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Abstract—In this paper, we investigate the output consensus
tracking problem for a class of high-order nonlinear systems
with unknown parameters, uncertain external disturbances and
intermittent actuator faults. Under directed topology condition,
a novel distributed adaptive controller is proposed. The com-
mon time-varying trajectory is allowed to be totally unknown
by part of subsystems. Therefore, the assumption on linearly
parameterized trajectory signal in most literatures is no longer
needed. To achieve the relaxation, extra distributed parameter
estimators are introduced in all subsystems. Besides, to handle the
actuator faults occurring possibly infinite times, a new adaptive
compensation technique is adopted. It is shown that with the
proposed scheme, all closed-loop signals are globally uniformly
bounded and asymptotically output consensus tracking can be
achieved.

Index Terms—distributed adaptive control, multi-agent sys-
tems, asymptotically consensus tracking, directed topology, in-
termittent actuator faults.

I. INTRODUCTION

Due to its various applications in modern engineering, co-
operative control of multi-agent systems (MAS) has attracted
huge attention over the past decades [1]—[7]. Leader-following
consensus is one of the most typical and hot research issues in
this area. It aims to achieve an agreement for the states/output
of each subsystem, by designing distributed controllers for
all subsystems [8[|-[|13]]. In most available results, the desired
reference trajectory is specified by a known agent (called the
leader), which has zero or known input and shares similar
system structure with the followers. For some more general
cases, the common reference trajectory is represented by a
time-varying function. Thus such a research topic is sometimes
referred to as distributed consensus tracking control [[11]-[14].

It is worth mentioning that in contrast to classical tracking
control of single system, the main challenge in distributed con-
sensus tracking problem lies in the limitation that only a small
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portion of subsystems can directly access full information of
the desired trajectories. So far, some early effective control
protocols have been presented for solving this issue; see for
examples in [9]], [[15]-[19].

Note that all the results mentioned above are established
based on relatively simple systems with linear or precisely
known system dynamics. However, almost all systems in
practical engineering are inherently nonlinear and unavoidably
involve model uncertainties. Therefore, developing distributed
control strategies for nonlinear subsystems with unknown
parameters and uncertain disturbances are of significance in
both theory and practice. As we know, adaptive control is
an effective approach to handle the uncertainties involved in
systems as it can offer on-line estimation for the uncertain
parameters [20]. However, valid distributed control protocols
employing adaptive techniques are still limited, especially for
the cases with directed communication graphs. This is because
directed topology is associated with asymmetric Laplacian
matrix, which will bring about new challenges to design dis-
tributed adaptive laws based on Lyapunov stability theory. In
[21]], a distributed coordination control scheme is proposed for
uncertain first-order nonlinear systems, by incorporating adap-
tive neural network with robust control techniques. Bounded
synchronization error can be shown if the control gains are
selected to be sufficiently large. The results are generalized
to second-order and high-order uncertain nonlinear systems
in [14] and [[10], respectively. Based on the assumption that
the common reference trajectory is linearly parameterized with
basis functions known by all subsystems, a distributed tracking
control scheme for uncertain first-order nonlinear systems is
presented in [22]]. The result is extended to solve finite-time
consensus problem of uncertain high-order systems in [23]]. In
[24], by utilizing the similar assumption, backstepping based
distributed adaptive controllers for parametric strict-feedback
nonlinear multi-agent systems are designed under directed
graph condition. The Lyapunov function is carefully chosen for
the overall system with only local estimation errors involved.
Thus the coupling terms in the derivative of Lyapunov function
as in [21]], [14] and [10], which are induced by directed graph
condition and related to local consensus errors as well as
parameter estimation errors in the neighbors, can be avoided.
Hence, asymptotically consensus tracking is finally achieved.
Based on the same assumption on the reference trajectory, an



adaptive iterative learning control scheme is proposed in [25]
for a class of high-order nonlinear multi-agent systems with
directed communication topology. In [26]], the derivative of the
reference trajectory is assumed to be linearly parameterized.
A distributed adaptive tracking control scheme is presented
for a class of uncertain first/second multi-agent systems such
that asymptotically cooperative tracking can be achieved under
undirected communication topology codition.

In [13], [27] and [[12]], new distributed adaptive consensus
control schemes are presented to relax the aforementioned
linearly parameterized assumption on the common desired
trajectory signals. In [[13]], the desired trajectory y,.(t) is
allowed to be totally known by part of subsystems. By
introducing a differentiable function of consensus errors and
certain positive integrable functions in each step of virtual
control design, asymptotically output consensus tracking can
also be achieved for high-order nonlinear multi-agent sys-
tems. However, the proposed distributed protocol is only
valid when interaction topology is undirected. The results are
then extended to second-order Euler Lagrange systems with
balanced and weakly connected digraph in [27]. In [12], by
introducing an nth-order filter and a group of n estimators
for counteracting the effects due to totally unknown trajectory
information in each agent, a new backstepping based smooth
distributed adaptive tracking control protocol is proposed.
With the proposed scheme, each agent needs collect n dimen-
sional parameter estimates from its neighbors to complete the
design of distributed controllers. The control performance will
be influenced when the bandwidth of communication network
and computation capacity are limited.

