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and g (x) y (x) of the general homogenous second-order linear ordi- ~ Accepted 29 May 2020

nary differential equation. The new integrating factors obey second- KEYWORDS

order differential equations, rather than being given by quadrature. Differential equations;

The new factors provides old and new integrals for special functions cylinder functions; parabolic
which obey such differential equations. The functions considered cylinder functions; Whittaker
here are cylinder functions, parabolic cylinder functions and Whit- functions

taker functions. All the integrals given have been checked using
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1. Introduction

In a recent paper [1], two integrating factors were considered for the general second-order
homogeneous linear differential equation

Y @X)+p@)y (x)+qx)yx) =0. (1.1)

Multiplication of Equation (1.1) by either of these integrating factors reduces two con-
secutive terms of the equation to a derivative, allowing an integral to be derived from
the remaining term, and this integral can be generalized. The two leftmost terms of
Equation (1.1) have an integrating factor which obeys the differential equation

ff=p@f® (1.2)

so that

f(x) =exp (/p (x) dx) (1.3)
and hence

@@y =—-[fwy ®]. (1.4)

The integrating factor f(x) is identical to the Lagrangian factor introduced for
Equation (1.1) in [1,3]. Multiplying both sides of Equation (1.4) by m(f (x)y (x))™ ! for
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2 J.T. CONWAY

m € C and m # 0 gives the generalized integral

- " () )™ (x)
/Q(X)fm @)y 0y () dx = —ny- (1.5)
For p(x) # 0, a second integrating factor [1] can be obtained for the last two terms in
Equation (1.1). Expressing this equation in the form

Y (%) +p (x) [y/ (x) + z%y (x)} =0 (1.6)
then the integrating factor [1]
f(x) =exp (/ 1% dx) ) (1.7)
which obeys the differential equation
7o = I%f ® (19)
reduces Equation (1.6) to
f—(’g(y;(x) =-[fwym]. (19)

Multiplying Equation (1.9) by m(f” (x)y(x))™~! and integrating gives the generalized inte-
gral

ey @)

m

1 -
/ mf’” )y )y (x) dx = (1.10)

which was considered in detail in [1].

1.1. A third integrating factor

This paper considers the case of a third integrating factor f (x) derived for the leftmost and
rightmost terms in Equation (1.1). This factor is somewhat different from the other two,
and is obtained from the elementary differential identity

/

F@y @ -7 @y@=Fwyw-7®y®) (L.11)

Multiplying Equation (1.1) by a function f (x), initially considered arbitrary, gives

F@Y @ +f@p@) Y @) +f(x)q®)yx =0, (1.12)

and for the leftmost and rightmost terms in Equation (1.12) to reduce to a single derivative
through Equation (1.11), then f (x) must be chosen to obey the differential equation

) +q@f @) =o0. (1.13)

Unlike Equations (1.2) and (1.8), Equation (1.13) is second-order and hence the inte-
grating factor f(x) has two independent solutions. Substituting Equation (1.13) into
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Equation (1.12) gives

Fopr@y@=(Fwym-Fwywm) (114
and hence gives the integral

f f@p@y 0 dx=f @y®—f®y . (1.15)

Multiplying Equation (1.14) by m(f/ x)y(x) —f(x)y/ (x)™~! for m € C and m # 0 then
gives the generalized integral

(F@yw-Foy )"

m

~ ~ ~ m—1
/ F@p®y @ ([ @y@-Foyw)  d=
(1.16)

Equation (1.15) is not the only manner in which an integrating factor of this type can be
used. Some special functions have baseline differential equations of the form

Y (x)+qx)yx) =0, (1.17)

where p(x) in Equation (1.1) is zero and q(x) often can be split into two separate factors or
groups of factors, so that

Y (%) 4 (q1 () + g2 (%)) y (x) = 0. (1.18)

