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Abstract

This paper reports a study of university students’ experiences of learning mathematics in
an introductory differential equations course that takes an inquiry approach to learning and
teaching. The students are on a trajectory leading toward a bachelor’s degree in mathemat-
ics to be followed by a year-long teacher education credential program. The analysis of
students’ end of course presentations and written portfolios is framed with community of
practice theory, complemented with analytic categories from community of inquiry, includ-
ing notions of inquiry stance and critical alignment. Our social theorization of university
mathematics education adds a complementary perspective to the more conventional cogni-
tive and discursive analyses and is necessitated by the very nature of inquiry approaches
to education. The analysis of students’ presentations and writing leads to exploring their
development of the notion of critical stance, which the students are seen to take toward
the mathematics, their learning, and approaches to teaching mathematics. We find that the
notion of critical stance can be distilled into three components: awareness, self-evaluation,
and agency.

Keywords Community of practice - Critical alignment - Critical stance - Inquiry-based
mathematics education

Introduction

In this paper, we use community of practice theory (CPT) as an overarching framework to
explore the mathematics education of university students who intend to become secondary
school mathematics teachers. CPT has been used as a framework to analyze and explain
participation in mathematics teaching in school (Jaworski 2006), in school teacher educa-
tion (e.g., Goos and Bennison 2008), and in school teaching development (Nickerson and
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Moriarty 2005; Solomon et al. 2017; Zaslavsky and Leikin 2004). It has not, however, been
used extensively in the context of university mathematics teaching. A sizable proportion of
research in undergraduate mathematics education has focused on mathematical concepts
and communication, thus leading researchers to adopt theories of cognition and discourse.

In this paper, we analyze participation in a university mathematics course for pre-service
teachers within a CPT framework and report on students’ adoption of a “critical stance”
toward mathematics, their own learning, and teaching. The conventional approach adopted
by many university mathematics teachers who perceive their purpose is to model authentic
mathematics through lecture (London Mathematical Society 2010). From such a perspec-
tive, it is of little interest to examine issues of teaching and learning within a social prac-
tice theoretical framework. However, there is growing use of active learning approaches
to university mathematics education. In North America, for example, Stains et al. (2018)
identified the use of active learning approaches in undergraduate mathematics more than
other undergraduate STEM courses. Moreover, there has been considerable endorsement
of such strategies by professional organizations (e.g., Conference Board of the Mathemati-
cal Sciences 2016; Mathematical Association of America 2017; Saxe and Braddy 2015),
challenging the dominant paradigm of modeling by lecture. All this precipitates a need to
develop the social theorization of university mathematics education. Addressing this need
is a primary goal of this paper.

In particular, we explore eight students’ development of critical stances in a small
inquiry-oriented differential equations course for future secondary mathematics teachers.
These critical stances are one aspect of a community of inquiry, which is a particular kind
of community of practice wherein members inquire into the nature of their shared practice
and critique it. Our work confirms that an inquiry-oriented classroom can be studied as a
community of practice and that the teaching approach can support students’ development
of critical stances toward mathematics itself, the learning of mathematics, and the teach-
ing of mathematics—which are three major elements of university mathematics education
trajectories.

Theoretical background

Theorizing teaching and learning mathematics at university within a CPT framework
begins by conceptualizing teaching, learning, and doing mathematics as an enterprise in
which participants engage either as learners on an inward trajectory of participation or as
full participant members (teachers and researchers). Figure 1 depicts our meaning for the
enterprise of university mathematics education, which is composed of several interact-
ing activities: learning, doing, teaching, and researching. Students enter the practice and
embark on an inward trajectory of participation, beginning as learners, and if they were to
stay within the practice of university mathematics education, full participation would entail
teaching and research in varying proportions. The students whose practice we describe
in this paper are following a program aimed at schoolteacher education. These students
would, for part of their experience, work across two practices—school mathematics educa-
tion and university mathematics education. Indeed, any program that includes a period of
internship or practicum outside the university crosses boundaries as students experience
the different practices. Except for the few students who follow an uninterrupted trajectory
toward research and teaching within the university, students break out of the practice of
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Fig. 1 The practice of university mathematics education: doing, learning, and teaching mathematics

university mathematics to embark on another inward trajectory in employment such as
school teaching or mathematician in industry or commerce.

The community of participants is bound together by their mutual engagement and the
shared repertoire' that develops through their participation. Mathematics and mathematical
practices are reified through the objects and processes of mathematics (e.g., representation,
algorithms, theorems and proofs) and the resources used in communicating mathemati-
cal ideas. Later in this paper, we develop from Wenger’s (1998) articulation of CPT three
strands of the practice that are fundamental to our analysis: understanding, learning, and
teaching that are based on notions of participation-reification, enterprise, engagement, and
repertoire. We reflect on these three strands within the respective sections of the analysis
because of the symbiotic relation between theory and analysis of evidence of participation.

Of the sparse research using CPT in the undergraduate context, some have focused on
communities of mathematics instructors. For example, Viirman (2018) reports on a collab-
oration between mathematicians and mathematics educators in which a mathematics edu-
cator functioned as a broker, influencing a mathematician’s instructional practice. Jaworski
and Matthews’ (2011) study of mathematics lecturers suggested that teaching did not func-
tion as a joint enterprise of the comrnunity,2 though the instructors had a shared repertoire
and mutual engagement; Rasmussen et al. (2009) identified an instructor’s brokering moves
in an inquiry-oriented classroom which bridged students’ small groups, the larger class-
room community, and the broader community of mathematics as a whole. Others have, as

! Following Wenger’s articulation of community of practice theory we explain “mutual engagement” in
terms of participants collaborating with complementary skills, routines and actions to achieve the shared
goals of the enterprise (university mathematics education); and their “shared repertoire” as comprising the
discourse composed of special terms and expressions, shared artefacts, instruments, routines and experience
that facilitate the attainment of the shared goals.

2 Joint enterprise, university mathematics education is more generally the set of interconnected activities in
which participants negotiate and combine competencies, effort and accountability to achieve shared goals.
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we do in this paper, focused on students. There is also evidence that the practice of math-
ematics at the postsecondary level is distinct from that at other levels (e.g., Holton 2001;
Ticknor 2012). Solomon (2007) suggests that first-year mathematics lectures have not posi-
tioned learners as legitimate peripheral participants in the practice of mathematics.’

