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Summary

This master thesis is a comparative analysis of textbooks from four different countries, Finland,
Norway, Sweden and USA (California), concerning the introduction of algebra. The topic for
this research was inspired and initiated in connection with the international project VIDEOMAT,
which I have been involved with since its planning phase. Following the design of this project,
two mathematics textbooks of two consecutive grades from the four different countries have
been analyzed. The focus in these has been the 60 first tasks presented in the algebraic chapters.

The review of literature includes a look at the origins of algebra from a didactical perspective.
This was found to be helpful for the understanding of the diverging and extensive material on
modern algebra. In a problem solving context, algebra evolved and contributed to the field of
mathematics a powerful symbolic language, which has opened many doors for new
developments. The flip side of this in education is that students can no longer make further
progress in mathematics without adopting fluency in this language. However, it has proven to be
a great obstacle to countless of students. The abstract nature of this language is exemplified by
the variable which always has the same representation in form of a letter, but has multiple
meanings depending on the context in which it is found. This calls for a need to provide students
with varied and meaningful experiences in algebra.

The aim of identifying the qualities of the introductory tasks and different perspectives of algebra
reflected in the textbooks required the development of an original coding system. This has been
generated inductively, were the initial stage was a descriptive set of codes that has developed and
was finalized in the internet based research program Dedoose. The review of literature played a
formative role in this process.

The study shows that the introductory tasks presented in the textbooks often have a purpose of
developing technical skills necessary for work with algebra. An example of this are tasks
focusing the sequences of operations, which prepare the students for equation solving. There was
also found to be an emphasis on the equal sign as an attempt to deal with the misconception of
using it as an operational sign. Only one textbook was found to present introductory tasks that
provide a natural progression into the use of algebraic symbols embedded in meaning. This was
done through the use of patterns which also have a motivational element for the learning of
algebra. The frequent presence of tasks aimed at developing skills in interpretation and
formulations of expressions and equations indicates a focus on algebra as a language early in the
algebraic chapters.

The implications of this study are that opportunities for varied and meaningful experiences in
algebra can be provided through tasks focusing the topics of problem solving, patterns and
geometry.
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1 Introduction

In this study | wish to investigate how algebra is introduced and treated in textbooks from
Finland, Norway, Sweden and USA (California). A surface review of the textbooks shows great
variation in size, structure and amount of algebraic content. These are interesting parameters that
I recognize as vital to describe in a comparison of textbooks from different cultures. However the
main focus of the analysis is the introductory section and the tasks that are provided in the
algebra chapters.

I have been working in a larger project called VIDEOMAT since its planning phase in the
spring of 2011. It is a project aimed at comparing teaching methods in the four countries listed
above, concerning the introduction of algebra. The research group decided to define introduction
to algebra in school as the introduction of letters as variables. It was at first expected that this
happens at a specific moment in the curriculum but it proved difficult to define. Textbooks were
chosen as the main resource to base this decision on and each country investigated textbooks
from 6-, 7- and 8-grade. In Norway | performed this research and wrote a résume of the algebraic
content of the most common textbooks. Many interesting features to school algebra and
textbooks were discovered and my master thesis was an excellent opportunity to continue the
investigation cross-culturally. In addition, this study will also have a potential to enrich the
findings of the VIDEOMAT project.

In my own experience with school algebra | early on discovered that algebra was an efficient tool
for problem solving and so a natural appreciation for the innovation of letters as variables
developed. Later experiences have revealed other aspects of algebra, but they have neither been
as positive nor overshadowed the moment of enlightenment and algebra remain foremost a
problem solving tool to me. Through the school mathematics we meet algebra in other content
area such as for example geometry and functions. As we advance in mathematic courses algebra
is often part of all the mathematics we do. The society we live in has a growing demand of
citizens that know and can use more complex mathematics and so algebra for all in elementary
school has received increasing attention.

In the process of writing my master thesis | have been in contact with publishers from Finland,
Sweden, Norway and USA. Both in Norway and Sweden there has been a push for more algebra
in elementary school textbooks. In Norway the new curriculum of 2006 also have an added focus
on algebra in K 5-7:

Algebra in school generalizes arithmetic by letting letters or other symbols represent
numbers, which provides the opportunity to describe and analyze patterns and
connections. Algebra is also used in connection with the main content areas geometry and
functions. (Kunnskapslgftet)

Kriegler (2007) comments on the educational goal ‘algebra for all’ from California, that while
there is no direct instruction on specific algebraic content, there is an apparent intention of a
stronger focus on algebra in elementary and middle school mathematics.

There is no agreement in the international research community of what school algebra is as
algebra has so many applications. Bell (1996) holds the view that algebra is not an “identifiable



course, separate from other branches of mathematics’ (p. 167). Expressing it informally | will
say that algebra can be seen as a tool, as a language and as a way of thinking. Perhaps algebra is
all of this? For these reasons textbook authors have to make many decisions when writing an
algebra chapter, probably more than any other chapter. And therefore this research on algebra
chapters as a comparative study becomes all the more interesting.

A textbook analysis can be done with many different aims at mind. | decided early on that I
wanted to capture the variation in algebraic content, more specifically how algebra is introduced
and the characteristics of algebraic tasks. According to Pepin (2009) students spend much of
their time in classrooms working with written material such as textbooks. Teachers mediate the
textbook by choosing, structuring and assigning tasks. Pepin (op.cit) refers to the work of Doyle
when she states that ‘the tasks teachers assign to students influence how they come to understand
the curricula domain and serve as a context for student thinking, not only during, but also after,
instruction’ (p. 107-108).

My aim with this study is to attempt to capture the profile and characteristics of textbooks in four
different countries focusing on algebra including similarities and difference presented. The
research questions are:

1. How is algebra introduced in the textbooks in form of the introductory tasks?

2. Which perspectives of algebra are approached in the tasks?

In order to answer these questions a coding system has been developed that identify the different
aspects of the tasks. Early on in this study I envisioned a computer program that would let me
codify them by their characteristics and by using analyzing tools to be able to develop categories.
Jim Stigler, who is part of VIDEOMAT project, suggested to use Dedoose which is an Internet
based research program developed at UCLA. I have been in contact with one of the main
developers of this program and was told that they did not know of anyone that had used the
program for textbook research. He also mentioned that certainly this program could be suitable
for such an analysis. For this reason this study can be seen as an exploratory and experimental
work with Dedoose and textbook research. Therefore I also have formulated a research question
related to this program:

3. In which ways are Dedoose an effective tool to analyze textbooks?



2 Review of literature

This study has led me to investigate the origins and development of algebra as | have wrestled
with a more general question related to what is algebra. There seems to be no agreement on the
answer to this question. For many people algebra is simply calculations with letters. In this case
algebra is only representation. And if we only think of equations were variables represent a
specific unknown this picture fits. However if we think of a formula, it can be: A =1 x w, the
letters does not only represent numbers but also a relationship between quantities that are
common for all rectangles. Something happens as we make the shift of describing the area of a
rectangle by using the quantities related to that specific rectangle to describing the same area
with variables (letters). We go from the specific to the general. The use of letters as variables
automatically moves us into a different world, from arithmetic (the realm of the specific) to
algebra (the realm of generalization). We are no longer only describing and working with
specific numbers, situations and problems but groups of them. And so algebra is not only a
powerful tool of representation but also of generalization (as an inherent part of its nature) which
much of the higher mathematics builds upon. The applications of algebra are many and to
mention a few is abstract arithmetic, modeling, functions and problem solving.