The p(x) factor for any differential equation of the form (1.1) can be transformed away
[2,3] to give an Equation such as (1.17). We can define an integrating factor fi(x) which
obeys the equation

@)+ a1 0fi () =0, (1.19)
which can be considered a fragment, or fragmentary equation, of Equation (1.18) in the
sense discussed in [2,3]. Multiplying Equation (1.18) by f; (x) gives

Foa@y@=fwyw-fmy®) (1.20)
and integrating both sides of this equation gives
/ I@a@y@do=f @y -fi®y @. (121)

In a similar manner as for Equation (1.15), multiplying both sides of Equation (1.20) by
m(f' (x)y(x) — f(x)y' (x))" ! for m € C and m # 0 and integrating, gives the integral

~ ~ ~ m—1
[A®ewyw [fwyw-femyw)" o

1 /~ ~ m
= (lwyw-fiwyw)". (122)
m

Results for cylinder functions, parabolic cylinder functions and Whittaker functions are
given in Sections 2-4, respectively. All integrals presented have been validated using
Mathematica [4].



4 J.T. CONWAY

2. Cylinder functions

The baseline differential equation for the general cylinder function Z,(x) = C1J,(x) +
C,Y,(x) is the Bessel Equation

2

7 1 1 n _
YO+ -y @+ (1= 5 |yx=0 (2.1)
This equation can be readily transformed into the equation

1Fx2
Y @)+ 0+ y () =0, (2.2)

which has the solution y(x) =x%"7,(x) and for which the derivative Y (x) =
+x+" 7,21 (x) is simple, or into the equation

1 nz_éll _
y(m+0— - )ﬂ@—a 23)

which has p(x) = 0 and the general solution y(x) = /xZ,(x).

For Equation (2.2), the integrating factor given by Equation (1.13) can be taken to be
f(x) = sin(x + ¢) where ¢ is an arbitrary phase factor and the principal special cases are
f(x) = sin(x) and f (x) = cos(x). Substituting this solution for f(x) into Equation (1.14),
and shifting » as appropriate to give Z,(x) on the left-hand side of the equation, gives the
integral

1+n

+n . x
ZTl d =
/ x'sin(x+ @) Z, (x) dx e

(£ sin (x + @) Zy (x) — cos (x + @) Zn+1 (%))
(2.4)

which is well known [5]. The generalization of this integral through Equation (1.16) gives

/xm(li”)_l sin (x + @) Z, (x) ((£sin (x + ¢) Z, (x) — cos (x + @) Zy+1 (%)™ dx

_ () (£ sin (x + @) Zy (x) — cos (x + @) Zpx1 (x)™

mQ2n+1) 25)

Three useful fragments of Equation (2.3) which and their respective solutions for the
integrating factor f (x) are

Y @) +yx) =0, (2.6)

f(x) = sin (x + ), (2.7)
Pt

V= —r=0 (2.8)

f () = 2120, (2.9)

Y+ 4—}162y =0, (2.10)

@) = Vxorf (x) = Vxln(x). (2.11)
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Substituting Equation (2.7) into Equation (1.21) gives the integral

dx

/ sin (x 4 ¢) Zy (x)

x3/2

Hz,
= Lz (cos (X + @) /xZy (x) + sin (x + ) (\/’_CZnH (x) — (”l+z—\3}_€(x)>) ,

1—4n

which is given in [5]. The generalized form of Equation (2.12) given by Equation (1.22) is

f X272 sin (x + ¢) Z, (x)

1 m—1
x <cos (X) Zy (x+ §) + sin (x + ) (z,,+1 ) W)) o

m/2 l )
= _ & <cos (x+ @) Zy (x) + sin (x + @) (ZHJrl (x) — w>)

m (1 — 4n?)
(2.13)
Substituting Equation (2.9) into Equation (1.21) gives initially the integrals
/xli"Zn (x) dx = +nx"Z, (x) — X7, (x) (2.14)
which are reduced by the cylinder function recurrences
2,0 = £22, () F Zu1 () (2.15)
to give the elementary integrals [5]
/xli”Zn (x) dx = £x*" 7,1 (x). (2.16)
For this case, Equation (1.22) gives initially
/ MIED 7 () 2 (x) dx = i% (2.17)

and shifting the index » in Equation (2.17) such that n — n & 1 gives the integral in the
form

xim”Z;” (x)