One previous and important contribution to the field that adopts CPT as a framework for
exploring university teaching and learning is provided by Biza et al. (2014), upon which
our paper builds. To theorize university classroom practices that set out to be inquiry-
based, Biza et al. (2014) go beyond CPT as set out by Wenger (1998) and Lave and Wenger
(1991). They propose that when students adopt an inquiry stance, the enterprise, students’
engagement, and their shared repertoire all become transformed by inquiry. Consequently,
the community of practice (CoP) is transformed into community of inquiry (Col). A key
element in this transformation is that the mode of belonging to the community, alignment,
described by Wenger as “do(ing) what it takes to do our part” (Wenger 1998, p. 179) is
transformed into a form of critical alignment. As explained by Biza et al. (2014),

In a Col, alignment is always critical alignment, by which we mean that as a normal
part of their participation, participants question the practices in which they engage.
Such questioning leads to new forms of practice, new modes of awareness of the
problems and issues in developing effective ways of working, and good outcomes for
students’ learning. (p. 164)

In this paper, we develop the notion of students adopting a critical stance toward their
engagement in mathematics learning and teaching when they are critically aligned to the
practice of mathematics education in the sense that Biza et al. describe above. In particular,
we draw on the following definition of critical stance put forth by Curzon-Hobson (2003, p.
201): A critical stance is “an attitude or disposition towards oneself, others and the object
of inquiry that challenges and impels learners to reflect, understand and act in the milieu of
potentiality.” Critical alignment and critical stance are complementary constructs. Follow-
ing Wenger’s analysis of alignment, critical alignment is a “mode of belonging” relating to
participation within a Col, and this is evident in the above quote from Biza et al. By con-
trast, critical stance is a mode of being, and as Curzon-Hobson’s definition indicates, criti-
cal stance is an attitude or disposition and a critical awareness and reflection on one’s own
experience, meanings, and knowing. We therefore distill this characterization of critical
stance into three key features: students’ awareness, students’ self-evaluation, and students’
judgment and agency.

There are thus three major components or conditions for students to adopt a critical
stance. First, the students must be aware of the possibility that their experience of the prac-
tice could be different, for this they need to experience variety: in forms of engagement
and participation, in the way mathematics is reified, and in terms of the way the enterprise
is designed and implemented by the teacher. Second, the students must be able to reach
some judgment, based on their reflection and evaluation of experience of participation. The
students must be able to recognize when one experience of meaning, learning, or teach-
ing is better, deeper, richer, more profound, etc., than another. Third, the students need

3 Peripheral participants: As new members join an established practice they are yet to develop the range of
competencies and repertoire required to engage fully in the enterprise. Their newcomer status is accepted
(ie. as legitimate) into the practice with a partial role that gradually increases as they appropriate the com-
petencies and repertoire of the practice. They join on the edge (periphery) and embark on an inward trajec-
tory to become fully functioning participants in the practice.
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to be aware of their agency to change things (for the better) through the manner of their
engagement. Biza et al. (2014) argue that critical alignment arises from “inquiring into the
teaching—learning process to achieve ‘better’ outcomes from it, taking an ‘inquiry stance’
in practice ...” (p.164). Our notion of critical stance includes and goes beyond mathemati-
cal inquiry as students’ agency includes and goes beyond mathematical questioning into
questioning practices. In an invited reaction to Biza et al. (2014), Goodchild (2014) ques-
tions “whether it is possible to design a Col in which students can be genuine participants;
and, if it is, what are the conditions that ensure such participation?” (2014, p. 180). The
three conditions for taking a critical stance outlined in this paragraph go beyond “inquiry
stance” and “critical alignment” and thus go some way toward answering these questions;
further we claim that in this report we demonstrate how these conditions can be met within
a mathematics course for pre-service teachers.

In our analysis, the construct critical stance emerged from an examination of students’
engagement in a mathematics class in which the teacher had the development of an inquiry-
oriented classroom as a key educational goal. Inquiry was conceptualized as students’ deep
engagement in mathematics, peer-to-peer interaction about their mathematical thinking,
and teacher interest and use of student thinking (Laursen and Rasmussen 2019; Rasmussen
and Kwon 2007). The examination of students’ productions set out initially to expose evi-
dence of a community of inquiry as described by Biza et al. (2014); however, the analysis,
which we describe below, drew attention to the three conditions: awareness of possibili-
ties; reflection, self-evaluation, and judgment; and agency and thus to the notion of critical
stance. In this paper, we bypass the initial approach to the data and focus on addressing
directly the question:

What characterizes the critical stance taken by students in this class?

We next describe the classroom context and naturalistic approach to expose the nature
of the critical stance taken by students.

Classroom context and method
Classroom context

The content of the course was differential equations, with an emphasis on modeling and
graphical, numerical, and qualitative approaches. Unlike a conventional, technique-driven
treatment, which might be of questionable value for pre-service teachers, this course
embraced the mathematical practices that these future teachers will be expected to enact
in their own classrooms (see Common Core State Standards Initiative (CCSSI) 2010) and
explicitly sought to deepen students’ understandings of function and rate of change, key
concepts in secondary school mathematics. There were eight third-year or fourth-year
undergraduate mathematics majors enrolled, all of whom were intending to be secondary
school mathematics teachers. In contrast to much of these students’ previous experiences
in undergraduate mathematics, the instructional format featured cycles of students working
collaboratively in small groups followed by whole-class discussions and student presenta-
tion of small group work. Very little lecturing occurred, but the teacher did insert informa-
tion and make connections to conventional or formal terminology in response to students’
mathematical work. There are two distinguishing educational goals of the course, one
related to classroom discourse and the other related to the mathematics. An explicit goal of
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the teacher was to promote particular social and sociomathematical norms which connect
to students’ beliefs about mathematics and what it means to learn mathematics (Yackel
and Cobb 1996). Specifically, the teacher was intentional in fostering the social norms that
students explain and justify their thinking, however tentative, listen to and attempt to make
sense of others’ thinking, and indicate agreement or disagreement (with reasons) with oth-
ers’ reasoning. The primary sociomathematical norm of interest was that justifications be
based on underlying concepts as opposed to appeals to procedures or external authorities
such as the text or teacher. The teacher took the view that norms are not rules set out in
advance, but rather are constituted and reconstituted through interaction.