To further compliment my quest and relevant to this study is the context of school. Much
research has been done in this field, but not surprising, internationally there is neither an
agreement on what school algebra is (or should be). But one can recognize an effort in the
research literature to reshape school algebra, looking at it from an historical perspective. Many
students have difficulty in passing from arithmetic to algebra. As a remedy some researchers has
developed the idea of early algebra which students can be introduced to as early as first grade.

2.1 Algebra

Algebra is a wide term that includes many perspectives and approaches to teaching. I will present
literature on the three perspectives that | found most applicable to my study: algebra as a
language, algebra as problem solving and algebra as generalizing. These topics also follow a
natural development historically. Algebraic thinking is sometimes used synonymous with
algebra and has been the focus of many studies. This notion is perhaps more difficult to separate
from other mathematics and is widely disagreed upon.

2.1.1 Algebra in history and its evolvement as a language.

The introduction of algebra in school as the VIDOMAT project has defined it; “the introduction
of letters as unknowns and variables’ can be viewed as an emphasis on the perspective of algebra
as a language. Rojano (1996) looks at the development of the algebraic language through history.
Her concern is students understanding when the algebraic language is thought in school removed
from the context and semantics in which it originated: “this Finished version of instrumental
algebra with all its potential as a synthetic and formal language, is what teaching sometimes
attempt to communicate prematurely to the student’ (p. 56). Rojano believes this cause a
superficial understanding and is the reason why students seem to struggle connecting symbolic
manipulation and its use in problem solving.



The algebraic language has evolved over a long period of time. Algebra from its beginnings in
the ancient civilizations of Babylon and Egypt up until the cossists traditions (1500) of the
Renaissance constituted a sophisticated way of solving arithmetic problems (op. cit). With only
some exceptions such as Diophantus and Jordanus de Nemore the problems and their solutions
were all expressed in words and is called rhetoric algebra. One of the points Rojano makes is
that: *during this extensive period, “the problem” posed and “the equation to solve it” are
indistinguishable’ (p. 56). Here is an example which is problem 26 from the Rhind papyrus:

A ’hau’ and a quarter is altogether 15. Calculate with four, add ¥ which is 1 and
altogether 5. Divide 15 by 5 and get 3. Finally multiply 4 by 3 and get 12. The sought
‘hau’ is 12.

This method is called ‘regula falsi’ and can be translated with ‘guess and adjust’. It works only
on linear equations.

Syncopation of algebra (algebra with abbreviations) is seen as an important step towards a
symbolic language (Rojano, 1996). The syncopated algebra can be exemplified by the notation
used by Diophantus from Alexandria, about 250 AD. Here is an example from Diophantus
written work Arithmetica with an explanation for the symbols by Breiteig.

Diophantus wrote for example,
KYoAY1Yce

for what we with our symbols would have written x3 + 13x2 + 5x. He uses Y and ¢ as symbols for
a number that can vary. These symbols do most likely represent the Greek word for numbers:
arithmos. Further the symbol A, which is the same as the letter D, is used as an abbreviation for
dunamis (exponent), especially for x2. K is an abbreviation for kubos, the cube. a means the
number 1, and K'Y « symbolizes what we writes as x3. Breiteig (2005, p. 13, translation by me)

However, Diophantus does not present general methods for solving problems. Rojano believes
that the most important contribution by Diophantus to algebra is that for the first time he makes
it possible to separate the problem from the solution with the use of two representations; the
rhetorical and the syncopated.

The written works of Jordanus de Nemore (ca. 1200) contains a general strategy. Instead of
previous works that shows how to solve problems that has a specific numeric solution (X +y + z
= 228) he shows in his written work Numeris Datis how to solve problems of the type x +y + z
= a (He did not use the symbols as shown here). His works is characterized by the use of letters
to represent both the unknowns and the known quantities. His method of solving problems is
based in a reduction method that transforms new problems to avail that they have the same
structure as a previously solved problem.

Historical documents like the abbacus texts (the first came in 1202) shows the limitations of the
pre-symbolic algebra (Rojano, 1996). About 400 of these texts are known today and each contain
more than 400 problems and their solutions in natural language. When we read them today with
our knowledge of symbolic algebra we see that many problems that are identical in structure has
been solved with a diversity of strategies. The limited ability to generalize methods clearly
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separates the pre- and symbolic algebra (op. cit). Rojano also claims that the progress in
symbolic representation from rhetoric to syncopated (Arithmetic and De Numeris Datis) happens
as the mathematicians work on problems that are located at the edges of the scope of the
representation available. It evolves through problem solving, were the problems at hand cannot
be solved within the current available representation. The aim is not the symbols themselves but
to solve problems.

And likewise the Vietan project, which is recognized as the beginnings of the construction of
modern symbolic algebra, was motivated by ‘not leaving any problem unsolved’ (Rojano, 1996,
p. 59). In Viétes representation we can see the clear link between geometry and the evolvement
of symbolic algebra (op. cit, p. 60):

ACUBUS-B SOLIDO 3
Cin E CUADRATIVA

which in modern notation would be:

Xx3-3b
cY?

And it is here we can see the limitation of working with the geometrical forms in mind as we
would try to operate with volume, area and length in the same expression. Here we clearly see
the need for leaving the concrete representation behind and move into an abstract world. Rojano
(1996, p.61) expresses it beautifully: “Algebraic syntax gains a life of its own and becomes
disconnected from the semantics of the problems from which it originated and, in a dramatic
change of roles, becomes the problem-solving tool par excellence’.

Rojano also formulate the perspective of algebra as the language of mathematics as she
comments on the construction of symbolic algebra (1996, p. 59: ‘Never before had humanity
been capable of creating an autonomous, specifically mathematical language, in which it was not
only possible to state problems and theorems, but also to express the steps of solutions and
proofs’.

The conclusion is presented as lessons we can learn from history as we present algebra to the
students:

e Problem solving can be a powerful tool or context for constructing new knowledge.

e The manipulation of symbols as an object of knowledge removed from semantic meaning
is contrary to the historic development of algebra. Symbolic manipulation was only the
means for a greater purpose.

e Acquiring algebra as a language should be built upon prior knowledge, methods and
skills.

e Students should be allowed to experience the limitations of their current knowledge and
skills before they are introduced to algebra.

From this article and a short study of the development of algebra we see that algebra was in the
beginning methods for solving problems (equations), and the algebraic symbols developed in this
quest. A part of this development is also an increasingly analytical approach to solving problems



as the focus is not only unknown and known quantities but also the relation between them.
Charbonneau (1996) says that Viéte uses mostly the term “analysis’ for his algebra and for the
next century the terms algebra and analysis were synonymous. After the symbols had taken form,
algebra also expanded from a problem solving tool to an ingenious language in which
mathematics could be expressed and evolve.

2.1.2 Algebra as problem solving

Bednarz and Janvier (1996) explain that problem solving was not only the motor in the
advancement of algebra but also made a major contribution to the teaching of algebra for
centuries. The teaching of algebra involved for a long time a corpus of problems for which
arithmetic and algebra offered different solution methods. Algebra was presented as a new and
more efficient tool for problem solving. The students were also given problems that had not been
solved arithmetically to provide a convincing argument for algebra. As teaching evolved the
focus on the passage from arithmetic to algebra was left behind for a favoring of algebra as a
language and manipulation of symbols. However problem solving remained a factor in the
teaching of algebra.