/ xEM 7ML (x0) Zyzy (x) dx = + (2.18)

which was given in [6]. Rather surprisingly, given that (2.16) is well known, Mathematica
[4] cannot obtain Equations (2.18) directly.
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Substituting Equations (2.11) into Equation (1.21) gives the two integrals

22
/ ; Zy (%) dx = xZy 41 (x) — nZ, (%), (2.19)

)
/ X - " 0 (%) Zy () dx = x1n (%) Zns1 () + (1 — 1l (%)) Zy (%) (2.20)

and these can be generalized through Equation (1.22) to give, respectively,

m—1 m m
[572 @ =) 20 (2 0= 22,09) " ar =" (Zs 0 - 22 )",
(2.21)
22 1 —nln(x) m-1
/xm (x —n )ln (x) Zy (%) (ln (%) Zys1 (x) + ——— 7, (x)) dx
-2 (ln () Zog1 () + D (x)) . (222)
m x

3. Parabolic cylinder functions
The parabolic cylinder functions y(x) = D,(x) obey the baseline differential equation

2

y L x =0 3.1
y(x)+<n—|—5—z>y(x)— (3.1)

and have the recurrence relations (7]
, x
Dy, (x) + 2D (x) = nDn—1 (%), (3.2)
, x
D, (x) — EDn (x) = —Dp41 (). (3.3)
These recurrences can be integrated to give, respectively,
/
(ex2/4Dn (x)) = ne"/*D, 1 (x), (3.4)

(/D0 ) = /Dy . (3.5)

Defining y; (x) = &/ 4Dy(x) and yp(x) = e/ 4D, (x) and transforming Equation (3.1) to
give the differential equations obeyed by y; (x) and y,(x) results in the equations

Y (%) — xp; (%) + nyy (x) = 0, (3.6)
¥y (%) + x5 () + (n+ 1) y2 (x) = 0. (3.7)

Equation (3.7) is given in [7]. Equation (3.6) is similar in form to the equation obeyed by
the Hermite function H,,(x), which is [7]

¥ (x) = 2xy' (x) + 2ny (x) =0 (3.8)
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and H, (x/ +/2) is a solution of Equation (3.6). The two functions are directly related by [7]

D, (x) = 27 "2e~X/*H, (%) (3.9)

so the results obtained here for D,,(x) can be transformed into results for H,,(x).
The integrating factor for Equation (3.6) is

f (@) = sin (Vnx +¢), (3.10)

where ¢ is an arbitrary phase factor, withf(x) = sin(y/nx) andf(x) = cos(+/nx) being the
main cases of interest. This factor gives through Equation (1.15), the integral

/xex2/4 sin (\/n + 1x + ¢>) D, (x) dx

cos (vn + 1x + )
Jn+1

which can be generalized for m # 0 through Equation (1.16) to give

= /4 (sin <«/n + 1x+ ¢) D, (x) — Dyt (x)) (3.11)

/ xe™ /4 sin (\/ n-+1x + ¢)> D, (x)

m—1
x (sin («/n Fix+ ¢) D, (x) — =2 ( % +9) Dyir (x)) dx
/4 . cos (ﬁx + ¢) "
= " (sm (\/ n+ lx+ d)) D, (X) — WDWH (X) . (312)
The integrating factor for Equation (3.7) is
f(x) = sin (\/n + 1x + ¢) (3.13)

and through Equation (1.17) this gives the integral
x2
/xe4 sin (\/ﬁx + ¢) D, (x) dx