Motivated by the above observations, we shall focus on the
distributed adaptive control problem for a class of high-order
nonlinear subsystems in the presence of unknown parameters
and uncertain external disturbances under the directed graph
condition. The main contributions of this paper can be sum-
marised as follows.

o This paper achieves the relaxation of the assumptions
required in [9], [[17], [22], [23] and [24] that the desired
trajectory y,(t) is linearly parameterized and the basis
functions are known by all subsystems. By introduc-
ing the differentiable function of consensus errors and
positive integrable functions of similar forms with those
in [13]], y.(t) is allowed to be totally unknown by the
subsystems without direct access to y,(t).

e The results in [13]], [27] are extended to the case with
high-order nonlinear systems under the directed com-
munication topology condition. To handle the afore-
mentioned coupled terms in the derivative of Lyapunov
function which are induced by directed graph issue, extra
distributed estimators are introduced in each subsystem.
Besides, by incorporating the tuning function technique,
the computational complexity and communication burden
among connected subsystems can be effectively reduced
with comparison to [[12].

o Moreover, uncertain intermittent  partial-loss-of-
effectiveness (PLOE) type of actuator faults possibly
occurring in each subsystem are considered. Different
from [28]] where only globally uniform boundedness of

all closed-loop signals is ensured, asymptotically output
consensus tracking can be achieved in this paper.

The rest of this paper is organized as follows. In Section
the considered system model, communication graph condition
and intermittent actuator fault model are introduced. Then the
distributed adaptive fault tolerant controllers are developed
in Section followed by the closed-loop system stability
analysis in Section In Section [V] simulation results are
provided to illustrate the effectiveness of our proposed scheme.
Finally, a conclusion is drawn in Section

II. PROBLEM FORMULATION
A. System model

In this paper, we consider a group of IV nonlinear subsys-
tems modeled as follows.

Pi
™ O =Y uspit(is Gir - 9" Y) = biwi(8)+ i) (1)
=1

where y;(t) € R is the output of subsystem ¢ fori = 1,..., N.
u;(t) € R is the input acting on subsystem 4, which is also the
output of the actuator. b; € R, 6;; € R are unknown constant
parameters and b; is nonzero. p; : R — R is a known
smooth nonlinear function. d;(t) € R represents uncertain
external disturbances. The same class of nonlinear systems
are widely considered in the literatures including [29], [30]
and [31].

By defining the state variables as 2;, = 9 ", ¢ =
1,...,n, system can be rewritten as

Tiq =Ti,q+1, q:1a255n_17

i n =biu; (t) + QDZ'TGZ‘ + d;(t) 2

Yi =%i1 3)

where  ¢; [@i1, Pigy - -, goipl.]T and 0, =
01,02, ..., 0ip,]".

B. Communication condition among the N subsystems

Suppose that the interaction topology can be represented by
a fixed directed graph G £ (A, V,e), where A = [a; ;] €
RN*N with nonnegative elements is the adjacency matrix
associated with G. V = {1, ..., N} denotes the set of indexes
corresponding to each subsystem. ¢ C V x V is the edge
set of ordered pairs of nodes. An edge (i,j) € ¢ indicates
that subsystem j can obtain information from subsystem <,
but not necessarily vice versa [32f]. In this case, subsystem
i is called a neighbor of subsystem j. We adopt N to
represent the collection of neighbors of subsystem j, i.e.
Nj £ {i € V: (i,j) € €}. The elements in the adjacency
matrix a;; = 1 if (j,i) € & a;; = 0 otherwise. Note
that self-edges (7,7) are not allowed unless otherwise stated.
Thus (i,4) ¢ ¢ and ¢ ¢ N;. Hence, the diagonal elements
are all zeros, i.e. a;; = 0. An in-degree matrix is defined as
A, which is a diagonal matrix with diagonal elements being
A; = > a; ;. Then, the Laplacian matrix of N subsystems

JEN;
is defined as L = A — A.



A directed path exists, which is originated from node 7 and
terminated at j if there are a sequence of successive edges
{(i,k), (k,m),...,(n,0),(l,5)} C e with i,k,m,..,n,l j€
V. A directed graph contains a directed spanning tree if there
exists at least a root node ¢ such that all the remaining nodes
in the graph can be reached from ¢ through a directed path.
In this paper, we use p; = 1 to denote the case that the
subsystem ¢ can directly access the full information of the
common reference trajectory y,(t), otherwise p; = 0.

C. Intermittent actuator fault model

Suppose that the internal dynamics of the actuator in the
subsystems is negligible. u.; € R represents the control signal
(i.e. the input of the actuator) in subsystem ¢, which will be
generated through controller design. An actuator is fault-free if
it can execute the control command with 100% effectiveness,
i.e. u; = uc;. In this paper, an intermittent partial loss of
effectiveness (PLOE) type of actuator faults as modeled below
are considered.

ui(t) = pi(t)uci(t) )

with
)]

where 0 < P < pin < 1 with p;p and P being unknown
constants. h is a positive integer, which represents the number
of actuator faults occurred in subsystem 4. t;, s and %5
denote the time instants when the hth actuator fault occurs
and ends, respectively. There is 0 < #;1.s < ti1,e < tins <
tine < -0 < tins < tine < 00. Both t;;, , and ¢, . for
the hth actuator fault in subsystem ¢ are allowed unknown
by designers. Equations (@) and (3 imply that the actuator in
subsystem 4 will lose (1 — p;p) x 100% of its effectiveness to
execute the control command wu.;(t) from time ¢, s t0 t;p e.

