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Abstract—In this paper, we investigate the output consensus
tracking problem for a class of high-order nonlinear system-
s subjected to unknown parameters and uncertain external
disturbances. A novel backstepping based distributed adaptive
control scheme is presented under the directed communication
status. For the subsystems without direct access to time-
varying desired trajectory, local estimators are introduced and
the corresponding adaptive laws are designed in a totally
distributed fashion. With the presented scheme, the assumption
on linearly parameterized reference signal and the information
exchange operation of subsystem inputs in the existing results
are no longer needed. It is shown that all the closed-loop signals
are globally uniformly bounded and desired output consensus
tracking can be achieved.

I. INTRODUCTION

Multi-agent systems have received significant attention
over the past decades due to its wide application in vari-
ous areas such as mobile robot networks, intelligent trans-
portation managements, wireless sensor networks and power
networks [1]-[6]. Compared with traditional single system,
distributed consensus control aims at achieving an agreement
on the states or outputs of the subsystems, by designing
a local controller for each subsystem using information
only collected within its neighboring area. Leader-following
consensus control is one of the most typical distributed
consensus problems, which has been studied extensively
[4]-19], [13], [16]. In most available results, the desired
reference trajectory is generated by a prescribed agent with
the similar dynamics to the followers and zero/known inputs.
For more general cases, the common desired trajectory can
be represented by a time-varying function, such issues are
termed consensus tracking control [7]-[9]. It is worth noting
that the main challenge in consensus tracking control is that
only a small portion of subsystems in the networks can access
the full knowledge of desired trajectory directly.

Some distributed control schemes are presented to achieve
adaptive output consensus tracking control; see for examples
[5], [6], [9]-[111, [13], [16], [17]. In [5], [10] and [6] partial
information of reference trajectories is assumed to be known
by all of the subsystems. Based on this, distributed observers
are designed to account for the remaining uncertainties
for the subsystems without direct access to the desired
trajectory. In [11], local controllers are designed based on
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their neighbors’ control inputs and states. Thus, satisfactory
tracking performance can be achieved though the reference
trajectory is totally unknown by partial subsystems. However,
the mutual dependence of control inputs without a prescribed
priority will bring new problems during implementation [13].
In [9], based on an assumption that the reference signal is
linearly parameterized with basis functions known by all
the subsystems, asymptotic output consensus tracking of
uncertain nonlinear subsystems is achieved under directed
graph condition. Moreover, in the design of virtual control
input at the first step, a stabilizing term is included with a
global graph parameter adopted.

To address the aforementioned issues, some effective
solutions are presented in [16], [17]. In [16], for those
subsystems without direct access to the desired trajectory
y,(?), the only available information of y, is that y, is upper
bounded by an unknown positive constant. By introducing
compensating terms in a smooth function form of consensus
errors and certain positive integrable functions in each step of
virtual control design, asymptotic output consensus tracking
is achieved. However, the proposed scheme is only applicable
to the case with undirected communication topology. The
results are extended to the case with balanced and weakly
connected digraph in [17], whereas the considered system is
limited to second-order Euler Lagrange system.

In this paper, we shall revisit the distributed adaptive
control problem for nonlinear systems with unknown param-
eters and uncertain external disturbances. Compared with the
existing results, the main features of the presented scheme
can be summarized as follows. i) Backstepping technique
is adopted, hence all the subsystems share the same but
arbitrarily high relative degree. ii) The topology condition
is a digraph containing a directed spanning tree. iii) The
linear parametrization assumption on the desired trajectory is
removed and extra information exchange of subsystem inputs
or parameter estimates can be avoided. iv) For the subsystems
without full information of the reference trajectory, local
estimators are designed to estimate the time-varying refer-
ence in a distributed fashion. It is shown that all closed-loop
signals are globally uniformly bounded and desired output
consensus tracking performance of all subsystem outputs can
be achieved with adjustable tracking errors.

The remaining part of this paper is organized as follows.
In Section II, the considered MAS model and related graph
theory are introduced and the control objective is stated. The
distributed controller design and closed-loop system stability
analysis are provided in Section III and IV, respectively.
Simulation results are given in Section V followed by a



conclusion drawn in Section VI.