= —e_% (sin (\/ﬁx + ¢>) Dy, (x) + +/n cos (\/ﬁx + ¢>) D, (x)) (3.14)

which can be generalized through Equation (1.18) for m # 1 to give

/ xe_mTX2 sin (ﬁx + ¢) Dy, (x)
x (sin (v/nx 4+ ¢) Dy (x) + /ncos (v/nx + ¢) Dp—y (x))m_1 dx

a2
emx/4

= — (sin (ﬁx + ¢>) D, (x) 4+ +/n cos (\/Zx + d)) D, (x))m . (3.15)

m
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Useful fragments of Equation (3.1) and their respective integrating factors f (x) are

V) + (n + %) Y@ =0, (3.16)
f (x) = sin (,/n+%x+¢>>, (3.17)
1 x? o
yor= 0, (3.18)
~ A xz
f @) =VxK, (Z) : (3.19)
where K; /4(x2 /4) = C1Ky)4 (x%/4) + G I, /4 (x*/4) is a modified cylinder function.

"+ ! x—z =0 (3.20)
y (2 - 4 ))’ — Y% .
]‘(x) = e_%; j~"(x) — e 1 erf <17362> , (3.21)

y L (3.22)
- (‘z B z) y=5 -
Foo =M Fx)=e/ et (%) . (3.23)

Substituting Equation (3.17) into Equation (1.21) gives the integral

/sin (,/n—k%x%—qb)xan(x) dx
. / 1 , / 1 / 1
=4<s1n( n+§x+¢>)Dn(x)— n+£cos( n+§x+¢)Dn(x)), (3.24)

which is generalized by Equation (1.22) as

/sin (,/n—l—%x—f—gb) x*D, (%)
[ 1 [ 1 [ 1 !
x(sin( n—l—zx%—qﬁ)D/n(x)— n—l—Ecos( n+5x+¢)Dn(x)> dx
O R e (S L)
= — | sin n+-x+¢|D,(x)—,/n+ = cos n+-x+¢|D,(x)] .
m 2 2 2

(3.25)

Substituting Equation (3.19) into Equation (1.21) and using the identity

i) e
4 2 i\ 4

(=

=
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gives the integral

2n+1

|

|

=
N

| R

5)

x2 A X2 ,

which is generalized by Equation (1.22) to give

2
/ x"2R, (%) D, (x)
X (X NS ml

2x™/2 X (% (XN "
=———— | =Kz |—)D Ki{\—|D . 3.28
(o (S ek, (D)) o
Substituting f(x) —e*/4from (3.21) in Equation (1.21) and reducing using Equation (3.2)
gives

w

/ e D, (x) dx = —e /4Dy (x), (3.29)
which can be obtained directly from Equation (3.5). Similarly, substituting f(x) = /4
from (3.23) in Equation (1.21) and reducing using Equation (3.3) gives

2
& /4

/ex2/4Dn (x) dx =
n+1

Dyt1 (%) . (3.30)
Substituting f(x) = e [4erf (ix/ V/2) from (3.21) into Equation (1.21) gives

2 i e’ /4 1.2 }
/e_x /erf (%) Dy (x) dx = \/gzexn Dy (x) — Dy—1 (x) e~ #* erf <%> . (3.31)

Similarly, substitutingf(x) — ¢ /Aerf (x/ V2) from (3.21) into Equation (1.21) gives

/ex2/4erf (%) Dy (x) dx = n;—l—l (Dn—H (x) & /Herf (%) + \/ge_)fDn (x)) .