Remark 1. As explained in [28], #)-) indicate that a
faulty actuator may be recovered to a normally working mode
or changes from one faulty mode to another faulty mode
intermittently without offline repairment. In contrast to this,
the fault models with single occurrence time are normally
considered in the existing results on adaptive fault tolerant
control; see [33|]-[35|] for instance. Since the latter actuator
fault model can also be represented by ({@)-([) with h = 1 and
Lin,e = 00, the fault model in this paper is more general than
those in [33|], [134|] and [35]].

pi(t) = pin,t € [tins tine),h € ZT

The control objective of this paper is to design distributed
adaptive controllers for all the N subsystems with directed
communication topology such that:

o all closed-loop signals are globally uniformly bounded
despite possible occurrence of intermittent PLOE actuator
faults @)-(3);

« all subsystem outputs can reach a consensus by tracking
a common desired trajectory y,.(¢) asymptotically though
only a small fraction of subsystems know y,.(¢) directly.

To achieve the control objective, some necessary assump-
tions are imposed.

Assumption 1. The directed graph G contains a spanning tree
and the root nodes n; can directly access the full information

of yr(t) , ie. pp, =1.

Assumption 2. The first nth-order derivatives of y.(t) are
bounded, piecewise continuous and are directly available to
the subsystem © with p; = 1.

Assumption 3. The sign of b; is known by each subsystem 1.

Assumption 4. The disturbance d;(t) is bounded such that
|d;(t)| < D, where D; is an unknown positive constant.

Remark 2. Note that y..(t) is allowed to be totally unknown by
the subsystem © with p; = 0. In contrast to currently available
results in [9], [17], [22|] and [24)], the assumption that y,(t)
is linearly parameterized with basis functions known by all
subsystems is no longer needed. Besides, although a novel
distributed adaptive consensus tracking scheme is proposed
in [|I3|] for nth-order nonlinear multi-agent systems with a
relaxed assumption on y,(t) as similar to Assumption
the results are only applicable to the case with undirected
communication topology.

III. DESIGN OF DISTRIBUTED ADAPTIVE CONTROLLERS

Before we proceed to present the detailed procedure of
distributed adaptive controller design, the following lemmas
are introduced, which will play important roles in control
design and stability analysis.

Lemma 1. [32] Based on Assumption|l| the matrix (L + B)

is nonsingular where B = diag{p1,...,un}. Define
7=[gr,--.an]" = (L+B)7'1,..., 1"
1 1

P =diag{P,...,Pn} = diag{—,...,—}
a1 an

Q=P(L+B)+(L+B)"P,
then q; > 0 for i =1,...,N and Q is positive definite.
Lemma 2. [36]] The following inequality holds

0< 2] —z-s9(z) <

z

Lemma 3. [52] Based on Assumption I, the system

for any scalars z € R, n > 0 and sg(z) =

X(t)=—(L+B)X(t) (6)

where X (t) € RN is globally exponentially stable.

Backstepping technique [20] is adopted to generate the
adaptive control law for each subsystem. The change of
coordinations is firstly introduced as below.

N

Zi1 = Z aij(xin —xj1) + (@i — yr) )
j=1

Zik =Tik — Qigp-1,k=2,...,n. (3)

z; 1 1s often known as the local neighborhood consensus errors
of each subsystem 7 [24]]. c; ; is the virtual control signal to
be designed in each recursive step k for subsystem ¢.



e Step 1. From (7), we have
— H§ = (L+B)J 9)

where zZ1 = [2’171, ...,ZLN]T, 0= [(51, ...,5N]T. (Sl = i1 — Yr
is the actual tracking error between the output of subsystem 4
and the common desired trajectory y,..

From (@), 8) and (), the derivative of z; is computed as

T12 — Yr 212+ Q11 — Yr
zs1=H =H

TN2 — Yr ZN2 tan1 — Yr
=Hlzn+o —1nQ73] (10)
where Z9 = [2:1’2, . ,ZN)Q]T, ap = [a1’17 . ,OéN’l]T and

Iy =1[1,...,17%.
The virtual control law «; 1 is chosen as

Q1 = —C12;,1 — Sg(Zi,l)Fi (11)

where F} for i = 1,..., N is the estimate of F', which is the
upper bound of |g,(t)]. ¢1 is a positive constant. sg(z; 1) is
a smooth function defined in Lemma 2. Equation (TT) can be
compactly reperented as

oy = —c121 — diag {sg(zi1)} F, (12)
with F, = [Fy, F, ..., Fy]T and
sg(z11) .- 0
diag {sg(zi1)} =
0 o sg(zn)

The local parameter update law for Fy is designed as
. N
Fi = — Z aij (F —
j=1

Clearly, the design of Fz also exhibits a distributed manner
based on additional parameter estimates Fj collected from
the neighboring subsystems j of subsystem i with a;; = 1.
Equation (T3] can be compactly rewritten as

Fy(t) =
From Lemma [3] this distributed parameter estimate system

is stable. Thus F}(t) is bounded, and so is Fj(t) for all
t € [0, 00). The property of this distributed parameter estimate
system will be employed in designing the virtual control law
in Step 2.