These discourse goals were complemented by mathematical goals of students learn-
ing the mathematics with meaning via a sequence of challenging problems. The Inquiry-
Oriented Differential Equations curriculum (Rasmussen et al. 2017) was inspired by the
instructional design theory of Realistic Mathematics Education (Freudenthal 1991; Grave-
meijer 1999) in which mathematics is first and foremost conceptualized as a human activ-
ity of sense making and mathematizing (as opposed to an a priori collection of predeter-
mined facts and procedures). For example, the curriculum engaged students in a sequence
in which they reinvented a bifurcation diagram (Rasmussen et al. 2019). The goal here, as
with other important concepts and methods for analyzing differential equations, was that
students would come to view the mathematics as emerging from their individual and col-
lective efforts.

Methods

We take a naturalistic approach to address the question posed above, that is the data are
generated from the student artefacts that are produced in the regular activity of the class-
room, and the research has not demanded anything that was not intended for teaching and
learning. Two main sources of data used are students’ end of semester portfolios and vid-
eos of corresponding oral presentations of student-selected items from their portfolio. The
end of the semester portfolio assignment required students to select seven items that they
felt showcased their progress and accomplishments since the midterm. Typically, an item
selected was a particular problem or small number of related problems. Students were
instructed to select items that they felt highlighted their creativity or inventiveness, their
mathematical growth, their ability to connect ideas/concepts, their deep understanding of
concepts, and their ability to model with mathematics, reason mathematically, etc. For each
item selected, they were required to write a rationale that explained why they selected this
particular item(s) and the personal significance of the item. In addition to submitting the
portfolio, each student was required to prepare and present a 15-min oral presentation with
powerpoint highlighting three items of their choice. Students consented in writing for their
anonymized portfolios and transcripts of the videos of oral presentations to be used in this
study.

The data were analyzed using thematic analysis (Braun and Clarke 2006), which
involved an iterative process that moved between data, theory, and interpretation, with
cycles of researchers’ individual and group engagement. The team of four researchers,
which includes the course teacher, first created transcripts of the students’ oral presenta-
tions. This was subsequently coded by three members of the team separately using cat-
egories from Wenger’s (1998) account of community of practice: joint enterprise, mutual
engagement, and shared repertoire. Individual coding decisions were then the subject of
extensive discussions by the research team. Concurrent engagement with the literature
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applying CPT to educational settings led the team to reflect on the substantive ques-
tion: what are the grounds for claiming that the class had developed into a community of
inquiry? At this point, the theorization provided by Biza et al. (2014) became the key to
our interpretation as we looked for evidence of critical alignment.

In our initial analysis of the oral presentations, we were surprised to find students
offering, in addition to reflections on their mathematical progress and accomplishments,
personal reflections on their learning experiences in the course, despite the fact that the
portfolio instructions focused on mathematical aspects. These unexpected reflections from
students prompted us to then consider more deeply the notion of critical stance. Conse-
quently, we turned to the students’ portfolios and presentations and began to operationalize
the dimensions of critical stance that forms the substance of the analysis and interpreta-
tion that follows. Three principal strands of students’ critical stance emerged: toward their
understanding of mathematics, toward their approach to learning mathematics, and toward
approaches to teaching mathematics. The next section is organized to set out the theoriza-
tion and evidence for these three strands.

Results

As a reminder, the research question is: What characterizes the critical stance taken by
students in this class? Our analysis reveals three areas in which students take a critical
stance: toward mathematics; toward learning mathematics; and toward mathematics teach-
ing. These areas align with the first three steps of the trajectory depicted in Fig. 1: the
learning, doing, and teaching of mathematics. Thus, the foci of these critical stances are
not surprising, and our key contribution is providing evidence of students’ development of
true critical stances in all three areas. In developing these results, we illuminate the three
conditions of taking a critical stance: awareness that experience can be different, reflec-
tion on experience and a sense of judging the quality of that experience, and the sense of
agency to make improvements.

A critical stance toward mathematics

Two issues are at stake when taking a critical stance toward mathematics: taking a critical
stance toward understanding of the mathematics content encountered and taking a critical
stance toward the nature of their participation in mathematics. First, we look at the notion
of understanding within CPT. Wenger argues that terms such as knowledge and under-
standing “require some caution because they can easily reflect an implicit assumption that
there is some universal standard of the knowable” (Wenger 1998, p. 41). An example of
an implicit assumption that Wenger wants to avoid, for example, would be the notion that
there exists a universal standard of a comprehensive knowledge of the concept of deriva-
tive (dy/dx). From a purely theoretical perspective, such standards may exist in mathemat-
ics. However, there is no way that any one person can truly know whether their understand-
ing, or anyone else’s for that matter, matches a possible theoretical universal standard.

In CPT, Wenger therefore frames understanding not in terms of some universal standard
but in terms of meaning, experience, and negotiation in the world. When students partici-
pate in the differential equations class they engage in the enterprise and develop a shared
repertoire, they respond to tasks, and they reflect on the meanings they develop. Their
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activity as a student intersects with the work of mathematicians and mathematics teachers.
In this context, they develop a relation with mathematics and with mathematics education,
and in the case of these students, they develop their identity as learners and as future math-
ematics teachers and educators.

Mathematics is reified through the classroom tasks and discussion, through the proce-
dures, representations and transformations, patterns, relationships and connections, theo-
rems and proofs, language, skills, and competencies that compose the repertoire of math-
ematics education practice. The students experience meaning through their negotiation of
participation in the multilayered practice of the mathematics class and the multi-dimen-
sioned repertoire and reifications of mathematics. For example, this is illustrated when
Carly (all names are pseudonyms) reflects on a problem related to the uniqueness theorem:

In light of the uniqueness theorem, consider the population model ‘i—f = O.3P(1 - L ) If

P(0)< 12.5, will the population ever reach 12.5? Explain. 123

I struggled with understanding the theorem when we went over it in class so that is
why this problem was initially difficult. Once I looked at the question and theorem
again | was able to make a better connection. (Carly, Portfolio)

Students reflect on experience of participation in classroom activity that enables them to
negotiate a fresh relationship (“better connection”) with objects within the mathematics
repertoire, such as a theorem. Carly describes her experience as a “struggle with under-
standing.” Interestingly, she does not claim at the end to understand (even if Carly had
claimed a perfect understanding, it would be challenged on the basis of the previous argu-
ment: how can she know?), but her claim to make better connection does reveal a growth in
what the theorem means to her.