(3.32)

4, Whittaker functions

The Whittaker functions M;, ,, (x) and W;, , (x) are independent solutions of the differential
equation

1 A r—u?
y”(x)+<—z+;+4x2“ )y(x)zo (4.1)

and the general solution of this equation can be taken as Wk,u(x) = C1 My, (x) +
Cy Wy, (x). Six recurrence relations for each of the functions M, ,(x) and W, , (x) are
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given in [8,9], and these can be expressed in two groups of the form

+x/2 Fu—1/2 My, (x)})/
(e * {WM &)

= C (A, p) €211 :MHI/Z)HI/Z (x)} , (4.2)
Wis1/2,u51/2 (%)
/
(e:tx/Zx:FA {MA,M (x)})
WA,;L (x)
_1 | M (%)
— +x/2 Fr—1 == 7
= C (A p) /2 {W/\im (x)}. (4.3)

In these relations, the function C(A, 1) is independent of x and varies with the partic-
ular recurrence. In Equation (4.2), the & sign associated with p is independent from
the =+ sign associated with the exponential, giving four recurrences per function, and in
Equation (4.3) the = signs are dependent, giving two recurrences per function, for a total
of twelve recurrences.

Defining
y1 (x) = e 2ETIRW, L (x0) = a1 (%) y (), (4.4)
vy (%) = e W, () = a2 (1) y (%), (4.5)

then Equation (4.1) can be transformed by the relation

, / 2 1 L2
¥/ (x) — —za," o+ (2 (—“" (x)) B AN S )yz- () =0 (4.6)

a; (x) a; (x) ai(x) 4 x x?

and this gives the equations satisfied by y; (x) as

+p— 4

1F2 A — >
T TZW (x)=0 (4.7)

W (%) + ( - 1) W (%) +

for the positive sign of the exponential in Equation (4.4) and

AFu+

152 i
R szl (x)=0 (4.8)

W (%) + ( + 1) W (%) +

for the negative sign of the exponential. The equations obeyed by y,(x) are

(r£3)" —w?

21
¥y () F (? - 1))/2 (x) + > y2 (x) =0, (4.9)

where the = sign corresponds to the =+ sign in Equation (4.5). Equations (4.7)-(4.9) all have
simple forms for g(x) and from Equations (4.2) and (4.3) the derivatives of y; (x) and y»(x)
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are of simple form. The integrating factorsf(x) and their derivatives for Equations (4.7)
and (4.8) are, respectively,

F o) = Viz (2 uu—%ﬁ>; f/(x)z\/xiu—%Zo(z\/xiu—éﬁ),

(4.10)

f ) =Vxz (2 )w:FM-i‘%«/;); f’(x)=\/kq:u+%zo(2\/xzpu+%ﬁ>

(4.11)
and the integration factors for Equation (4.9) are the solutions of the equation
- A+l 2 w?\ -
(%) + (% fx) =0, (4.12)

which gives

- [ o~ 1 /
f(x) — x1/2— MZ—A,()\,:tl); f/ (x) — <E _ /'LLZ —A (}\‘ + 1)) x—l/z— MZ_)L()\:EI)‘
(4.13)
The detailed recurrence relations for Mj, , (x) are [8,9]
(/2672 My ()" = 202 T My 112 () (4.14)
u— ’ 1/24pu—A o
(ex/zx ® I/ZMA,M (X)) = Wex/zx ® lM}Lfl/Z)HFFl/Z (x), (4.15)
_ —_ / _ _
(e 2 12My 0 (1) = 2007 T M1 2010 (39, (4.16)
1
/D / stu+r o -
(e 2 #7120, (0) = _214‘—2!16 P IMy a2 () (4.17)
1
(72 My () = (5 +u+ x) e 2 My, (%), (4.18)
1
(ex/zx_kM;L,M (x))/ = (5 +u— )\) ex/zx_)‘_lM;L_l,M (x) (4.19)
and the corresponding recurrences for W , (x) are
_ / 1 _
(ex/zx“ VW, (x) = (X +u - 5) e/t "Wi1/2u-12 (%), (4.20)
o / 1 o
(e/2x 12w, (x) = ()» ol 5) T IYWa 112 (%)) (4.21)