II. PROBLEM FORMULATION
A. System Model

In this paper, a group of N nonlinear subsystems modeled
as follows [12] are considered.

Di
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where y; € R and u; € R are the output and control input of
subsystem i for i = 1,..., N, respectively. b; € R, 6; € R are
unknown constant parameters and b; is nonzero. ¢; : R* — R
is a known smooth nonlinear function. d;(f) € R denotes
uncertain external disturbance.

By defining the state variables as x;, = yl(.q_l), g=1,...,n,
system (1) can be described by the following state space
representation

Xig = Xigrt, g=12,...,n—-1;
Xin = biu; + @;70; + di(t) (2)
Yi = Xil

where ¢; = [;1,¢p, ..., ¢ip]" and 6; = [0;1,0,...,0ip1".

B. Information Transmission Condition among the N Sub-
systems

Suppose that the information transmission condition a-
mong the N linked subsystems can be described by a fixed
directed graph G = (V, &), where V = {1,..., N} denotes
the set of indexes corresponding to the N linked subsystems
and € € V x V is the set of edges between two distinct
subsystems. The agent j can access the information from
agent i if (i, j) € &, but not necessarily vice versa [14].
In this case, the agent i is called the neighbor of agent
J and we use N; to denote the set of neighbors of agent
J, that is, N; £ {j € V : (i, j) € g}. Note that the self
edges (i,i) are not allowed, thus (i,i) ¢ € and i ¢ N;.
The adjacency matrix A = [a;;] € RV with nonnegative
elements is defined such that a;; = 1 if (j,7) € &, otherwise
a;j = 0. It is clear that the diagonal elements are all 0 due
to (i,i) ¢ & We introduce an in-degree matrix defined as
A = diag(s;) € RNV with the diagonal elements A; = Y, a;;

R
being the ith row sum of A. The Laplacian matrix ojf AA is
defined as L = A — A. In a directed graph, a directed path
from node i to j is defined if there exists a sequence of
successive edges {(i, k), (k,m),(m,[),(l, j)} S e. A directed
graph contains a directed spanning tree if there exists at least
a root node i such that all the remaining nodes in the graph
can be reached from i through a directed path. In this paper,
we use y; = 1 to denote the case that the subsystem i can
directly access the full information of reference trajectory,
otherwise u; = 0.

C. Control Objective

The control objective of this paper is to design a local
adaptive controller u; in a distributed fashion for each sub-
system i under a directed graph condition such that:

« all the closed-loop signals are globally uniformly bound-
ed;

« all subsystem outputs can track a desired time-varying
trajectory y,(¢) as closely as possible, though y,(¢) is ex-
actly known by only a small fraction of the subsystems.

In order to achieve the control objective, some necessary
assumptions are imposed.

Assumption 1: The directed graph G contains a spanning
tree and the the full knowledge of y,(7) is directly available
to at least one root node i, that is, 1; = 1 .

Assumption 2: The first nth-order derivatives of y,(f) are
bounded and piecewise continuous. For subsystem i with
;i = 0, the only known trajectory information is that |y,(7)| <
F with F being an unknown positive constant.

Assumption 3: The sign of b; is known in each subsystem

Assumption 4: |di(t)] < D;, where D; is an unknown
positive constant.

Remark 1: Compared with currently available results in
[5], [6], [9] and [20], the assumption that y,(¢) is linearly pa-
rameterized and basis functions known by all subsystems is
relaxed. Although an effective distributed adaptive consensus
solution is provided in [16] with similar relaxed condition,
only undirected topology is considered.

Before we proceed with designing distributed adaptive
controllers, the following lemmas are also introduced, which
will take important roles in controller design and stability

analysis.

Lemma 1: [15] Based on Assumption 1, the matrix L +
B is nonsingular where B = diag{u,,...,un}. Define g =
(G1»....qn]T = (L+B)7'1,...,1]7

P =diag{Py,...,PyN} = diag{_i, R _L}
q1 qn

Q=P(L+B)+(L+BT'P

then g; > Ofori=1,...,N and P and Q are positive definite.
Lemma 2: [18] The following inequality holds

0<l|zl—z-s8(x) <n

2

III. DESIGN OF DISTRIBUTED ADAPTIVE CONTROLLERS

for any scalars z € R, n> 0 and sg(z) =

To generate distributed adaptive control laws, backstep-
ping technique [19] is adopted and the detailed design
procedure will be provided recursively.