To adopt a critical stance toward understanding requires students to have experienced over
time meanings that give the potential of different degrees of understanding. Thus, Abel can
observe “my understanding grew” (Portfolio); and Brad “Just because I thought I fully under-
stood a concept doesn’t mean I actually did” (Portfolio); and Enrique reflects on an experi-
ence with a task related to cooperative and competitive populations, Bees and Flowers:

Bees and Flowers

Often scientists use rate of change equations in their study of population growth for one or more
species. In this problem we study systems of rate of change equations designed to inform us about
the future populations for two species that are either competitive (that is both species are harmed by
interaction) or cooperative (that is both species benefit from interaction).

Which system of rate of change equations below describes a situation where the two species compete
and which system describes cooperative species? Explain your reasoning.

@ “—j =-5x+2xy (i) &
= = —4y + 3xy

Y
dt

E=4x—2xy
D —2y—x
PPl A

[O]ur understanding was still underdeveloped ... this whole process put me in a men-
tal state to try to think of the problem critically creatively and with meaning rather
than more robotically trying to just solve a problem without knowing what is going
on. (Enrique, Portfolio)

Variation opens the possibility of awareness, which needs to be realized through reflec-
tion; awareness that something might be experienced differently is the foundation of a
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critical stance. A further requirement of a critical stance, if it is to be a positive experi-
ence, is the student’s sense of agency, that they can make a difference. Enrique implies
his sense of agency as he acknowledges that he was placed in a “mental state” in which
he was required to “think of the problem critically creatively”. In the case of these stu-
dents, they are empowered to negotiate new meanings through developing new relation-
ships between their participation in the class and reification of the mathematics stud-
ied, and this is explored further in next section (Critical stance toward learning/being a
learner of mathematics).

In the quote above, Enrique uses the term “robotically.” Perhaps in the repertoire of
mathematics education research this would be translated as “procedurally.” While we as
researchers can reasonably infer what Enrique means when he uses the term robotically,
our inferences are more limited when they use words such as understanding, meaning,
critical thinking, and so on. Nevertheless, it is possible to identify a common theme
that both illustrates and confirms the development of understanding as an accumula-
tion of meanings that emerges from the relation between participation and reification as
outlined above. The students experience the mathematics through a variety of represen-
tations (reifications) and forms of participation (problem solving in groups and alone,
discussing, presenting, reflecting and writing). The students express their growth of
understanding in terms of increased or better connections.

An intriguing set of problems that culminated all our growth, knowledge, which
highlights critical thinking, ability to make connections. (Enrique, Portfolio)

So that was one of my most proudest works. I felt like I really understood the
question and I understood my answer and I felt that I made really clear connec-
tions and I was really proud of it. (Jimena, Presentation)

In the excerpt above, Jimena is referring to her response to an examination question
in which a model of a fish population is provided: and the problem is to comment on a
suggestion for an initial population range to ensure that the stock increases. In her pres-
entation of this entry, she reflects how she identified equilibrium solutions and related
different graphical representations to identify the points within a given range at which
an initial population would increase or decrease.

In the next excerpt, Brad reflects on his experience from a task about the rate of
cooling of a cup of coffee and a question about whether two cups with different initial
temperatures will ever be at exactly the same temperature. Whereas some students refer
to connections (e.g., see previous quote from Carly, Portfolio), Brad describes his expe-
rience as seeing concepts tied together.

Once you learn a concept it does not just go away, rather you continue to build
upon it and find that it ties together with other concepts (Brad, Portfolio)

In terms of students’ experience of meaning, the connections can arise in different
ways, they might be different reifications (representations) of the same concept or they
could relate to how a single reification can give rise to different experiences (tasks and
activities) in which students participate. Brad appears to recognize this when he reflects:

When this class first started, I never would have imagined that a differential equa-
tion could take on so many different meanings. My first initial thought that the
term dy/dt only meant the derivative of dy over the derivative of t [sic]. Boy did I
come to realize, that I was only scratching the service [sic] of all dy/dt stood for.
(Brad, Portfolio)
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When the students claim to understand a concept in a new light, they are probably
referring to new connections and relationships that have opened up for them. For exam-
ple, when Valencia claims to “understand the concept a lot better” (Valencia, Portfolio),
or Carly, to “have a stronger understanding” (Carly, Portfolio), or when Brad contrasts
understanding on the surface and on a full conceptual level:

Just because I think I have a concept understood on the surface, does not mean that I
have it completely understood on a full conceptual level. (Brad, Portfolio)

So far, the discussion has focused on students’ experience of mathematical meanings.
As they develop new meanings, they reflect critically (in a negative sense) on the limitation
of the prior meanings they held (surface/scratching the surface (superficial), robotic (proce-
dural), memorization without meaning, etc.). Being critically aware of variations in under-
standing, and about limitations of restricted knowledge, and participating in a practice in
which they are expected to be agents of their own development enable the students to adopt
a critical stance toward the mathematics they are learning. However, the experience also
affects their relationship with mathematics as a discipline, their awareness of the nature of
mathematics and learning mathematics. Thus, Brad claims:

Everything you learn in mathematics can always be expanded on and joined with
other concepts, it all ties together one way or another. (Brad, Portfolio)

The students’ critical stance toward mathematics as a discipline is established on a rep-
ertoire of learning mathematics that indicates one’s meanings are not all there is to under-
stand, that one can extend personal meanings through new relations between layers of par-
ticipation and dimensions of reification.

Critical stance toward learning mathematics

In this section, we consider the ways in which students took a critical stance toward learn-
ing mathematics. In particular, this stance is manifested in regards to both the process of
learning mathematics and what it means to be a learner of mathematics. Using Wenger’s
(1998) communities of practice theory, we discuss in essence what students learned about
learning. We begin with a discussion of what learning is from a community of practice
perspective as well as other commonly held beliefs about learning mathematics, and how a
critical stance toward learning might be identified.