Bednarz and Janvier deal with an important issue concerning the introduction of algebra, as the
main focus of their study is on the nature of the problems students work with in arithmetic and in
algebra. Their research aims to define their differences and evaluate if the problems make for a
smooth passage from arithmetic to algebra or require a profound reconceptualization. They
recognize three categories of tasks that are often provided in introductory algebra: problems of
unequal sharing, problems involving a magnitude transformation and problems involving non-
homogeneous magnitudes and a rate (op. cit, p. 118). The categories are developed based on the
quantities involved and the relationship between them.

Compering the algebraic tasks with the tasks typical for arithmetic in problem solving, Bednarz
and Janvier (op. cit.) found that the main difference is one of connection. Tasks in arithmetic are
constructed so that one can easily establish a relationship between two known guantities, which
are labeled “‘connected’. The arithmetic thinking established is one were the known quantities are
operated on and the end result is the unknown. The information given in the algebraic tasks most
often does not provide the links between known numbers and has to be solved with several
elements in mind at the same time, labeled *disconnected’. One can say that an analytical
approach, with an attention to the relationships between all the quantities is needed, to solve the
problem.

As we have seen, algebra developed through problem solving, but is this a convincing enough
argument for using this approach for teaching algebra in school? Bekken (2000) explains that in
his two decades of teaching algebra that the ideas, concepts and methods the students had
problems with in algebra often had been major obstacles in the past as algebra developed. To
teach mathematics in the context of how it originated is called the genetic method and Bekken
refers to a statement by H. M. Edwards made in 1977 to motivate this method:

The essence of the genetic method is to look at the historical origin of an idea in order to
find the best way to motivate it, to study the context in which the originator of the idea
was working, in order to find the “burning question” which he was striving to answer.

10



From a psychological point of view, learning the answers without knowing the questions,
is so difficult that it is nearly impossible. The best way is to ignore the modern treatises
until we have studied the genesis in order to learn the questions. (Bekken, 2000, p. 85)

2.1.3 Algebra as generalization

The book “Approaches to algebra: perspectives for research and teaching’ edited by Bednarz,
Kieran and Lee (1996) presents four perspectives for teaching algebra: as generalization, as
problem solving, as modeling and as functions. | present the argument for focusing algebra as
generalization of which Mason (1996) is an advocator for.

Mason sees generalization as the heartbeat of mathematics. His argument is that if students
become accustomed to generalize in the mathematics courses from the early grades then algebra
would cease being the main obstacle in mathematics education for so many people. Mason
describes generalizing as a natural algebraic way of thinking with roots in history all the way
back to the ancient Babylonians. Generalization is even speaking as the words are general and
not particular. Further he describes generalizing as (op. cit, p. 83): “detecting sameness and
difference, making distinctions, repeating and ordering, classifying and labeling”. These
activities express an attempt to minimize demands of attention. This is what Mason calls
algebraic thinking and the roots of algebra. The focus he places on activity in describing algebra
is also common with Kierans approach which is presented in 2.2.

Algebra was first a description of a certain method of solving equations. Mason feels that since
then algebra has evolved from denoting a process (algebra) to and object (an algebra). He refers
to Gattegno which believes algebra arose when people understood that they could operate on
objects (numbers, shapes, expressions), and could operate on those operations. Therefore, Mason
mentions, when you think of combining arithmetical operations you have begun to do algebra.
Thinking of algebra in this fashion also connects school algebra to higher algebra.

Mason also writes of algebraic awareness as “necessary shifts of attention”, that make it possible
to be flexible when interpreting written symbols (op. cit, p. 74):

e asexpressions and as value
e asobject and as process

These experiences of transitions can also be noticed in the developmental history of algebra

Lee (1996) also mentions generalization as an approach to algebra. He sees algebra as a language
and as a set of activities belonging to an algebraic culture within the wider culture of
mathematics. He makes the case for generalization as a central activity to algebra as from its
early beginnings solution strategies for similar equations were invented. Students should
therefore be introduced to generalization early on. Lee is also concerned with meaning making
for the students as it often remains a puzzle to them why they should learn algebra. He separates
the meaning making into two spheres, the general culture of society and the mathematical
culture. Meaning making for algebra is more easily developed within the culture of mathematics
and in the process of generalization the symbolic language of algebra appears as an efficient tool
for expressing the generality.

11



The research by Lee includes findings in a small group of adults and from high school students
(grade 10) as they engage in introductory algebra as generalization. The students in the small
group found the work with patterns to be intriguing and captivating. | will sum up his findings as
short points:

e The adult students were more successful in finding useful patterns and expressing those
algebraically
e Both groups of students had problems
0 Seeing the intended patterns
0 Expressing the pattern verbally
0 Expressing the pattern symbolically
o Exercising flexibility in seeing patterns as not all patterns are algebraically useful

The generalization perspective of algebra is closely linked with the ideas of algebraic thinking
and early algebra which will be presented in 2.2.

2.1.4 The different meaning of a variable and an unknown

My experience in introducing algebra in school has made me aware of the difficulty the students
have in making a shift from working with formulas and expressions to dealing with equations.
After students have worked with a variable in the two different modes they often confuse the
meaning of the variable in the different contexts. I therefore planned to focus some of the
analyses of the tasks on how the textbooks handle this distinction, between a variable as a
general number and as an unknown. This has not been possible because of the time restraint but
remains an issue for investigation.

Radford (1996) shows, from a historical point of view, that the conceptual structure of an
unknown and a variable is very different. His analysis of the two concepts appearance in history
concludes that there are two main differences between them.

The first is the context, or in the goal or intentionality, in which they appear. Radford identifies
two historical works, On Polygonal Numbers and Arithmetica, as the first appearances of the
variable and the unknown. The main topic in On Polygonal Numbers is to establish relationships
between numbers while Arithmetica is concerned with solving word problems. The variable
appears in On Polygonal Numbers in a deductive manner as the “passage from a relational
problem to one dealing with abstract set values calculations” is performed (op. cit, p. 51). In
Arithmetica the problems refer to numbers representing magnitudes of different dimensions
(squares, cubes etc.).

The second major difference between an unknown and a variable as they appear in history is that
of representation. The variable is represented geometrical or as letters which are included in a
geometrical representation. The unknown in Arithmetica is not represented geometrically.

As a conclusion Radford relates his findings to a modern teaching approach by asking some
important questions. | will only include one (op. cit, p. 51): “Can current teaching methods
introduce some appropriate distinction between the concepts of unknown and variable, using the
ideas seen here?”
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Another study by Janvier (1996) also deals with the different interpretations of letters in algebra:
unknown, variable and placeholder. He claims that the unknown is a less complicated concept to
come to grip with than that of a variable. An unknown represents a number and the students learn
how to perform calculations to find it. The understanding of a variable, however, is not solely
dependent on representation but also on the interpretation of the “solver”. One can use formulas
like A = nr? or d = v X t, without considering that the value for r and t can vary and that A and d
varies respectively. The letters in the formulas can be seen simply as placeholders and a recipe
for finding the area of a circle or the distance traveled. If a student has come to grips with the
unknown as representing a specific number that he is to find, this concept may obstruct the
understanding of a variable, particularly since both concepts have the same representation in
form of a letter. The student has to consider the wider situation (an expression, an equation, a
function etc.) to determine which concept is at play.