The Lyapunov function candidate in this step is defined as

— pi(F; = F) (13)

—(L + B)Ey(t) = —HF,(t) (14)

1 1
Vi=—-2TPz + —FTPF,

15

where v, is a positive constant and F, represents the column
vector of parameter estimation errors, i.e. F; = 1y Q@ F' — Ft
From (T0), (12) and (T3), the derivative of V; is computed as

. 1 =~ X
Vi=5"Pis + —F'P(—F)

VE,

=2 ' PHzy — leP(A — A)diag{sg(zi1)} - INQF
— lePBdiag{sg(zi,l)} AN®F — 121 P PH 2z
— 2 'PH 1y @4, + lePHdiag{sg(zi,l)}Ft
1 - -
—~ —F'PHE,
VF,

(16)

Based on Lemmal[2]and |sg(-)| < 1, the following two terms
can be computed as

i)
N
TP(A—A)diag{sg(zi1)}- IN®F < ZFPiAini (17)
i=1

—21

ii)
— 217 PBdiag{sg(zi1)}IN® F — 2" PH - 1y ® ¢

N
<> PFn

i=1

(18)

Substituting and (T8) into (T6) yields that
] N
Vi <" PHz — 50121TQ21 + Z:l (A

i+ i) PiFng
- 1 e -
+ 2" PHdiag{sg(zi1)} F; — WFtTQFt
1 2
< [zl IPH 22l = 5e1Amin (@) [l21]

N
)\mln
+ Z (Aj + i) PiFy — 7”3”
=1

1 2
+ (= gerrmm @ Ll + a1 1P|
2
3 PH]|

_ 12
—— || F
2Cl>\min (Q) ‘ ¢ )
et 2 |
2¢1 Amin (Q) 4'YFf
2
<[zl IPH] [zl - gclkmm (@) [|z1
3|PH|”
* ES
(261)\min (Q)
Note that v, can be chosen to satisfy
C1)\milr1 (Q)
6|PH|?

N
+ ) (A + i) PFn; —
i=1

)\mln
47Ft

19)

0<r < (20)

such that the last term with respect to | )% in (19) can be
rendered negative. Then V) is further derived as

. 1 2
Vi <llallIPH] llz2]l = 3e1Amin (@) 1l

N
Arﬂ]Il
+ 3 (A + i) BiF1; — 7HFtH @1
=1



Remark 3. It is worth noting that the positive constant Y,
only appears in the Lyapunov function candidate, which is cho-
sen in this step to analyze the stability of (%1, F,)—subsystem.
Condition (20) indicates that for an arbitrary choice of control
gain ¢1 > 0 and directed graph G satisfying Assumption [I)
there always exists a sufficiently small positive constant yp,
such that by choosing the Lyapunov function Vi as in (I3),
inequality (21) holds.

e Step 2. From (7) and (TI), it implies that ;; is the
function of 7;, x;,1, Fi, a;jxj1 and pyy.
Differentiating z; » with respect to ¢ yields that

Zio =Zi3 + Qi — Q41
Gai 1 8041 1 60&1‘ 1 A
=29+ ;o0 — 2 ey — ' _ 2 F:
2i,3 Q5 2 8552‘,1 L2 8771 % 8FZ 7
oo 1 da; 1.
Z aij 17 2~ i 8ylr Yr (22)
The virtual control law «; 2 is chosen as
R ooy Oa; 1 .
Qi o = —Cj2%i2 + Ll T2 + ol i
8%—,1 6’177,
aaz 1 az 1
— a;
8F Sg | Zi2——=— Z 17 8
ooy 1 .
A (23)
Yr

where ¢; o is the local estimate of a positive constant cp to
be defined later. B.i is the estimate of B;, which is a constant
upper bound of |£}].

The parameter update law for ¢; o is designed as

Cio = Yein2i2” 24)

where 7, , is a positive design parameter. To avoid the over-
parameterization problem [20] about B; in the next step, the
tuning function technique is adopted. The first tuning function
term 7; 1 is defined as

VB2 aai,l sg <z 30!2’,1)
Ti,1 = VB;%i,2 = 2 = .
" Ry Ry

where 7p, is a positive design parameter.
Define the Lyapunov function candidate as

1 Yo
- 2
+2;zl,2 +;27

(25)

Ci,2

&+ iv: ZLBE (26)
i=1 “VBi

Z-. eﬁne z3 =

and .,

where ¢; 2 = ¢ — 012 and B

[21.3,22.3,---,2Nn.3]". From . .

the derivative of V5 is calculated as

‘/2 ‘/1+ZZ12 ZzQ"'Z éi,Q)
Noyo
+;T&Bi(—3i)

1 2
Szl IPH] 2]l = ge1Amin (@) 1]

N
A
A; + pi)PiFn; — &HF H
+;( ) Py = = | F
N L
+ 29T 23 — ca|22|” + Zém <Zi,22 3 61',2)
i=1 G2

8041 1

Oag 1 Oay;,
+ i - - B;
Z{ T ( ok, )]
4 B;*1,27 _~ a_FA',L

< min (@) 21]|* = [[z1]| | PH]| || 22|
3||PH|| 2
+201)\mm( )|| 2| mm(Q)HZlH
3|PH
+22T23+ (J)\() — ) ||Z || +an

(A +uZ)PnzF+Z—B (i1 — By)

+
-

i=1 1= 1
)\min ~ 112
_ &‘ 2
4vF,
. N
<- gxmm@)uzm? + D (Ai i) P F o+ 2" 25
=1
3| PH|?
+ ( Sk (] 22l = Sl +Zm
N 1 B . )\
+ —By(tin — Bi) — min HF 27
Z VYB; ( ! ) 47Ft ' ( )

@
Il
=

where the Lemma [2] has been applied in handling the term
containing unknown parameter B;. Clearly, by defining c» as
a positive constant satisfying that

2
3| PH||

_— 28
- C1 )\min (Q) ( )

VQ is further derived as
c N
Vo <= Elkmin(Q)H%HQ + Z (A + i) P F + 207 23
i=1

Amin(Q) ‘ 7

4vF,

+§Z*1 Bilria = )
i\Ti,1 — Di) —
i1 /Bi

N
C2 2
- 5”22” + ;niBz

Remark 4. Ir can be observed from (27)-(29) that ¢, needs be
sufficiently large to obtain ([29). Since parameters P, H and
Q in ([28) are matrices related to global graph information,
they are normally unknown to local subsystems. Thus for each
subsystem 1, a parameter estimator of cy is introduced and the
generated estimate ¢; o is adopted as an adaptive feedback

gain of z; in the design of a; o in ([23).