In the epilogue of Communities of Practice, Wenger (1998) summarizes his social per-
spective on learning: “Learning—whatever form it takes—changes who we are by chang-
ing our ability to participate, to belong, to negotiate meaning. And this ability is configured
socially with respect to practices, communities, and economies of meaning where it shapes
our identities” (ibid., p. 226). This summary is accompanied by a set of twelve principles.
We do not reproduce the list here, but highlight two relevant aspects. First, learning is
fundamentally experiential and fundamentally social. These students’ practice as learners
developed over many years of participation in school, two to three of which were at this
same university and with many of the same peers in their major. By this time, they had
established expectations for their role in the classroom, their relationship with the teacher,
how to gauge their success, and what the goals are. Second, learning is a matter of engage-
ment. As learning depends on opportunities to contribute to the practice, students in this
course were well-positioned to further develop their identities as learners. In particular,
Wenger notes that this engagement involves integrating the enterprises of “communities
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that we value and that value us” (p. 227) and to make use of those communities’ repertoires
as our own. Again, as this course was for prospective mathematics teachers and the teacher
a mathematics education researcher, the interaction of a community of (undergraduate)
learners with a community of dedicated educators provides the possibility to generate new
learning about learning.

In what follows, we give evidence that students, by the end of the course, took a criti-
cal stance toward their learning of mathematics. In particular, we identified two themes:
learning with meaning and learning as an active process. We do not require that students
describe learning as we have done, using Wenger’s principles; nevertheless, it is illuminat-
ing that many of their critical stances signify a shift toward learning as something that is
more experiential, social, and engaged. Instead, we look for explicit attention to the learn-
ing process by students, as indicative of an (emerging) critical stance. That attention was
apparent if they reflected on the learning process (rather than their understanding), con-
trasted different ideas about learning, and/or offered critiques of their approaches to learn-
ing. Variation in the learning experience is essential for reflecting, contrasting, and criti-
quing one’s past and current experiences.

Learning with meaning

Several students gave evidence that their prior practice as learners of mathematics was cen-
tered around memorization and the application of somewhat rote procedures. In contrast,
students noted a shift toward understanding, interpretation, and creativity as important
parts of learning mathematics with meaning. As discussed previously, as researchers we
are limited in our ability to infer what students mean by these terms accurately, but none-
theless we can identify common themes that reflect changes in awareness as evidenced by
their reflections on variations in experience. For example, Abel reflected on his understand-
ings of the Uniqueness Theorem and how he had changed his approach to learning in this
course:

I knew about the Uniqueness Theorem, you just take the derivative, but I didn’t know
the meaning of it. Like for this problem it specifically said ‘they crash in mid-air’ so
now when I do problems I really carefully interpret it. (Abel, Presentation)

Brad’s reflection below indicates that in this class, learning mathematics is an ongoing
and evolving process “building off of what we learn day in and day out.” This seems to be
in contrast to his previous practice as a learner of mathematics, which we may speculate
was a more staccato collection of seemingly disjoint elements. The accompanying excerpt
from Enrique’s portfolio indicates a sense that, despite solving a series of problems about
spring—mass systems, there is more to learn. Again, we see evidence of a belief that learn-
ing is a continuous process of growth.

I feel that really encompasses what kind of this class is about and that’s building off
of what we learn day in and day out. (Brad, Presentation)

I do believe I haven’t learned all there is to know about these particular situations.
(Enrique, Portfolio)

Derrick reflected on the learning process he experienced in this course as follows:
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I truly believe this [type of learning] is where students can start to reach true poten-
tial in learning, where they can actually apply concepts and ideas to other situations
and even real life applications. (Derrick, Portfolio)

Here we see a clear reflection on the learning process and an assessment of the value of
that process. That this is a major takeaway from the course for him is indicative that this is
something he was not previously particularly conscious of or reflective about. He points to
the potential of this type of learning to give students the possibility of applying mathemati-
cal ideas and procedures across contexts. In the following excerpt, Jimena further reflects
on the process of learning with meaning, which she contrasts with instances when students
write something down either out of habit or because they are mimicking what their teacher
did.

Looking back on this, I've realized something a little more profound than that. I was
thinking about how it’s a habit for students to put a plus/minus sign in front of their
solution to a square root. Do they even know what that means? I mean of course
the answer to the square root of 4 is 2 or -2, but do they know what it means to the
problem? For this example, only the negative solution works with the initial condi-
tion. I thought about students learning the Pythagorean Theorem. Obviously a trian-
gle wouldn’t have a length of -5 as a side. The concept of understanding what you’re
writing rather than just putting it there because the teacher did it is really important
to me. (Jimena, Portfolio)

As evidenced by the following portfolio entries from Enrique, learning with meaning
includes thinking creatively and making connections.

[This task] prepared our brains to think creatively and critically in order to solve
problems rather than by trying to recall so[me] old trick or technique to solve the
problem. (Enrique, Portfolio)

The spring mass systems were an intriguing set of problems that culminated all our
growth, knowledge, which highlights our creative thinking, ability to make connec-
tions. (Enrique, Portfolio)

In summary, student reflections indicate that learning with meaning for them is interpre-
tative, it is continuous, it is applicable, and it is creative. The fact that they are explicitly
aware of these characteristics suggests that their experiences in this class were different
from past experience. Moreover, their use of first person expresses a level of agency (“I
really carefully interpret it”, “building off of what we learn”, “I’ve realized something a lit-
tle more profound”) that is fundamental toward developing a critical stance.

Learning as an active process

Students also explicitly discussed aspects of the learning process that indicate a growing
awareness of their role as active participants, as opposed to passive recipients, in the devel-
opment of mathematical knowledge.

I had to give a reason for why I chose to go about it a certain route for solving
problem[s], which strengthened my knowledge of what mathematical tools to use in
certain situations. (Abel, Portfolio)
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I also realized that having [to] explain your answer in an essay format reinforces
the techniques needed to solve problems that are similar or that requires the same
tools and because of this, in future math classes I will write out explanations for
my procedures when taking notes and doing the homework, so when I’m studying
for an exam or looking over my notes after a long vacation the technique would
seem as if I just learned it yesterday. (Abel, Portfolio)

Being active in the learning process, however, is not a smooth process. Indeed, the
theme of productive struggle was particularly salient, with students identifying this phe-
nomenon as an empowering part of their learning. That is, when they worked through
mathematically challenging tasks, identifying issues and correcting their own path, they
made the judgment that they benefitted mathematically and intellectually. For exam-
ple, Brad and Derrick are each explicit in their reflections about the value of embracing
mistakes.