2.2 Algebra in school: algebraic thinking and early algebra

We have seen algebra evolve through history and at a certain point become a language that
propels the growth of modern mathematics. Algebra has so many applications today that the
meaning of the word algebra has to a certain extent become cultural and individual. The focus in
the last decades on school algebra has brought about a movement to transform it. This is based in
algebra as a way of thinking rather than algebra as a language and problem solving.

2.2.1 Early algebra

Lins and Kaput have written a chapter in ‘The Future of the Teaching and Learning of Algebra’
(Stacey, 2004) concerning the issue of early algebra. According to them there are currently two
separate ways to understand the meaning of early algebra. The first is the traditional one and it
refers to early algebra as the first time students meet algebra in school, likely to happen when
students are about 12-13 years old. This implies that algebra is treated as an own topic, letters are
introduced as variables or as an unknown. The second understanding takes early algebra to refer
to algebraic reasoning fostered at a much younger age, sometimes as early as seven years old. It
does not mean to teach traditional algebra earlier but to develop algebraic thinking within other
topics and so create a “new algebraic world” from the beginning. This understanding is gaining
ground based on research that has shown children able to do much more than previously
believed. In the VIDEOMAT project and therefore also in this study the introduction of algebra
is defined in the traditional perspective. It must be mentioned that the current curricula for
Norway show clear intention for an introduction of algebra to children of younger age in the
second meaning of early algebra. In the goals for 2.-, 4.- and 7.- grade under the description for
the topic ‘Numbers and Algebra’” we find the same comment about algebra:

Algebra i skolen generaliserer talrekning ved at bokstavar eller andre symbol
representerer tal. Det gjev hgve til & beskrive og analysere mgnster og samanhengar.
Algebra blir 6g nytta i samband med hovudomrada geometri og funksjonar.
(Kunnskapslgftet, http://www.udir.no/grep)

Algebra in school generalizes computing with numbers by letting letters or other symbols
represent numbers. It provides the means to describe and analyze patterns and
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connections. Algebra is also used in connection with the main areas geometry and
functions (translation by the author).

Another study by Kieran (2004) presents a definition for algebraic thinking in the early grades,
which is based on her generally accepted method of analyzing algebra done in 1996 and a
comparison of different curricula. Her focus for the analysis is on activity which she divides in
three levels:

1. Generational activities of algebra involve the forming of expressions and equations.
Examples include: i) equations containing an unknown that represent problem situations,
il) expressions of generality arising from geometric patterns or numerical sequences and
iii) expressions of the rules governing numerical relationships.

2. Transformational activities of algebra include collecting like terms, factoring,
expanding, substituting, adding and multiplying polynomial expressions, working with
equivalent expressions and equations.

3. Global, meta-level, mathematical activities. For these activities algebra is a tool, and
they are not exclusive to algebra. They include problem solving, modeling, noticing
structure, studying change, generalizing, analyzing relationships, justifying, proving and
predicting. (Kieran, 2004, p. 141-142)

Meaning-building of the algebraic objects happens mostly through the generational activities.
The transformational activities are concerned with maintaining equivalence. The meta-level
activities provide a context and meaning for the use of algebra.

Instead of focusing on the differences in the curricula as Kendal and Stacey (2004) has done,
Kieran (op. cit.) finds characteristics held in common. She compares the Davydov curricula
(Russian), the Singapore primary mathematics curricula (6. Grade), Korean mathematics
curricula (7. Grade), the U.S. Investigations in Number, Data, and Space K-5 curriculum. The
most evident similarity between these curricula is the emphasis on relationships between
quantities. But there are also a common focus on generalization, justification, problem solving,
modeling, and noticing structure. Kieran concludes that the activities shared are indeed the
global, meta-level activities. She then presents this definition of early algebra

Algebraic thinking in the early grades involves the development of ways of thinking
within activities for which letter-symbolic algebra can be used as a tool but which are not
exclusive to algebra and which could be engaged in without using any letter-symbolic
algebra at all, such as, analyzing relationships between quantities, noticing structure,
studying change, generalizing, problem solving, modeling, justifying, proving, and
predicting. (Kieran, 2004, p.149)

2.2.2 Algebra in school

The complexity of algebra in school as a research topic has been focused by Kendal and Stacey
(2004). The study is an effort to capture the thinking and reasoning behind school algebra in
different parts of the world. The countries involved are Australia, Brazil, Canada, China, Czech
Republic, England, France, Germany, Hungary, Israel, Italy, Japan, The Netherlands, the Russian
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Federation, Singapore and the USA. The chapter is based on the research done by Sutherland in
2000, “A comparative study of algebra curricula”, among others (op. cit).

The organization of pupils and the structure of the mathematics content have consequences for
the goals of algebra and the approach to teaching it. The educational jurisdictions are considered
in terms of the duration of comprehensive schooling and streamlining of students. A conclusion
made by Sutherland in Kendal and Stacey (2004) is that algebra thought in comprehensive
classes focuses on generalization activities while streamlined classes have an emphasis on
symbolic aspects of algebra. This has implication for who learns algebra and when. The
exception is Japan who has mixed ability classes throughout high school but still places a strong
focus on symbolic transformation. Two different structures of mathematics are recognized: the
integrated mathematics and the layer-cake approach. This variation in structure makes the
discussion of “what is algebra” and related “who is a teacher of algebra” very complex and
difficult to conclude. Some views of algebra are presented:

a) A way of expressing generality and pattern (strongly evident in British Columbia,
England, Victoria, Singapore).

b) A study of symbolic manipulation and equation solving (Brazil, France, Germany, Hong
Kong SAR, Hungary, Israel, Italy, Russian Federation).

c) A study of functions and their transformations (France, Hungary, Israel, Japan, the
Netherlands, USA).

d) A way to solve problems (usually word problems) beyond the reach of arithmetic
methods (Czech Republic, France, Hungary, Italy, Japan, Hong Kong SAR, Singapore).

e) A way to interpret the world through modeling real situations, precisely or approximately
(Quebec, England, Netherlands, Victoria).

f) A formal system, possibly dealing with set theory, logical operations, and operations on
entities other than real numbers (Singapore, Hungary). (Kendal and Stacey, 2004, p.335)

Another issue presented is the variation of how these aspects of algebra are introduced to the
students in the different countries. This is discussed under five subtitles: “Generality and
pattern”, “Symbolism, formalism and abstraction”, “Other aspects of a formal approach”,
“Functions and multiple representations”, “Using technology”.

So according to Kendal and Stacey (op. cit.) there is no “one way” to teach and approach
algebra, nor is it possible to make a list of content that describes school algebra. The final
conclusion of their study is that the content area of algebra is too large to fit a school curriculum
and therefore choices must be made concerning content as well as the approaches to it.