(29)



Remark 5. It is observed from (23) that the term
3047, 1 9 o Py oo O 1 F
or; 9\ 7255, ToF, ¢

) B, is introduced to compensate

Q1

L F: directly, even though the infor—

instead of substltunng 5F

mation o

Step 2. The main reason of doing this is that Fi in involves
its neighbors’ instantaneous parameter estimates aijﬁ'j for
j € N;. Then in the subsequent step of the backstepping
technique, the time derivative of «; 2 needs to be computed

while the derivative a;; F j may involve the information beyond
subsystem 1’s neighborhood area.

e Step 3. From @) and @), it implies that ;> is the
function of & 2, 51, Tiz2, N> M Fin Bi, G351, 5752,
iy and p;y,. Differentiating z; 3 with respect to ¢, we have

Zi3 =Ti4 — QG2
=24+ ;3 — Q2 (30)
where
. aaz ,2
@2 = Za x”+1+23 () !
8al 2 80(1 2
+ B + 7 ]
(9Fi ]z; 72 3 Lj,l+1
2 da
, i2_ .
1D S 31)
=1

The virtual control law o 3 is designed as

09 1 Oy 2

Q3 =—2;2 —C32;,3+ e Ci2+ o7 X041
1,2 Ti,l

l 1

80&1 2 0 301 2
+Z 8 (1—1) nz( +Za1] - I‘] I+1
j=1

80&1',2 (1) 80&2‘,2 60[@72 ~
+ i ; 8yr(l_1) Yr - 813’1 sg Zi,STE BZ
Oag o
+ T (32)
oB;, "’
where 03 is a known positive constant and 7,0 = ;1 +
80‘1 2
VB; %, 3 8 F .
We define a Lyapunov function candidate as
=Va+t < Z (33)

Let z4 = [21,4,22,4,.. ZN4 T From . . and
(32), the derivative of V3 can be calculated as
N
Vs =Vo + Zzi,z’)ii,g
i=1
. N
< - gl)\min(Q)Hzl‘lQ + Z (Ai + i) P F + 23" 24
i=1
N
/\min(Q)H N S 2
RS FY TR S
i I =30l —eallsl 23,

N
80@2 A 1 - A

+ > zi3—=(1i2— B;) + —B;(7i2 — B;

(34)

e Step £ (k = 3,...,n — 1). From Step 1, Step 2

and Step 3, we can conclude that o is the function of

k—
61,2’ Fu Bz’ Li1seesLiks Tise --snz( )s Aij TG 150« sAij T ks

uin,...,uiyr(k_l). From @i the derivative of z;; is com-
puted as

Zik = Zight1 + Qg — QG 1 (35)
with
. Qi1 Qi k-1 Do g — L
Q4 k-1 = 8Al2 j Z o Ti,l+1 +Z D701

0a j—1 ~ . Oy j—1 A 0 j—1
N aE- Bt =g, Bite Z PR

8&1 k—1
+ a;
>,y s
j=1 oL
The virtual control law c; j, is designed as

QG o — 1A +Zaazk 11’
N 7.2 i,k+1
812 azl

azk 1 (l) aazk 1
Za 't g Tk

Zj1+1 (36)

Qi k = — Zik—1 — CkZik +

5%‘,1«—1 ( 3C¥i,k—1) :
— T~ S\ %k = Bz
OF; OF;
N k—1 k—1
aalk 1 8a1k 1 (l)
+Za” 2o Ty, T Ly
Qi1 s aai,k—lsg (Z‘kaaz}k—l)
Z op, ok R) o
(37)
with
O i, 60@ —

Tik—1 = Tik—2 T VB, Zi,k 8;% Lsg <2i,k 8}% 1) (38)
where ¢, is a positive constant. Let 2z =
(216, 22.ks- -, 2Nk)T. Define the Lyapunov function
candidate as

T
_ - L2
Vi=Vat 5> > s (39)

1=3 i=1
whose derivative is calculated as

N
. c
Vi <= —nin(@)ll21 12 + D (A + i) P F

6 i=1
A1’1’1111
+ zikt Zigr1 — 7”3”
4vr,
k N
2 2 2
= 5 llzll =S alal’+ (k=1)> mB;
=3 i=1




1 -
+ Z —Bi(Ti.k—1 — Bi) (40)

e Step n. From () for k = n, then
— Qi n—1

=b;u;(t) + ;" 0; + di(t) — din—1
=bipi(t)uci(t) + @i 0; + di(t)
=bipi(t)uci(t) + 0" 0; + d;(t)

Zin =Tin

— O pn—1

— i1+ i 0; (41)

where 6; = 6; — 0; with 6; being the estimate of ;.
Define @; , = ¢; Tp, +sg(z, n)D —a; . The actual control
law for each subsystem is designed as

~A2— 2
Zin0i Cin

—sgn(b;
g (z) \/z 20— 2 P
in”0; Xin + 1

where g; and bi are the estimates of ﬁ and D; with D;

(42)

being the upper bound of d;, respectivelyisgn(sc) is the sign
function with the property that sgn(z) = ﬁ if x # 0,
otherwise sgn(r) = 0. a;, is determined by equation
for k = n. With the designed control law (@2)) and Lemma [2]
then

Zi,nQé?az’Jf
\/Zi,nQ@?ai,nQ + 77722
<|[bs| p;mi —

zinbipi (t)uei(t) < — |bi] p,

which will be applied in the stability and consensus analysis
for the entire closed-loop system given later.
The local parameter update laws are designed as follows:

Bi =rin 1 (44)
éi =YD, %i,n58(%i,n) 45)
0 =2 nTigp; (46)
0i =Yeu |2inTi,nl (47

where vp,, I'; and -y, are all positive design parameters with
appropriate dimension.