I learned this semester that it’s okay to be wrong and actually being wrong really
helps in getting you in the right direction to be right. (Brad, Presentation)

It was productive frustration when I got my homework back and [the teacher] went
over the mistakes. (Derrick, portfolio)

In addition to valuing struggle and errors, students reflected on the benefit of putting in
a significant amount of time working individually and collectively on challenging tasks.

I found it mind blowing at how much information my group and I could find from
this small formula. [...] I found this assignment to be extremely helpful because it
required a lot of thought, teamwork, and dedication in order to figure it out and put it
together. Because I worked on it so much, I found it to be helpful for the test. (Valen-
cia, Portfolio)

In the previous excerpt, Valencia expressed the emotional reaction of the experience
being “mind blowing.” The experience of being active in their learning enabled the students
to gain a sense of control (i.e., agency) that alleviated the negative emotional response that
arises from being passive recipients. This contrasts with learning environments in which
students are rather passive and which can fail to provide them with the agency to influence
their situation. For example, Denise exhibited control over her anxiety when she shared the
following with the class during her presentation:

I was kind of scared of this course when I figured out we were plugging in functions
into differential equations just because I was so used to finding a variable so it kind
of made me nervous. (Denise, Presentation)

The fact that Denise felt comfortable enough to share this initial fear in her oral pres-
entation suggests that she came to see the classroom community as a space that was safe
to express anxiety and fear of mathematics. In her portfolio, Denise further reflected on
the status of solutions as functions and noted the growth in her thinking, which indicates a
certain level of meta-awareness of her own thinking that often accompanies being active in
the learning process.

It was significant to me because I never knew solutions could be functions, so once |
realized that it was somewhat astonishing to me. (Denise, Portfolio)

The idea that learning can happen through concerted effort and collaboration, coupled
with the idea that challenges are productive and “astonishing,” are hallmarks of what we
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generally call active learning. That these students, who are unlikely to have had much
experience in active learning environments, have identified this as a key aspect of their
learning in this course, and present it as a characteristic of their current and future practice
as learners, is heartening. Brad, in describing the learning process, comes quite close to
the communities of practice notion of learning as engagement in a community context by
emphasizing the learning context:

I believe the best way to learn is to have an environment where a person feels safe,
where they know that if they are wrong it’s okay, where productive mistakes can hap-
pen. (Brad, Portfolio, emphasis added)

We previously quoted him regarding productive struggle, and his conviction that some-
times being “wrong” is a valuable part of eventually being “right.” Here he talks about the
environment that supports that productive struggle by making it a normal part of the prac-
tice of learning. In the same portfolio entry, he says that he was “deeply afraid” of “being
wrong” or “being judged for being wrong” at the outset of the course. The expressed shift
from a fear of mistakes to valuing them is remarkable, and his description is a clear indica-
tion of a critical stance toward learning mathematics.

Students began the differential equations class with a long experience of learning math-
ematics in school and earlier university courses. They arrived with deeply rooted expecta-
tions about learning mathematics and what it feels like to be a learner of mathematics.
Their prior experience had led them to expect to be passive recipients of procedures, to
be faced with demands for memorization of often meaningless facts, and often this was
accompanied by a degree of fear and intimidation. Against this background, the inquiry-
based mathematics education approach led to a new experience of learning in which math-
ematics was experienced as meaningful and judged to be deeper. The students were able
to accept challenge, productive struggle, and the agency that gave them a sense of control
over their own learning and emotional reactions.

Critical stance toward mathematics teaching

In this section we detail the ways in which the students took a critical stance toward teach-
ing, including past instructional experiences, teaching as experienced in the differential
equations course, or imagined future teaching practices. But before doing so we address
the question, what is teaching from a community of practice perspective? Wenger’s posi-
tion on teaching is one that eschews a cause and effect relationship. Instead, teaching can
be a resource for the emergent, ongoing process of learning. What matters is the “ability
of teaching and learning to interact so as to become structuring resources for each other”
(Wenger 1998, p. 267). Conceptualizing teaching as structuring resources for learning
leads Wenger to pose the following four questions:

—_

How can we honor the emergent character of learning?

2. How can we minimize teaching so as to maximize learning?

3. What kind of rhythm and shifts of focus will allow learning and teaching to inform each
other?

4. How can we maximize the processes of negotiation of meaning enabled by that interac-

tion? (p. 267)
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In the conclusion, we revisit these four questions related to conceptualizing teaching as
a structuring resource for learning and use the critical stances toward mathematics, learn-
ing mathematics, and toward teaching offered by students to reflect on these questions.

Our analysis of student portfolios and presentations revealed three different criti-
cal stance foci related to mathematics teaching: teaching with meaning, teaching as the
negotiation of meaning, and socioemotional concerns. It was the case that the taking up of
these three foci varied among the students. Moreover, the portfolios and presentations of
three students showed little to no evidence of embracing a critical stance toward teaching.
This variation across students is consistent with conceptualizing teaching as a structuring
resource because not all students use resources in the same way. Moreover, developing a
critical stance is not a march to some predetermined destination, but a personal exploration
of past experiences and future aspirations.

A focus on teaching with meaning

Several students made clear contrasts between the teaching in the differential equations
class and their prior mathematical instructional experiences. Their critical stance toward
teaching is consistent with their critical stance toward mathematics, which highlighted the
shortcomings of an emphasis on routine skills and memorization; this consistency is not
surprising based on our conceptualization of the students’ trajectory of increasing partici-
pation. For example, Abel made the following contrasts:

In our other math classes we were just taught how to solve or do a problem and given
symbols ...... but in this class I also learned that derivatives are also used for many
situations in math, the derivative can be a rate of change over time or just a rate of
change as well as a function. (Abel, Portfolio)

(Dn other math classes they teach us the process for like dy/dt. In linear algebra, our
old algebra classes, like they taught us how to take, how to do multiple uses with
vectors and stuff, but in this class the professor showed us like what is the signifi-
cance of it. (Abel, Presentation)

Similarly, Derrick reflected on the importance of teaching for meaning and how he ima-
gines his future work as a teacher.

The biggest thing I am going to take away from this is the importance of building
a solid foundation before teaching concepts. When I become a teacher I will make
sure to replicate this type of learning in my classroom. I truly believe this is where
students can start to reach true potential in learning, where then can actually apply
concepts and ideas to other situations and even real life applications, like the presen-
tation we gave. (Derrick, Portfolio)

Derrick’s remark about his future students reaching their “true potential in learning”
suggests that he sees teaching as an act that facilitates learning and identity formation
as co-emergent phenomena, as opposed to a cause and effect relationship. Like Derrick,
Jimena also sees her future self engaging in teaching practices that apparently contrast with
her previous instructional experiences.