2.2.3 Obstacles to learning algebra

In the study of Kieran (2004) that was referred to in 2.2.1 (Early algebraic thinking), as an
introduction and as a verification of the need of early algebra, she presents the findings of
Kilpatrick. Kilpatrick takes a closer look at the thinking developed by students in traditional
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arithmetic programs in relation to algebraic thinking. Kieran sums up his findings by stating
some of the adjustments needed for the transition to algebra:

1. A focus on relations and not merely on the calculations of a numerical answer;
2. A focus on operations as well as their inverses, and on the related idea of
doing/undoing;
3. A focus on both representing and solving a problem rather than on merely solving
it;
4. A focus on both numbers and letters, rather than on numbers alone. This includes:
Q) working with letters that may at times be unknowns, variables, or
parameters;
(i) accepting unclosed literal expressions as responses;
(iii))  comparing expressions for equivalence based on properties rather than
numerical evaluation;
5. A-refocusing on the meaning of the equal sign. (Kieran, 2004, p. 140-141)

These are parameters that can be identified in the tasks that are analyzed.

I will sum op this section of review of literature on algebra by stating the position I’m taking in
respect to the analysis in this study. There are many perspectives of algebra and | recognize all
that are mentioned in this review of literature. However, for it to be labeled as algebra in this
study it has to involve the symbolic language. This is also in concurrence with how the
introduction of algebra is defined in the VIDEOMAT project. Developing “algebraic thinking”
without the involvement of symbols | will think of as early algebra. The only exception | will
make in the analysis of tasks is for the problem solving tasks, as | can only evaluate the potential
and the pedagogical aim of a task and not the solution strategy chosen by students.

2.3 Textbook analyses

Research on algebra is extensive within the mathematics education community. Analyses of
textbooks in mathematics have received less attention. However, Howson (1995) did a
comparison of textbooks used in grade 8 in England, France, Japan, The Netherlands, Norway,
Spain, Switzerland and USA in connection with TIMSS. He comments on the pedagogical
structure of the texts and how the mathematical content is delivered. Especially interesting for
this project is a table, which shows the number of algebra chapters in each textbook, that he
presents (Howson, 1995, p. 50):
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Table 2.1: Placing and Percentage of Chapters Devoted to Algebra
No. of Algebra chapter Percentage
chapters numbers of total
England 27 (Part1) 12, (Part 2) 8, 10 11
France 17 4-6 18
Japan 8 14 50
Netherlands 13 3,6,10, 11,13 38
Norway 14 9,10,13 21
Spain 29 1-29 100
Switzerland 9 3,7 22
United States 14 4,15 14

Howson also portrays the topics presented in each country within Arithmetic, Algebra,
Geometry, Probability and Statistics. Here are the algebraic topics covered in the different
countries (Howson, 1995, p. 69)

Tibl_(_e _3.2: Alg__e_braic "I_‘Q[_)ics

Country

Topic Ne No Sp Sw U.S.

Formulae
Graphs for formulae
Linear equations
Equations and inequalities
Linear (affine) maps (y = mx + c)
Polynomials: addition and
subtraction @®
Remainder theorem Q
Simultaneous linear equations ® @
@)
O
O

J
@
=

o000 =
°
o000

Q
|0

Algebraic structure
Quadratic equations
Biquadratic equations

Sets - ' @ @®

E (England), F (France), J (Japan), Ne (Netherlands), No (Norway), Sp
(Spain), Sw (Switzerland), U.S. (United States)
@ Topics covered O Topics only lightly covered

However, this study does not show how the different topics within algebra are presented or the
tasks the students are introduced to and therefore remain a surface study of textbooks. With the
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scope of this research, where eight books are commented on and compared in their completeness,
a more detailed analysis would be a tremendous task.

Textbook analysis is also part of a comparative study involving schools from China, Japan and
the USA done by Stevenson and Stigler in 1992 (Stigler is also a member of the VIDEOMAT
Project). Both textbooks in reading and in mathematics were analyzed. It was found that the
mathematics textbooks in Japan and USA included about the same amount of concepts and skills
while the difference in number of pages was considerable. The American textbooks tended to be
very explicit while the Japanese textbooks are less detailed and the students must rely on the
teacher for an elaboration on the mathematical content. The US textbooks provide many
examples of particular tasks and show each step of the solution. In comparison the Japanese
textbook writers invites the students to engage in problem solving to a larger extent by not
providing detailed solutions. A result is that the students come up with different solutions
strategies and this activates meaningful discussions in the classroom. Lastly, the Japanese
textbooks are attended to in every detail while parts of chapters and also whole chapters are
omitted by the teachers in the USA

In the Nordic countries there has been conducted some studies looking closely at mathematics
textbooks. Brandstrgm (2005) has looked at the tasks and their difficulty levels in three Swedish
grade 7 textbooks. This study exemplifies better what | wish to do in my master thesis but is
missing the strong connection to a specific content area and the international comparison.

Ponte and Marques have done a comparative study on proportion in school mathematics
textbooks (2007). They focus on the approach to this content area of mathematics and on the
tasks provided in the textbooks. The tasks are analyzed with respect to the cognitive demand,
structure and context of the tasks following the PISA framework (OCDE, 2004). Similarities and
differences are commented on. My master thesis will be similar to this study, only the topic is
algebra, and instead of focusing the task analysis in the cognitive demand | wish to analyze them
related to the algebraic content.
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3 Methods

3.1 The empirical material: textbooks

The interest in analyzing algebra chapters from Finland, Norway, Sweden and USA (California)
came in connection with the VIDEOMAT project. The idea was to analyze the textbooks used in
the classrooms that are a part of this project. However, because of the early stage of the project
as well as the timing of my master thesis writing, there is still some uncertainty that the exact
textbooks are used in the specific classrooms. The textbooks from the other countries that are
analyzed were suggested by members of the research group from the specific country. In
Norway, the textbooks analyzed were used in the classrooms.

I am analyzing algebra chapters from textbooks used in two successive grades in each country to
follow the design of the VIDEOMAT project. In an attempt to handle with the national
differences and the difficulty in pinpointing the moment when the introduction of algebra takes
place, it was decided that each country would conduct the research in two grades. The grades
were selected on the basis of an investigation of 6"-, 7™- and 8"- grade textbooks of all countries
involved.

In Norway we found that in grade 6 textbooks letters appear briefly in geometry (as variables)
and in multiplication (as unknowns) but their appearance are not elaborated on. The focus is on
geometry and multiplication, and not algebra. Two widely used 7" -grade textbooks revealed a
large discrepancy in algebraic content (10 pages versus 4 pages). In addition, no definitions or
rules were part of the algebraic experience provided in these textbooks. The 8™M-grade textbook
investigated has a larger amount of algebraic content, and rules and definitions are clearly stated.
Finnish and Swedish textbooks seem consistently to be one year ahead of the Norwegian
textbooks, even though children start elementary school in Norway one year before their peers in
those countries.

To get data that is comparable it was decided that each country will collect data from two grades.
Finland and Sweden will observe in 6™ and 7™ grade, where the students are 12 and 13 years of
age. Norway will collect data in 7" and 8" grade where the students are of the same age as the
other Nordic countries. In USA the data will be collected from 6™- and 7"- grade classrooms and
here the students are one year younger, respectively 11 and 12 years.
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Textbooks analyzed:

Finland 6. grade: K. Asikainen, H. Filden, K. Nyrhinen, P. Rokka, P.
Vehmas, S. Tornroos
& K. Westerlund. (2008). Min matematik 6.
Helsingfors: Schildts Forlag.

7. grade: M. Heinonen, M. Luoma, L. Mannila; T. Tikka, H. Lindgrén, H. Mitts &
C. Séderback. (2010). Pi 7. Helsingfors: Schildts forlag

Norway 7. gade: Pedersen, B. B. (2005). Abakus 6A. Oslo: Aschehoug & Co.