Introduce the change of coordinates as

e; =yi — uiyr — (1 = u)dy;

=Yi—Yr+ (1 _ﬂi)(yr - j}r,i)
=0 + (1 — wi)yr, (3)
N
Zi1 = Z aij(yi = yj) + pi(yi = yr) 4)
=1
Zik =Xig — Qig-1,k=2,...,1n (5)

where 6; = y; — y, denotes the actual tracking error. y,; is
an estimate introduced to account for unknown y,(#) in each



subsystem i with y; = 0. §,; := y, — 3,; is the corresponding
estimation error. z; 1 is often known as the local neighborhood
consensus error. ;- is the virtual control to be determined
in each recursive step.

To illustrate the adaptive backstepping design procedures,
only the first step is elaborated in detail.

o Step 1: From (3) and (5), the derivative of e; is computed

as
éi =zin + @iy —iyr — (1= p)y,.; (6)

The virtual control a;; is chosen as
a1 = —cre; — kPiziy + piye + (1 = w)3,.; )

where ¢ and k are positive design parameters. P; is the local
estimate of P;, which is defined in Lemma 1. Substituting
(7) into (6) gives

¢ = zip — c1e; — kPiz; 3
The trajectory and parameter update laws are designed as
Dri = =Yyulzia + Ky, Gri = Yrio)] )
and R R
P; = —vypleizii — kp,(P; — Pj)] (10)

where vy, ., vp, Ky, Kp» Yrio -Pio are all positive design
parameters.
The Lyapunov function candidate is chosen as

22 ’ +2Z_,P2 2ka(ylm A5

where P; = P,—P; and Vi
of Vi is computed as

= y,.i—Yri. From (8), the derivative

N N N
. k - A
V) = Z €Zip — C1 Z 652 — k6T PHS + Z y_Pi(yPieiZi,l - Py
i=1 i=1 i=1 /P
N
kPi(1 — ) _ A
G = D1 = Vo) (12)
i=1 7)':-,,'

where 6 = [01,...,0x]. From (9), (10) and Lemma 1, (12)
can be further derived as
N N

V= Z €iZia — C1 Z e’ — ké" PHS + zN: kip, Pi(P; — Pio)

i=1 i=1 i=1

kP;(1 — y;
+ZM~rt.r+ZkPKy,,(l ﬂt)yrt(yrt yrlO)

i=1 Vyri i=1

N N
2
< Z €iZip — C| Zé’i -
i=1 i=1

N (1 = 4 N
P (y D15, F 4> ko, PPy = Po)

i=1 Vi i=1

ko 2
Eﬂmm(Q)Hén

+ ZkP Kyr,(l ,uz)yrz(yrt yrtO)

i=

ZZ

k 2
= 5 Amin(Q)l]

F2

Yri Kyr,i

& kPl — ) 1
i=1 Vori

4 )’n \’r;yrz ]

N
+ Y kcp PPy = Poo) + ) kPt (1 = )45 = Yrio)
i=1

i=1
C N 2k 2 o ki, 72
<D emia = ) et = S duin(QUOIF - 3 P,
i=1 i=1 i=1

B i kP, (L= pt) 5 i kPi(1 — ;) F*
4 yr,i

= Y 2Ky,
ke 5 kPiky, (1 = ;)
+ Z S (Pi= P+ Y =y = yio)’
i=1 i=1
(13)

where the property that OTO -0y =07(-0+0 -0, <
|®|| + 1]1® - @|* has been applied.