The concept of understanding what you’re writing, rather than just putting it there
because the teacher did it, is really important to me. With my students, I want to
stress the idea of absorbing material rather than regurgitating it. (Jimena, Portfolio)
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In 8" grade, I told myself that I"d never understand how to [insert math word here.]
It’s students like myself that make me want to teach. Anything can be learned, you
just need someone to break it down for you and give you the necessary tools for you
to arrive at a conclusion yourself. (Jimena, Portfolio)

In the last excerpt, Jimena emphasizes students “like herself” who might struggle with
particular ideas. Rather than being distraught at this experience, the first excerpt indicates
that she is inspired to be a resource for students to arrive at conclusions for themselves.
Teaching for Jimena, therefore, is not something that should result in students “regurgitat-
ing” teacher stated facts, but rather the empowering students with the “necessary tools” to
figure things out for themselves. In other words, teaching can be a resource for the emer-
gent, ongoing process of learning.

Teaching as the negotiation of meaning

As previously indicated in the Theoretical background section, the notion of “joint enter-
prise” is a core construct in CPT. As described by Wenger (1998) there are three defining
aspects of a joint enterprise. First, the enterprise is the outcome of a process of negotiation
through the participants’ mutual engagement. Second, although in large part the enterprise
is determined by structures and forces outside their control, the participants define their
day-to-day experience of the enterprise. Third, the enterprise is characterized by mutual
accountability where participants are responsible to each other. As we subsequently argue,
the following two excerpts from Enrique nicely illustrate all three of these aspects.

This course forces you to think differently in order to solve a problem and if and
when you solve the problem the class is designed so that you have to verbally com-
municate your ideas to the rest of the class and communicate them clearly effectively
and convincingly. The reason this course has so much understanding and knowledge
being shared is because you are forced to make sense of the problem yourself and
once someone understands it they share their ideas and the best way to know you are
correct is to hear others’ feedback whether or not you have convinced them of your
thought process and your answer. (Enrique, Portfolio)

I love the whiteboards for the simple fact that you're able to share your thinking,
you can turn them, you can show them, like everything and everybody can see it.
(Enrique, Presentation)

In the first excerpt, Enrique speaks to how “the class is designed,” which likely refers
to the cycles of small group work and whole-class discussion of students’ work intended
to promote the social norm of communication and sharing of ideas. This “design” is
part of the larger structure of interaction patterns in which student work is embedded.
In the second excerpt Enrique explains how the whiteboards (every group had a 3'x4’
(0.9 mx 1.2 m) whiteboard at their table) provided a material structuring resource that
facilitated group collaboration and whole class sharing of ideas. Enrique also points to how
the goal of knowing you are correct is negotiated through hearing “others’ feedback™ and
being responsible to this feedback. Thus, mathematical truth is something that is negotiated
among students, as opposed to being handed down from the teacher or textbook.

In the first excerpt above Enrique stated that the course “forced you to think differ-
ently” and that one is “forced to make sense of the problem yourself.” We interpret his use
of the word “forced” not in terms of being strong armed where his agency was removed,
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but rather in terms of his participation and contribution to the ongoing constitution of the
social norms that students explain their reasoning and make sense of others’ reasoning. We
also interpret his remarks that the teaching in the class was contrary to his experiences in
other classes in which he did not have to think differently or make sense of problems for
himself. It is only when one has variation in experience that such a difference in what is
expected seems noteworthy.

Enrique also critically reflected on past and current instructional practices, comparing
the extent to which there was or was not space for the negotiation of meaning.

To me, I’ve had some great teachers that are great at explaining things, but I'm there
taking down notes, trying to keep up and this guy can talk, read, write, everything at
the same time and I’'m like which one do I do? Do I take notes or do I pay attention?
Usually I pay attention because I don’t really like writing. That’s one of the things
that I really gained from this class is really to have students understand something,
you can’t just have them writing down notes because if you were taking any other
class and someone just showed you a paper of notes you probably would have no
idea what was going on. (Enrique, Presentation)

Here we see Enrique acknowledging past great teachers that could “talk, read, write,
everything at the same time,” but such teaching practice did not invite him into the pro-
cess of meaning making. He had to choose between writing things down, talking, or pay-
ing attention. In contrast, Enrique noted that in the differential equations class to really
understand something, “writing down notes” is insufficient. As evidenced in his first two
excerpts, what is necessary is teaching that facilitates the negotiation of meaning. But when
meaning is negotiated among participants in the classroom, inevitably ideas get voiced that
are tentative and on occasion wrong. This leads us to the third focus of students’ critical
stance toward teaching.

A focus on socioemotional concerns

While socioemotional concerns are not a prominent feature of the community of practice
perspective, we found that for Brad and Jimena the concerns they expressed were about
their future teaching. For example, as detailed in the previous section on critical stance
toward learning mathematics, Brad offered the critical reflection that he

learned this semester that it’s okay to be wrong and actually being wrong really helps
in getting you in the right direction to be right and there is nothing wrong with being
wrong. (Brad, Presentation)

This insight, which reflects particular social interaction patterns and emotional
responses to these patterns, was not only significant for his learning, but also for his imag-
ined future self as a teacher, as evidenced in the following excerpt.

[This new insight about the usefulness in being wrong] is going to help me relate
to a lot of, you know high school, if I'm teaching high school, I think to be the best
teacher you can be, you’ve got to be able to relate to your students and I think this
is a way that I’'m going to be able relate to them so I felt it was, with everything we
learned, I thought this was the most important lesson I learned this semester. (Brad,
Presentation)
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In addition to the classroom being a safe place for expressing ideas, Jimena expressed
the pride of accomplishment and her desire to similarly empower her future students.

So that was one of my most proudest works. I felt like I really understood the ques-
tion and I understood my answer and I felt that I made really clear connections and I
was really proud of it. So that’s the experience I want to create for my future students
one day. (Jimena, Presentation)

As a case in point, Jimena’s agency to be a positive force for her future students can-
not be separated from her emerging stance toward mathematics and toward learning. As
we documented in the first part on the results section, students negotiated new meanings
through developing new relationships between their participation and reification of the
mathematics studied. In the second part of the results section, we documented students’
emerging appreciation of learning as an active process where mistakes and failures are
valuable resources. Consistent with a view of teaching as structuring resources, we find it
unlikely that productive insights into teaching with meaning and teaching as the negotia-
tion of meaning would be possible without engaging a critical stance toward mathematics
and toward learning.