IV. SYSTEM STABILITY AND CONSENSUS ANALYSIS

The main results of this paper are formally stated in the
following theorem.

Theorem 1. Consider the closed-loop system consisting of N
uncertain nonlinear subsystems modeled in ((I) with possibly
intermittent actuator faults as modeled in (#), (3) under
Assumptions 1-4. With the distributed adaptive fault tolerant
controllers @ and the parameter update laws (@, (@,
#4)-@#6) and @7), all the closed-loop signals are globally
uniformly bounded. Asymptotically consensus tracking of all
the subsystems’ outputs to y,(t) is achieved, i.e. lim §; — 0
fori=1,...,N. Furthermore, the states of N sul;;ystems in
lth order can also track the (1 — 1)th order derivative of y..(t),
ie. tlifgomi’l =y for1=2,....n

Proof. We define a Lyapunov function candidate for the entire
closed-loop system as

vV, =V, Lo~ o o lile s IS g
Y
D2
* Zl 27D1 '
From (@I), the derivative of V,, can be calculated as
N - .
—0;)+ Y 0] (—6))
' i=1
Noyo N N
+ Z 7Di(_Di) + Z %in$8(2im)Di + Y ;D
i ‘ i i=1
+ Z Zin zpz Ucz + Z Zi TLC)OZ i

N
+ Z Zi,n[%Téi + Sg(Zi,n)Di -

i=1

(48)

Vi =V

ai,n]

+ Z Zin (i — Qin—1) (49)
i=1
Substitute the inequality ([@3) into equation (#9), then
N N
Vo Vit + 3 Zin(@in — dinor) + > [0l pimi
i=1 i 1
N
+ ) 0T (zimpil +Zm
i=1
|3 P .
+ Z {’YQL 2 n[‘Pz 0; + sg(zi, n)Dz — Qi
i=1 ¢
N .
} Z Dilyp, zinsg(zin) — Di (50)

From . and (
Z Zin (i —
i=1

, the solution of the term V,,_; +

am_l) can be straightforwardly computed as

N
Vn—l + Z Zi,n(ai,n - di,n—l)
=1
1
A @+ 3 (A ) o
i=1
)\min(Q)‘ = |2 C2 2 " 2
_ Bl =2 _
dvp, t 9 [[22]] ZCIHZZH

(n—1) anB +Zzzzl all 1 Tzn 11— B’L)

i=1 [=3
+ii-§i<7}',n71 _éi) (5D
i=1 1B



Finally, takeing (#4), @5), @0), and (51) into inequality
(30D, we have

N
. c
Vi <= El)\min(Q>||le2 + ) (Ai+ ) P F
=1
)\min ad .
- 27 2t = 3 alal?

N N N
+(n—1) ZmBi + Z |bil p;mi + Zsz
i=1 i=1 i=1

Integrating both sides of (52) yields that

iMmm/wame+@/HMﬂmh

+Z@/ Jar)Par + 222 [ )| ar
N

(0)+ > _[(Ai + i) F + (n— 1)B;
=1

(52)

Va(t) +

+ [bil p, + Dilns (53)
where 7; = fo 7;(7)dr with 7; being a constant. From (

and the definition of V,, in (&8) along w1thA@), we conclude
that all the signals z;; for [ = 1,...,n, F}, ¢ 2, Bi, 0i, 6;,
D, for i = 1,..., N are bounded. Besides, z;; € Ls.

From (]Z]) and Assumption 2, it implies x;; is bounded.
From (TT), (T3) and Lemma 3, c; ; is bounded. From (§), it
follows that ;5 is bounded. From (23) and the boundedness
of y,(t) and ¢, (t) given in Assumption 2, «; 2 is bounded.
By following similar analysis, the boundedness of x;; and
oy for i =1,...,n can be shown. From @[), the control u;
is bounded. Therefore, the boundedness of all the signals in
the closed-loop system can be guaranteed. Thus, from (T0),
%;1 is bounded. By applying Barbalat’s lemma, it can be
concluded that hm z;1 — 0. Since H is nonsingular in (E‘I)
it further follows that asymptotic consensus tracking of all
N subsystems’ outputs to a common desired trajectory y,(t)
can be achieved, i.e. tlggo 0i(t) = 0fori=1,...,N.