Pedersen, B. B. (2006). Abakus 6B. (2.edition). Oslo: Aschehoug & Co.

8. grade: Hjardar,E. (2006) Faktor 1. Oslo: Cappelen Damm.

Sweden 6. grade: Carlsson, S., Liljegren, G., & Picetti, M. (2004).Matte
Direkt Borgen 6A. Stockholm: Bonniers.
Carlsson, S., Liljegren, G., & Picetti, M. (2004).Matte Direkt Borgen
6B. Stockholm: Bonniers.

7. grade: Carlsson, S., Hake, K. B., & Oberg, B. (2001).Matte Direkt Gr 7. Stockholm:
Bonniers.
USA 6. grade: Bennett, J. M., Burger, E. B., Chard, D. J., Jackson, A. L.,
(California) Kennedy, P. A, Renfro, F. L., Roby, T. W., Scheer, J. K., &

Waits, B. K. (2008). California course 1: numbers to
algebra. USA: Holt, Rinehart and Winston.

7. grade: Bennett, J. M., Burger, E. B., Chard, D. J., Jackson, A. L., Kennedy, P. A., Renfro,
F. L., Roby, T. W., Scheer, J. K., & Waits, B. K. (2008). California course 2: Pre-
algebra. USA: Holt, Rinehart and Winston.

3.2 The tasks analyzed

I have chosen to analyze the 60 first tasks in the algebra chapters from the textbooks listed
above. Only tasks from the units in the textbooks have been included in this group of tasks. The
two Swedish textbooks, Matte direkt 6B and Matte direkt ar 7, have units with diverse levels of
difficulty (color coded) presented after core units. One of these levels does not progress from the
common material and | have therefore chosen to proceed analyzing the tasks from the advancing
level of units. The Norwegian textbook, Faktor 1, have an additional book with tasks organized
by the same units as the textbook. Because the textbook has so few tasks presented | have
interpreted the tasks from the additional book to belong to the corresponding units. The tasks in
this book are categorized in three levels of difficulty and I have analyzed the ones belonging to
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the second category. | refer to chapter 4.1 for further details on the structural aspects of the
textbooks.

In the American textbooks the material is very extensive and the chapters that has been analyzed
from these books includes units which have not been considered to be part of an introduction to
algebra and neither algebraic. In Numbers to algebra | bypassed unit 1-2 Exponents and in Pre-
algebra the unit 1-3 Integers and absolute value.

I contacted the publishers of the textbooks and obtained permission to upload these tasks in an
Internet based research program, Dedoose, where they have been codified. However, one
textbook, The Norwegian 6™ grade textbook Abakus 7, has not been a part of this codification as
it does not have an algebra chapter. This textbook has been analyzed manually for tasks that
include symbolic language, and in addition, tasks that have been recognized as early algebra.

3.3 The methodological approach

In order to answer the questions formulated in this study, the qualitative content analysis
approach has been used. After the textbooks have been chosen, | focus particularly on the tasks
in the algebraic chapters. First of all a preliminary table has been elaborated, where different
components of the tasks have been explored (see Appendix 1). Secondly, these components have
been applied as codes in the Internet based research program Dedoose. In using the codes |
observed that some of them could be merged in a higher hierarchical level. The codes have also
been reformulated based on the review of literature.

3.4 The coding system

The codes are developed as an effort to describe the tasks encountered in the textbooks. The
codes have been modified and reduced as points of interests have emerged from the data.
Reviewing literature and looking at algebra from a historical point of view have played formative
and constructive roles in the coding scheme.

3.4.1 Codes describing the introductory tasks

A set of codes are developed to register how algebra is introduced in the textbook. Bell (1996)
focusing at the problem-solving approach to algebra recognizes four formal approaches to
introduce and develop school algebra: generalizing, problem solving, modeling and functions.
Both formal and informal approaches have been found in the textbooks. The main code (root) for
this part of the task analysis is “Introductory tasks” has six child codes. The textbook “Pi 7”
works extensively with patterns in the introductory section and to capture the purpose of this
section | have chosen to further codify these tasks with five sub codes.
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Table 1. Codes for introductory tasks

Sequence of
operations
Integers
Equivalence
Introductory
tasks —
Generalized Identlfqug and
. . continuing a
arithmetic
pattern
Problem solving Interpretlng
rhetoric rule

Interpreting

Pattern .
symbolic rule

Formulating
rhetoric rule

Formulating
symbolic rule

The code “Sequence of operations” is an informal approach aimed at preparing the students for
performing correct operations as they begin solving equations in the fashion of doing/undoing.
“Integers” as a starting point to algebra are a formal way of talking about and working with
operations on the whole numbers. It seems to be an introduction to negative numbers as well,
often called the opposite number. The introductory tasks focusing on “equivalence” is a
preparation for working with equations. The equal sign in arithmetic often take on a meaning of
an operational sign for the students. Beginning algebra requires a correct understanding of this
sign. “Generalized arithmetic” can be interpreted as a preparation for symbolic manipulation.
The tasks aim at letting the students become familiar with the commutative-, the associative-, the
identity and the distributive property. The code “Problem solving” is defined broadly as any task
that cannot easily be solved with a known algorithm. The code “pattern” represents the approach
to algebra through generalization.

3.4.2 Codes identifying the perspectives of algebra

I have recognized five perspectives of algebra from the literature that is detectable in the
textbooks analyzed: “Algebra as a language”, “Algebra as generalization”, “Algebra as problem
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solving”, “Algebra as symbolic manipulation” and “Algebra as equation solving”. These
perspectives are codes that are most often applied exclusively as the main pedagogical objective
of the task is evaluated. However, there are a few tasks were two aims are evaluated to be equal
and then two of these codes are applied.

Working with algebra in the activities of generalizing and problem solving can provide a
meaning for the use of algebra. | will define “Algebra as generalization” much more narrowly
then as done by Mason (1996). As generalization is an essential activity within mathematics as a
whole, 1 want to make the distinction between the use of symbolic language to express or
interpret generalities and the general mathematical activity of generalizing. Therefore this code
will only be applied when there is an appearance of algebraic symbols. It is in the creation of a
link between “Algebra as a language” (the language of generality) and the activity of
generalization that a meaningful and rich context for the learning of symbolic algebra can be
provided. “Algebra as problem solving” is a code that is applied to tasks that cannot be easily
solved with a known algorithm and that focus on the relationship between quantities (analytical).
Referring to Bednarz and Janvier (1996), see section 2.1.2, these tasks do not provide a direct
connection between the known numbers but must be solved with the relationship between
several quantities in mind at the same time.

In the development of algebra we have seen that the methods developed for solving equations
were closely linked with problem solving. However in the context of school today these modes
of working often appear completely separated. | have therefore added as an additional category
of tasks, “Algebra as equation solving”, where the pedagogical focus is on strategies to solve
equations. “Algebra as symbolic manipulation” is applied to tasks that simply ask the students to
simplify or transform an expression with no other aim at heart.
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Table 2. Codes identifying perspectives of algebra

Interpreting

equation
Interpreting rule

Perspectives of Algebra as
algebra generalization

Interpreting
definition

Algebra as

. Formulating rule
problem solving

Simplifying

Algebra as

symbolic

manipulation

Transforming

Numeric trial

Algebra as

equation solving

expression

Interpreting
equation

Interpreting
formula

Algebra as a
language

Interpreting
inequality

Formulating
expression

Formulating

Doing/undoing

24



To provide a better understanding of the codes | will present some tasks that can exemplify them.