Remark 2: In this step, we introduce the term kP,zll
in designing the first virtual control signal for the purpose
of generating negative definite quadratic term of ¢ in the
derivative of Lyapunov function defined later for the entire
closed-loop system. Note that similar technique was initiated
in [9], where P; is adopted directly. However, P; can only be
obtained with full knowledge of the overall graph. Motivated
by this fact, a modification is made here hence the presented
adaptive consensus control laws are ensured to be totally
distributed.

o Step k(k =2,...,n— 1): The virtual control «;; is chosen

as
if = —Zik-1 — CkZik + Qik-1 (14)
with
k=1 N k-
P 6a’i,k—1x (90/zk p ZZ“ O j— 1x
i1 = i1+ il
L l_l axl’l 1,1+ l 4 _ lj a J +
= ]7 _
i k-1 O0tij-1 ;
(I =) ——9,; (15)
/’llz a (Z l)yr /’ll ayr,i yr’l

where ¢y is a positive constant. Define the Lyapunov function

as N 2
Vi=V +§ZZZ;‘,Z
i1 1=

whose derivative can be computed as

N k N &k
Ve < Z Zidlifr1 = €1 Z A QNI = Y > ez’

i=1 i=1 [=2

B Z kxp, P Z kP; K\,,(l Hi )y%l

kPi(1 = u)F? S ke,
N Z U L Z —(P; = Py)’
= Y Ky i=1

N
kPik,,, (1 = ) )
+ Z f(yr - yr,iO)

e Step n: From (2) and (5), there is

(16)

a7

Zip = b + @ 0; + di(t) — iy (18)



Design the control input as

— 5g(zin)Dil 19)

where 9, @i and ﬁ,- are the parameter estimates of bl‘_, 6; and
the upper bound D; of external disturbance, respectively. «;,
is defined in (14) for k = n.

The parameter update laws are designed as

ui = Qi[a'in I 0;

0; =Yo,zinsgn(b)le;" 0; + sg(zin)Di — ain]

= YoiKo:(0i — 0i0) (20)
6 =zi,Uipi — Tik, (6 — 6;0) 21
Di =Yp,2in58(in) — Y0k, (D; — Dig) (22)

where y.,, ¥p.» Ko kp;> Uiy Ko;» Ki0, 030 and D, are all positive
design parameters with appropriate dimension.

IV. STABILITY ANALYSIS

The main results of this paper are now formally stated in
the following theorem.

Theorem 3: Consider the closed-loop system consisting of
N uncertain nonlinear subsystems (2) satisfying Assumptions
1-4. With the local controllers (19) and parameter update
laws (9), (10), (20)-(22), the following conclusions can be
drawn.

« All the signals in the closed-loop system are globally

uniformly bounded;

« The tracking errors for all subsystems will converge to

a compact set and the upper bound of overall tracking
errors in the mean square sense is adjustable.
Proof: Define a Lyapunov function for the entire system

as
N N b | &
Ve =V + in® + Lot + =) 6178,
AEPIE DY R A DI
M
+ Y —D? (23)

; 2yp,

where @,‘ =0i— @,‘, é,' = 0,' - é,' and Di = D,‘ - Ij,u

Differentiating V,, with respect to time ¢ yields

N N
Vi <V + Z Zin(@ip — Qipo1) + Z 0T (zia i — 0))

i=1 i=1

b ;
+ Z 201V zinsgn (b 0; + sg(zin)Di - ain) = &)

Yoi
+ Z _D (7D 3 nSg(Zz n) D ) + Z niDt (24)
where the Lemma 2 has been utilized to handle the effects

of external disturbances.
From (14), (15), (17) and (20)-(22), we have

N
kkp, -
mm<Q>||6||2 ZZ%, - —”pg
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N
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= 2
k 2 x
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. 1 K,
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(26)
and
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By neglecting the first term in the right hand side of
inequality (25) and then directly integrating it, we obtain
M *
Vo(t) < V,(0)e™" + ?‘(1 —e™) < V,(0) + —1 (28)
which implies that V,, is globally unlformly bounded. Thus,
the signals ¢;, zix fork =2,...,n, 9, P, Oi ; and D; are all
bounded. From (3) and (4), x;; and z;; are bounded. From
(7), it implies «; is bounded. Similarly, from (5), (14) and
(15) for k =2, x;» and @;, are bounded. Through recursive
analysis along this line, it concludes that x;; and «;; for
k=12,...,n are bounded. Finally, from (19), the distributed
control inputs u; are bounded. Therefore, all the signals in
the closed-loop system are bounded.
From (3) and (23), we have

61> < sz + (L =p@)5) <CVa (29)
where ¢ = max{4,%} for i = 1,...,N. Further,
combining (28) yields

2 —o’t M* —(rt
18I < ZTVa(@)e™ + —H(1 = e™)] (30)

which shows that the tracking errors in Euclidean norm will
converge to a compact set E, {6|||6||2 < {(M7 +71)/o} with
convergence time ¢ > (l/a')ln(lV (0)o — M7| /1), in which T
is an arbitrary small positive constant.