We now continue to analyze the consensus of the states
for the subsystems. Differentiating 2, in (I0) with respect
to time t, there is zf) = Hlzs — 1y ® y,(t)@]. Since
T3 = [T13,723,...,7N3]7 and y,(t)) are bounded, z%z) is
bounded. Based on Barbalat’s lemma, it implies that z; will
approach to zero when ¢ goes to infinity, thus tllglo Tio —

¥r(t). Similarly, with the boundedness of x; ; and Assumption
2, the states of N subsystems in /th order can also track
yr (1)~ asymptotically, i.e. Jim zip — yr(£)=1) for
[=3,...,n. e O

Remark 6. From the proof of Theorem [I| we notice that
the two sufficient conditions in (20) and ([28) are essential to
achieve our main results. Although the two conditions include
global topology parameters P, Q and H, they only indicate
the existence of yr and ca which are needed in stability
analysis. In other words, global topology information is not
needed in the design of adaptive control law. Observing [{#2)),

(13D, C4), @4)-Ed) and {@7), it can be summarized that

the required knowledge to generate u.; in each subsystem 1
include: (i) the common reference trajectory myr if u; =1
forl=0,1,...,n—1; (ii) the local states x; g forq=1,...,n
and local parameter estimates Fi,éi’Q,B% @i,éi,f)i; (iii) its
neighbors’ states and parameter estimates a;;T; q, G; ﬁ'j with
a;; = 1 for ¢ = 1,...,n. Therefore, the proposed adaptive
control scheme is totally distributed.

Remark 7. To handle the issue that reference trajectory in-
Sformation y,.(t) is totally unknown by a fraction of high-order
subsystems with p; = 0, an alternative approach is proposed
in [12|]. In [12], for each subsystem i of order n, an auxiliary
n—th order pure integrator type of filter is introduced. Then
n distributed parameter estimators are designed to handle
the unknown n—th order derivative of y,.(t). Moreover, each
subsystem 1 needs collect n— dimensional parameter estimates
from its neighbors to complete the design of its local controller.
Different from [|12|], the auxiliary filter can be avoided and
only one dimensional parameter estimates need be transmit-
ted among connected agents. Therefore, though both results
achieve asymptotically consensus tracking, the computational
and communication cost can be effectively reduced in this
paper with compared to [|12]].

Remark 8. In this paper; the results in Wang et al. [13], [27]
are successfully extended to uncertain high-order nonlinear
systems with uncertain intermittent actuator faults under the
directed communication condition. Besides, unlike the repre-
sentative results in this area including Das et al, [21|] Zhang et
al, [|10] and Yoo, [|11]] where only semi-global uniform ultimate
boundedness of tracking errors are guaranteed, perfect output
consensus tracking can be achieved in this paper.

V. SIMULATION RESULTS
A. An Application Example

In the simulation, we firstly consider a group of 4 second-
order continuous torsional pendulum systems [37] modeled as
follows

Vs =wg;

Jiw; =u; — Mgl sin(¥;) — faiwi; i =1,...4. (54)

where ; and w; are the angle and angular velocity, respec-
tively. M; = 1/3kg and [; = 2/3m are the mass and length of
each torsional pendulum, respectively. g = 9.8m/s? denotes
the acceleration of gravity. .J; = 4/3M;l? represents the rotary
inertia. fg; = 0.2 is the frictional factor. M;, I;, J;, g and
fai are all unknown system parameters. Define b; = J,»_l,
0; = [Ji7'Migly, J;i " fai]” and ¢; = [—sin(¥;), —w;]”.
The desired reference trajectory is y,.(t) = sin(0.1¢). The
communication topology among the 4 subsystems and the
reference trajectory y..(t) is represented by a directed graph
as shown in Fig. [I] The faulty model in (@) is modeled as
wi(t) = pi(t)uei(t), t € [pT*, (h+1)T*),h = 1,3,..., where
pi(t) = 0.3 and T* = 10 seconds, which are both unknown
parameters in the design of controllers.

In simulation, the initial states including w;(0), w2(0),

w3(0), wg(0), E5(0), &.2(0), B;(0), 6;(0), 9;(0) for i =



vdﬂ

Q{% D~

Fig. 1. Communication topology for a group of 4 subsystems.

1,...,4 are set as zeros. ¥1(0) = 1, 9¥2(0) = 0.8, ¥3(0) = 1.2,

94(0) = 0.5. The design parameters are chosen as ¢; = 1
and F = v, = Y8, = Yo 1, Iy = diag{l1,1},
ni(t) = 0.2e7993 The tracking performance, the tracking

error and the control inputs are respectively shown in Fig. 2}
[5l which validate the effectiveness of the proposed distributed
adaptive consensus tracking control scheme. Besides, the
method presented in this paper is compared to that in [12] in
terms of both computational complexity and communication
burden as shown in TABLE [[] and [[I} respectively. Note that
both methods can achieve asymptotically consensus tracking
in this example. In [12], to compensate the effect of unknown
trajectory, an auxiliary second-order filter and two distributed
parameter estimators, as given in TABLE[I need be introduced
in each subsystem . And four signals (i.e. the states ¥;,
wj, Fjl, ﬁ'jg) need be collected from its neighbors through
the communication network. However, in this paper, only
one distributed parameter estimator is introduced and the
number of communication signals is reduced to 3, i.e. ¥,
w; and Fj. Hence, the communication channel bandwidth and
computation resource can be saved with the method in this

paper.

Output O

-15 . . . .
0 10 20 30 40 50
Time(sec.)

Fig. 2. The outputs ¥;,i=1,...,4.

B. A Numerical Example

A group of 4 high-order subsystems modeled as follows are
considered.

Tq,1 =T4,2;
T2 =T4,3;

Fis =baui(t) + i T0; + di(t),i=1,... 4.

where b1 = ]., b2 = —2, b3 = 05, b4 = 3, 01 = 1, 92 =
0.5, 83 = 2 and 64 = 3 are all unknown system parameters.