Figure 1. Algebra as a language and Algebra as equation solving (Min matematik 6):

29. Skriv ekvationen och berakna vérdet pa
X. Kontrollera ditt svar.

a. Talet x multiplicerat med talet 4 &r lika
med 32.

c. Talet 5 multiplicerat med talet x ar lika
med 15.

e. Talet x multiplicerat med talet 14 &r lika
med 420.

b. Talet x multiplicerat med talet 6 ar lika
med 42.

d. Talet 13 multiplicerat med talet x &r lika
med 1609.

f. Talet 15 multiplicerat med talet x ar lika
med 240.

In this task we can detect a dual pedagogical aim, which are equal, of developing the algebraic
language as well as equation solving, therefore both codes are applied. To further specify the
task the child codes “Formulating equation” and “Doing/undoing is attached.

Figure 2. Algebra as generalization (Pi 7):

Hur ménga tindstickor finns det pa bild
nummer ¢

Bild 1 Bild 2 Bild 3

N N
X X
N N\

'The strategy for solving the equation is decided by the intentions put forth through examples in the textbooks.
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The main pedagogical aim of this task is that of generalizing. The task is asking for an
expression including the variable n. The solver must first recognize the pattern in the pictures
and then describe the relationship between the picture number and the quantity of matches. In
writing this expression the solver states a generalization of this relationship for all the pictures
that would follow in this sequence. The root code “Algebra as generalization” is applied and
further the child code “Formulating rule” is applied as well.

Figure 3. Algebra as problem solving (Min matematik 6)

49. Pa en laktare finns 55 personer. Av de vuxna &r ménnen 5 fler @n kvinnorna.
Barnen dr tre ganger sé@ manga som kvinnorna.

a. Hur manga barn finns det pa léktaren?
b. Hur manga kvinnor finns det pa laktaren?
c. Hur manga man finns det pa laktaren?

Kontrollera ditt svar genom aft addera antalet barn, kvinnor och mén.

This task is codified with “Algebra as problem solving”. If we look at the problem there does not
exist an easy connection between two objects, the solver has to operate with the relationships
between all the objects at one time. The context is understood as a “Real life” problem. Algebra
as a language can be an efficient tool in solving this problem, but the task does not suggest a
solution method. If the task will be solved with algebra the solver has to create the representation
(variables and equations) which will require some proficiency in this language on the student’s
part. The pedagogical aim of this task is therefore viewed as developing skills in problem
solving.

Figure 4, Algebra as symbolic manipulation (Faktor):

6.22 Trekk sammen.
a)3a+4b+ 2a+ 3b
b) 3x + 2y + x + 4y
cdm+ 2n-3m+n
d) 8k + 5/ - 7k - 3/

The code “Algebra as symbolic manipulation” is applied to this task. The pedagogical aim is
clearly that the students gain practice in how to simplify expressions.

A code (Context) is used to register another element of the semantic aspect of a task. The context
IS important as it connects variables and expressions to a familiar situation or object. The code
“Real life” is used in the most inclusive meaning thinkable. It simply means that connections are
made to something outside of the mathematical realm. If neither of these codes are used it means
that the context is intra-mathematical (simply its own topic). Some of the books provide more
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variation of context but because of the limitation of this study to only include the 60 first tasks,
the contexts of geometry and real life are the only contexts detected in the textbooks.

3.4.3 Further characterization of tasks

To obtain more descriptive details of the tasks I have ten additional codes:

e Repetitive

e Multistep

e Formal mathematical language
e One variable

o Figure or empty box
Two or more variables
Fractions
Negative numbers
Decimal numbers
Exponentials

3.5 Reliability

The issue of reliability has been contemplated in this research. The categories developed are
considered as stable as they either describe main aspects of algebra or introductory topics. The
different perspectives of algebra are almost like different sides of a dice and so do not easily
overlap. The introductory tasks have been separated into six topics that cannot be confused. The
codes developed could be seen as more descriptive in nature than analytical. In addition, the fact
that these codes have mainly been developed inductively through intensive work with the tasks
has given the result that the codes fit very well with the material and few uncertainties occurred.

The codes have been designed so that the numbers of child codes add up to the quantity of the
root code to which they belong (with the exception of “Introductory tasks”). This provided a
great opportunity to discover coding mistakes. In addition, all the tasks have been reviewed and
some recoded, a minimum of five times.

It would have been suitable to have a co-coder. This is also easily done in Dedoose, as another
researcher could be given access and codify independently. However, because of the exploratory
nature and the limitations of a 30 point master thesis this has not been done.
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4 Analyses

This study is centered on the analyses of the 60 first tasks presented in the algebraic chapters.
The main focus is on the introductory tasks and secondly the algebraic tasks. As an introduction
to the analysis I will describe the general structure of the textbooks analyzed, which can give an
indication of the view of instruction behind the making of the books.

4.1 The pedagogical structure of the textbooks

In this presentation and structural description of the textbooks I’m using the book of Howson
(1995), Mathematics textbooks: a comparative study of grade 8 texts as a model.

All the books studied are aimed at the general population of students. The organization of the
material in the textbooks will be described with respect to, chapters, units, introductory activities
or examples, presentation of kernels (definitions, procedures, etc.) and exercises. In addition it
will be commented on how the different textbooks deal with differentiation, review and key-
answers.

4.1.1 Organization
Chapters

All the textbooks analyzed are divided in chapters which are then portioned into smaller units.
The chapters and units are named by content in all the books except the Finnish textbook Min
matematik were the chapters are simply numbered. In addition there is nothing marking the
advancement from one chapter to another, and the transition from one content area to another is
very subtle (in comparison, the other textbooks, with the exception of Abakus 7, use 2-4 pages to
introduce a new chapter). The units in Min matematik are labeled by the content and they run
from 1 to 86 independently of the chapters. All the books have pages with additional tasks and
activities. I have chosen to only analyze the tasks that are part of the units in the textbooks, as the
units appear to be the core material in all the textbooks.

To provide an overview of the organization of the textbooks related to the algebraic chapters |
present this table:
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Table 3. Place and percentage of chapters devoted to algebra

Nationality Grade No. of Algebra chapter | Percentage of | Total

level chapters numbers total no. p.
Finland 6 7 (8.chapter 6 14 263

is review)

Norway 7 6 0 0 376
Sweden 6 10 9 10 320
USA 6 11 1,11 18 601
Finland 7 3 3 33 312
Norway 8 7 6 14 292
Sweden 7 7 6 14 304
USA (California) 7 12 1,3,12 25 633

According to table 3 Finland and USA (California) devote more time to Algebra then the other
countries. This is in spite that the students in California are one year younger than the students in
the Nordic countries. Norway has a lesser focus on algebra than the other countries even though
the students start school one year before their Nordic peers. The number of chapters in each book
also varies greatly from 3 (Pi 7) to 12 (Pre-algebra) which might be a suggestion of a difference
in amount of topics covered in a year. The California textbooks have almost the double amount
of pages as the other textbooks. This is due partly to many organizational- and standard related
pages. The books also offer a lot of additional activities and tasks. I also wish to comment that
parts of chapters and also whole chapters may be left out from the teaching as the material is so
extensive as explained by Stigler (1992)

Units

In this sub-chapter I will present some examples of the units in the textbooks. For the most part a
unit from one textbook is shown as representative of similar units in other textbooks and therefor
only four samples are given.

