisition, 
the studies we examined suggest that the benefits of TBL extend well beyond this singular 
learning goal” (Haidet et al., 2014, p. 308). However, a broader perspective on mathemati-
cal modelling, which considers the cultures, norms, and classroom expectations, requires 
further research on global competencies (Cevikbas et al.). Some competencies are easier 
than others to measure (Blömeke et al., 2015). If we therefore assume that mathematical 
modelling is a team activity to be fostered, it is also necessary to develop reliable and valid 
research tools to measure group competencies of mathematical modelling, group attitudes, 
etc. Brady and Jung’s study provides a springboard, offering other researchers a method 
and codes to “measure” the modelling culture of a classroom that involves students work-
ing in groups on tasks from “clients.” In terms of Clarke (1996), their measurement method 
is not invasive and rather portrays mathematical modelling competence in a social cultural 
context. We hope this SI inspires other researchers to continue this important work regard-
ing both the validity and reliability of instruments and analyses.

Cevikbas et al. conclude that “there is a great need to investigate modelling competen-
cies using a variety of theoretical frameworks and to extend existing frameworks by using 
innovative approaches” (p.19). In this commentary, we have introduced perspectives that 
can further serve theory development. Firstly, we drew on Blömeke et al.’s (2015) compe-
tence continuum, which we adapted to the conceptualization of modelling competencies. 
This provides theoretical principles for the classification of both observable competencies 
measured by clinical tests and the more complex holistic competencies that are difficult to 
measure but can be portrayed. This competence continuum puts classroom work in a per-
spective that includes professional practices of expert modellers. Secondly, in relation to 
the modelling cycle, we suggest overarching dimensions to the cognitive dimension, such 
as creativity, tool use, and metacognition (see Fig. 1). Geiger and Frejd (2015) claim that 
the local theories from mathematical modelling research (the modelling cycle and math-
ematical modelling competencies) reveal a set of white spots, which invite further theo-
rizing. Several of these white spots connect to the social turn and address a research gap 
which adjusts that addressed in this SI, namely regarding the valid measurement, or por-
traying, of mathematical modelling group competencies, of competencies for dealing with 
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socio-cultural issues in modelling, and, for teachers, of essences of fostering. We propose 
further developing a social turn in mathematical modelling research.
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