(55)

—39
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Fig. 3. Tracking errors 0; = ¥; —yr, i = 1,...,4.
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Fig. 4. The states w;, 1 =1,...,4.

Control u

0 10 20 30 40 50

Time(sec.)
Fig. 5. Control inputs u,; without actuator faults, 7 = 1,...,4.

@1 = a3 3, 2 = T3 3, p3 = w33 and @y = x4 9743 are the
subsystem structure. dy(t) = 0.1sin(t), do(t) = 0.2sin(t)?,
ds(t) = 0.05sin(t) and d4(t) = 0.15sin(¢) denote uncertain
external disturbances. Neither the detailed function of d;(t)
nor its upper bound will be used in the design of distributed
adaptive controllers. The communication topology among the
4 subsystems is the same as that in the former application
example.

In simulation, the state initials including x;1(0), z; 2
2:.3(0), F3(0), é.2(0), B;(0), 6;(0) for i = 1,...,4 in
the closed-loop system are set as zero and ¢;(0) = 2,



TABLE I
THE COMPARISON OF THE COMPUTATIONAL COMPLEXITY FOR THE
METHODS PRESENTED IN THIS PAPER AND [12].
To handle the issue of unknown trajectory information,
the additional filter and distributed parameter estimators
are introduced in each subsystem 3.

di,1 = qi,25 Gi,2 = V.
Reference . 4

(12] Fip = 3 aij(Fjx — Fip) + pi(Fr — Fip);

2
The present | 2 4 . .
p?ll)per Fi= 3" a;j(Fj — Fi) + pi(F — Fy)

TABLE II
THE COMPARISON OF THE COMMUNICATION BURDEN FOR THE METHODS
PRESENTED IN THIS PAPER AND [12].
For each subsystem ¢, the signals need be
collected from its neighboring subsystem j
through communication network, if a;; = 1.

95, wj, Fj1, Fjo
’19j, Wi, Fj

Reference [12]

The present paper

TABLE III
THE COMPARISON OF THE COMPUTATIONAL COMPLEXITY FOR THE
METHODS PRESENTED IN THIS PAPER AND [12].
To handle the issue of unknown trajectory information,
the additional filter and distributed parameter estimators
are introduced in each subsystem 4.

i1 = qi,25 4i,2 = 44,35 4i,3 = Vi.

Reference . 4 R ) )
[12] Fix = Y aij(Fjr — Fig) + pi(Fr — Fig)s
j=1
k=1,2,3.
The present | 2 4 S S 7
pfper F; = J§1 aij(Fj — Fy) 4+ pi(F — Fy)

f)i(O) = 1. The reference trajectory is generated by a time-
varying function y,(t) = cos(0.1¢), whose information is
directly available only for subsystem 1 as shown in Fig. [I]
The faulty model in (4) is modeled as u;(t) = p;(t)uci(t),
t € [pT*,(h+ 1)T*),h = 1,3,..., where p;(t) = 0.3 and
T* = 15 seconds, which are both unknown parameters in
practical application. The design parameters are chosen as
c1 =c3=005and ' =7, =9, = 7VD, = Vo = Ls =
1,m(t) = 0.2e70-03¢,

The tracking performance of all the agents’ outputs y;(t)
and tracking errors are shown in Fig. [] and Fig. [7] It can
be seen that the satisfactory asymptotic output consensus
tracking for all the subsystems can be achieved with our
proposed distributed adaptive control scheme. Furthermore,
the consensus of states x; » and x; 3 can also be ensured as
shown in Fig. [§] and [9] Control inputs as designed in {@2) is
shown in Fig[I0] From Fig. [(jI0] it can be observed that all
the closed-loop signals are bounded, even though there exist
unknown intermittent actuator fault happening in the actuators
with time progresses. Similar to previous example, TABLE [ITI
are given to compare the computational complexity and
communication burden for the methods in [12]] and this paper.
It can be seen that the improvement achieved with the method
in this paper becomes more significant with the increase of
the subsystem order.

Output y.

-15 ‘ ‘ ‘ :
0 20 40 60 80 100
Time(sec.)
Fig. 6. The outputs y;, ¢ = 1,...,4.
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Fig. 7. Tracking errors 6; = x;1 —yr, 4 =1,...,4.
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Fig. 8. The states ;2,1 =1,...,4.

TABLE IV
THE COMPARISON OF THE COMMUNICATION BURDEN FOR THE METHODS
PRESENTED IN THIS PAPER AND [12].
For each subsystem ¢, the signals need be
collected from its neighboring subsystem j
through communication network, if a;; = 1.

Reference [12] Xj,1, Tj.2, 353, Fjl» Fjg, Fjg

The present paper xj.1, Tj,2, Tj53, Fj

VI. CONCLUSION

In this paper, the output consensus tracking problem for
uncertain high-order nonlinear systems with intermittent ac-
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Fig. 9. The states x;,3,1=1,...,4.
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Fig. 10. Control inputs u; with actuator faults, i = 1,...,4.

tuator faults is studied under directed topology condition. A
novel backstepping based distributed adaptive consensus con-
troller is proposed. By introducing extra distributed parameter
estimators in all subsystems to account for the unknown but
constant bound regarding the first order time derivative of the
desired trajectory function, the assumption on linearly param-
eterized trajectory in most relevant results can be successfully
relaxed. Besides, to handle the intermittent actuator faults, a
new adaptive compensation technique is adopted. It is shown
that with the proposed distributed adaptive control protocol,
asymptotically consensus output tracking can be achieved
while all closed-loop signals are ensured globally uniformly
bounded.
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