We note these students intend to gain credentials for teaching. It is well known that the
most powerful influence on the practice of novice teachers is their experience as students,
what Lortie (1975) refers to as the “apprenticeship of observation.” The students’ experi-
ence in the differential equations class demonstrates that teaching can be different, and they
experience how inquiry-based mathematical education can be implemented. The students
experienced the minimization of teaching that facilitates the maximization of learning and
the approach breaks the self-reinforcing cycle of teaching—learning—teaching.

Conclusion

In this paper, we advanced CPT, specifically the notion of community of inquiry as a
framework for analyzing university mathematics education. As noted in the introduction,
there is little empirical work at the university level that embraces a CPT approach, and
we posited some reasons why this might be the case. We conjectured that the long-stand-
ing tradition of lecture has inhibited such social theorization. However, the move to more
inquiry-based learning and teaching at the university level opens up new needs and new
possibilities. In particular, inquiry-based mathematics education offers students and teach-
ers alternative experiences in learning and teaching. As we documented, such alternative
experiences afford opportunities for participants to reflect critically on their experiences.
Analysis of such reflections led to the primary contribution of this paper, namely the devel-
opment of the notion of critical stance. We claim a significant contribution of this paper
is the introduction of the construct “critical stance” as complementary to ‘critical align-
ment’ that has been developed by Jaworski and others (Biza et al. 2014). Earlier we con-
trasted ‘critical stance’ with Wenger’s (1998) characterization of ‘alignment’ as a ‘mode of
belonging’; stance, we assert, is a mode of ‘being’ an attitude, perspective or disposition.
Critical stance is dependent upon the student’s awareness, the information and experience
they possess to reach an informed judgment about an issue, and recognition of their agency
to make a difference. Critical alignment to a practice relates to a person’s relationship with
the practice. On the other hand, critical stance also relates to the personal characteristics
and attributes that the person brings to their participation.
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The notion of critical stance embraces three components. First, the students must be
aware of the possibility that their experiences could be different from what they have pre-
viously encountered. This requires that they experience variation in the forms of engage-
ment and participation. Such variation relates to Marton’s Variation Theory (Marton and
Pang 2013) which highlights the central role of variation in learning. Second, as noted
previously, the students must be able to reach some judgment, based on their reflection and
evaluation of experience of participation. The students must be able to recognize when one
experience of meaning, learning, or teaching is different from another. Third, the students
need to be aware of their agency to change things through the manner of their engagement.
This third component connects to the construct of awareness as described by Mason and
others (Mason 1998; Mason and Davis 2013). In particular, the levels of teacher awareness
in action, awareness in discipline, and awareness in counsel support effective teaching. In
this paper we provided insight as to how prospective teachers might develop awareness
within a community of inquiry through the adoption of a critical stance.

We now return to Wenger’s four questions related to conceptualizing teaching as a
structuring resource for learning and use the critical stance offered by students to theorize
responses to these questions. First, how can we honor the emergent character of learning?
We see in student responses ways that this can occur: by focusing on communication, on
meaning making, and by working to create an environment where mistakes are valued and
seen as productive. Second, how can we minimize teaching so as to maximize learning?
As Jimena suggested, meaning is maximized when one seeks understanding as opposed to
“just putting it there [in your notes] because the teacher did.” Similarly, Enrique rejected
the practice of having students “just writing down notes.” But these student practices leave
open the question of what the teacher did to foster a shift from passively copying down
notes to engaging in ideas. Insight into this issue is beyond the scope of this analysis and
would require close examination of classroom data over time. Third, what kind of rhythm
and shifts of focus will allow learning and teaching to inform each other? To address this
question fully, we would need to examine classroom data over time, but we see the fol-
lowing hints of insights from student responses: cycles of small group work and whole-
class discussion, collective small group work on shared whiteboards, student presentations,
orchestrating discussion of ideas, and using student thinking. Fourth, how can we maxi-
mize the processes of negotiation of meaning enabled by that interaction? We conjecture
the key to this lies within discourse patterns including the dialogue patterns that facili-
tate student to student interaction, and the use of curricular materials that allow space and
opportunities for students to reinvent mathematical ideas. Central to this, we suspect is the
creation of a safe environment in which it is okay, and even good, to make mistakes.

We note Wenger’s caution about designing for learning: “No community can fully
design the learning of another. And at the same time: No community can fully design its
own learning” (p. 234). This sentiment is an intriguing and relevant one for our study of
this class. The teacher, who is part of communities of mathematicians and mathematics
educators, certainly designed the course in order to provide students the opportunity to
learn differential equations through engagement and negotiation. However, the students
participated in conversations relevant to their latent community of prospective mathemat-
ics teachers and, at their own behest, engaged in social learning about learning. This lends
further support to our suggestion that the inquiry-oriented mathematics classroom can be
analyzed as a community of practice, and, as in this paper, as a community of inquiry.

Regarding the limitations of this study, we noted previously that this was a small class
of eight students who all intended to teach secondary mathematics, which might influence
the depth and nature of classroom discussions. The students’ portfolios and presentations
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which we have analyzed here were part of the course itself, to be graded by the instructor.
It is unlikely for students in such a situation to say negative things about a course, but it
was still unexpected for so many students to go as far as they did. The students sponta-
neously commented on the nature of their relationship with the teaching and learning of
mathematics, which was not an explicit focus of the course. Thus, while we expect that
students omitted negative opinions that they might have had, we find their positive state-
ments to be compelling evidence of the existence and possibility of critical stances if not
their frequency.

We conclude with a reflection on the course by Enrique, which speaks directly to the
value-added of inquiry-based mathematics education. “To me as valuable as all the infor-
mation about differential equations, bifurcation values, Valencia graphs are to me, I really
enjoyed the concept of learning to teach and learning to learn.” The social theorization of
inquiry-based mathematics education developed here enabled us to explore how such a per-
spective offered by Enrique is made possible by taking a critical stance toward mathemat-
ics, toward learning, and toward teaching.
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