_ _ / _ _
(e 2 1RPW, 0 (0) = —e 2T Wi o st (), (4.22)
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(e_x/zx_”“_l/z Wi (x))/ — X2y n-1 Wi1/2,ut1/2 (%), (4.23)

(e_x/zxA Wi (x))/ = —¢ ¥21 Wit (%), (4.24)

1 1
w@xWwﬂmyz(5+ﬂ_0<5—u—x>wakIWFMA@.u%)

The integrals derived from these recurrences using Equation (1.15) are, respectively,

1
/@+mn&@w*a(2A+M+EJQAMM@MM

1
= ex/zxﬂ Z (2 A4+ 5\/;) MA,;L (x)

k+u+% 1
T T i Zo 2A+“+§¢}A@%%%@), (4.26)

1
/ (x —2p) €/2x 117, <2 A=+ 5\/9_6) M, (x) dx
1
= 2 a(zx—u+5w§MW@)

21 1
+ ——2% <2 A—p+ 5\/9_6) M11/20-12 () | » (4.27)

JAh—n+3

1
/ (x —2p) e *2xH=17, <2 A—p— 5\/9_6) M (x) dx

In—pu— 1L
— X2yl &

Zo |24/ 2 VAN (%)
— — —A/X — X
41 0 Hn > A—1/2,u+1/2
1
—A<2A—M—E¢aﬂuﬂw , (4.28)

1
(x42p) e 2x 1z [ 20/ a + 0 — = Vx| My, (x) dx
3 n

—x/2 — 2u 1
= — x| ——=12, (2 Atp— §ﬁ> M;—1/2,u-1/2 (%)

JA+n—3
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+&<2x+u—§¢aﬂumw , (4.29)

f (x=24+2) T MLM}L?I)E?WZMA,M (x) dx
1
— P 3/2=4/ 1 =20- 1) y=x/2 (z —VuE=2r( =1

1
-1

Mj—1.u (%) — M., (x)) , (4.30)
‘/QA+2—xanW*VML“““éﬂMMA@dx

1
— 321220 /2 (5 —Vur =2+ 1)

1
p—r—1

M. (x) — My (X)) , (4.31)

1
/u+zm&@w*&(2A+u+5¢avwﬂaﬂk

1
= ¢/ 2xH 21G A+M+5ngwﬂa)

%(2A+u+%¢a

- Witlupl (] (4.32)

‘/k+u+%

1
/ (x — 21) ex/Zx—M—IZI (2 A—u—+ Eﬁ) Wi (x) dx

1
= ¢2xH Z (2 A=+ zx/J—C) Wi (x)

%(2A—u+%¢g
— Wit1a,u—1/2 (%) | » (4.33)
A—p+ 3

1
/ Qu —x) e 2517, (2 A—u— 5«/;> Wi (x) dx

1 1
= e/ 2xH <\/ A—p— EZO (2 A== Eﬁ) Wi—1/2,u+1/2 (x)
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1
+ Z; (2 A= — 5«/;) Wiu (X)) , (4.34)

1
/ Qu + x) e ¥2x 117, (2 At — 5«/;> Wi (x) dx

_ _ 1 1
= —e ¥ 21 <\/A +u— EZO (2\/)» +u— Eﬁ) Wi-1/2,u—-1/2 (%)

+ 7y (2 A — %ﬁ) Wi (x)) , (4.35)

/ (24 — 2 — x) e 2PNV, (x) dx

1
— o= ¥/2,=3/2=3/12 =201 ((E —Vur=a— 1)) Wi—1,u () + Wi (x)) ,
(4.36)
/x)hf;/z\/m (x—=21-=2) ex/z WA,/L (%) dx

1
_ /2, A =322 D) (5 — VA0 +1) ) .

2 1 2 b N2
! ()\' _2)

(4.37)

Integrals (4.26)-(4.37) above can be generalized using Equation (1.16).
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