In terms of (25), we have

. k .
Vi < —E/Lmn(Q)IIfSII2 +M (31)

Integrating both sides of the foregoing equation yields

610,77 = f 611 dt

< Vn(o) - Vn(t)
_kxlmm(Q) r

+ M,”



2 [V,,(O) 32

<
- k/lmin(Q) T

where M,* is a positive constant. From (25) and (27), it
follows that the upper bound of the overall tracking errors
in the mean square sense can be decreased by decreasing
Kp,, Ky,,» Koi» Ko, Kp, and increasing k, yp,, ¥y, ,» Yu» Lis ¥, |

Remark 3: From (9), (10), (20)-(22) and (19), it can be
seen that information exchange of local control inputs or
parameter estimates in [11], [13], [17] is not needed in
this paper to implement the designed distributed adaptive
controllers.

+ Mz*]

V. SmmuLATION RESULTS

To verify the effectiveness of our proposed distributed
adaptive control scheme, we consider a group of 4 second
order subsystems modeled as follows,

Xi,l =Xi2;

Xio =biu; + @i 0 + di(1),i = 1,...,4. (33)

where b] = 2, b2 = —], b3 = 05, b4 = 1, 91 = 1,
6 = 05, 65 = -2, 64 = -3 are all unknown system
parameters and ¢; = X1 1X12, ¢ = x%z, @3 = X32, P4 =

X4,1X4,25 d(t) sin(?), d,(1t) sin(tjz, dz(t) = 2sin(?)
and d4(f) = sin(¢). The communication status among the 4
subsystems and y,(f) are represented by a directed graph,
as shown in Fig. 1. The reference trajectory is given by
yr(f) = cos(0.1¢) whose information is directly available for
subsystem 1 shown in Fig. 1. In simulation, all the initials
including x;(0), x;2(0), F;(0), $.:(0), 8;(0), %:(0), D;(0) are set
as zero. The design parameters are chosen as ¢; = ¢; = 1,
k=5 v, =% =Y, =¥, = L, ¥y, =5, kp, = Ko, = K¢, =
KD; 20005 Ky, —001 P() = Kio —9,0:D0 = Yripo =
0.01,7 = 0.2 03 The performance of all the 4 subsystem
outputs and tracking errors is provided in Fig. 2- 3. Control
inputs (19) and all the parameter estimates are shown in
Fig. 4- 9, respectively. It can be seen that satisfied output
consensus tracking for each subsystem is achieved and all
the closed-loop signals are ensured bounded.

yr(t)

() Dl Ol
\J \/ \/ \/

Fig. 1. Communication topology for 4 subsystems.

VI. CONCLUSION

In this paper, the output consensus tracking problem for a
class of high-order nonlinear systems with unknown parame-
ters and uncertain external disturbances is investigated under
the directed communication status. A novel backstepping
based distributed adaptive consensus control scheme is pre-
sented. The assumption on linearly parameterized reference
trajectories and known basis function existing in currently
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Fig. 2. The outputs y;(#), i = 1,...,4.

tracking error &,
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Fig. 3. Tracking errors 6;(r) = y,(t) = i, i=1,...,4.

control u‘(l)
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Fig. 4. Control inputs u;(¢), i = 1,...,4.
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Fig. 5. Parameter estimates y,;, i = 2,...,4.

available results are relaxed. Besides, extra information ex-
change of local control inputs is not needed. It is shown
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Fig. 6. Parameter estimates P;, i = 1,...,4.
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Fig. 7. Parameter estimates 9;, i = 1,...,4.
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Fig. 8. Parameter estimates 9,-, i=1,...,4.
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Fig. 9. Parameter estimates D;, i = 1,...,4.

that all the signals in the closed-loop system are globally
uniformly bounded and desired output consensus tracking

can be achieved.
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