In the American (California) textbooks each chapter is divided in up to 11 units. These units
have the same structure throughout the books. For the most part 1 unit consists of four pages
where the first two pages consists of kernels, examples and two ‘think and discuss’ tasks, in that
order. The remaining two pages of the unit are devoted to tasks. Here is a typical unit:
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Figure 5. Numbers to algebra

EXAMPLE ({21 identifying and Extending Geometric Patterns

Identify a possible pattern, Use your pattemn to draw the next
three figures.

«l/ ,@® AR, @0
wihy learn this? You gan use 3

A pattern is altormating sguares and circles with irangles
o s d between tfem.
patter to find out how many feotha / .
teams are in each round of playeffs 3 L

e nexr nree ngureswitl be | 2 @
.k D & N

A pnetern is bo shade every other trangle in a clockwise direction.

The next three fgures will be @ @ [

Numbers
and Patterns

The panern in the table shows that the
numibes of toams in sach round of playoe(is is
half the number of teams in the previans rournd.

Footiall Playoffs

£% A MPLE (Al 1dentifying and Extending Number Patterns

Mentify a possible pattern. Use your pattern to write the next

thrae numbers.

@ e, 32, 16,6, 0. 00, 0, . ..
G132 16

EXAMPLE (3 ) Using Tables to identify and Extend Patterns

Make a table that shows

the number of triangles in

wach figure. Tall how many %}& T o
triangles are In the. fifth e e
figure of a possible pattern. Use draveings to justify your answer.
The tahle shewes the nusaber of tlangles in cach figere,

o
e OF R
295 Remsomniag oa

T2 ¥2 +2
A pattern s to divide each number by 2 to get the mext number,
B4+2=4 4+2m2 2+2=1
The next three numbess will be 4, 2, and 1.

@B 51, 44,37, 50, 1, B,

e C—
+2 42 +2 +2
LA 2 Figure 4 has6 + 2 = Briangles. Figure 5 hus 6+ 2= 10 triangles.
i

A pattern s (o subtract 7 from each number to get the nest

nusmber, \

30 -7=23 2 -T=16 H—7=9 i igura 4 rrpry

The next thee numbess will be 25, 16, and 8. ——

i ...

2 3 5 8 12 M@ h‘ﬂ
A s T B

A patters is to add one more than you did the time befoce.
12 +5=17 17 +6=23 23 + 7 =50
three numbers will be 17, 25, and 300

AE 23,58 12,

e e, ess—m

e —
Think and Discuss
1. Describe two different number patiems that begin with 3, 6, ...

2. Tell when it would be useful to make a tabls to help you identy
anad extend a patiern

-1 Numbers and Patterms 7

Homewerk Help Galine Identify a possible pattern. Use your pattern o find the missing numbers,
[

Peeparstizn fos AFES 0 WSECA, -1 19. 3,12, M, 192, ree, B, M. ... 20, 61,55 I, 3. 0, M. 25, ...
— Parcnt Resources Online
21 W, W 10.27,35 . 51, ... 2z 2, [8.8, .32 64, 10, .
M GUIDED PRACTICE - . Hoskh The bl dvs D e[t
o il & thres * . e}
See Example Jdentify a possible paitern. Use your pattern (o ‘”d'c,:ln.“' P Assuming the pattern continues, what is the Age I Heart Rate
1. 6 14,22 30, [, B, . ... 2. 1,3.9,%7. . & target heart rate for a 40-year-old athleto? a Meats por minute)
3. 5o, 50,41, 32, . . K. ... 408900 14, 0. .9, ... Gi-year-old athlete? 2 150
Drraw the h pratter,
sep Exarple €8y Identify a posdble pattern. Use your pattern (o drav the next three figures, Gy "”_‘ three figures in cach patiern 25 _e
o Pao 3 “Pp A€V A [
"Wamsas oPod . ABLQIVPA . LT ]
e example @3 7, Make  table that shows the numbr of green triangies i each figure. 2 25, ..‘. mLAs®
QT;‘ Tell o vmamy Ereen triangles are in the Hfth fgue of a possible pattern. 3

User Arawligs to justify your answer, 26. Socal Studies In the ancient Mayan clvilization, people used a number

5 systern based on bars and dots. Several numbess ave shown below. Look
‘ m m m for a pattern and write the number 18 in the Mayan system.

Figere 1 Figure 2 Figure 3 ) . S
| INDEPENDENT PRACTICE R B W 1F 15
see Example @i Tdentify a possible pattern. Use your patiern oy werie thee muet threse mmbess,

? 27. What's the Errar? A student was asked to write the nest three numbers

- . F “A N K e i the pattern 96, 48, 24, 12, ... . The student's response was 6, 2, 1, Dheseribe
& 27.24,21. 16, . 00, . ... 9. 4,096, 1,024, 256, 64, . B et
¥ . ct the stsdent’s error.
| 40, 1,37 1%21, 1, . W, ... 11, 14,37, 60, 83, [, [, G, ... - o
e Ly 1y L S ’ (] 28. Write About 1t A school chiess club meets every Tuesday dusiog the
. e @ 1dentify  possible patiern. Use your pattern to draw the nest throe figures. month of March. March 1 falls on a Sunday. Explain how to use a number
See Example &

T- - - pattern to find all the dates when the club meets.
| HE . Py . | | ,ﬂ. & 13 @ Q@ @ @ 29. Challenge Find the &ird number in the pattemn 5, 0, 15 20,25, .-

i . Tl how piy abets
le @@ 14. Muke 8 table that shows the rumbe of dots in esch fgue, T
e o are in the sixth figure of 8 paoasihle pattern. e drawings to justify your answer

i
L] SeiraL Stanoanos Review
L] - e
| » Fracts _'.'.'. 30, Multiple Choice Which ule best describes the pattern 2, 6, 18,54, 162, . .. ¥
- - - 2
| Figure 1 Figure 2 Figure 3 Figuea 4. B Add 4, B Add 12, o Multiply by 1 i Multiply by 4.
31. Short Response What could be the next number in the pattern 9, 11, 15, 21, 29,
[ PRACTICE AND PROBLEN SOLVING 34, ., 7 Explain how you determined your answer.
(LTI  Use the rule to write the first fiwe numbers in each pattern.
15. Start with 7; add 16 1 cach number to get the next number. Hound each number (o the neatest hondred thousand. (Freviows course)
16, start with 96; divide each nusuber by 2 10 get the next number. 32 4,224,315 33. 12,483,028 34, BO72.338

17, Start with 50 subteact 2, then 4, then &, and soom, to get the next number.

Find each quotient. (Frevious course)
18. Reasoning Suppose the pattem 3, 6, 9, 12, 16 . is continued 9 35, 3,064 + 26 36. 5,680 + 35
foreves Will the number 100 appear in the pamerni Why or why not?

37. 51,404 + 136

1-7 Numbers and Patti ]
8  Chapter I Algebraic Reasoning Ll i
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The Finnish textbook Pi 7 has a similar structure. However, several kernels are presented and
after each follow a number of examples. The units vary from four to eight pages long, but the
kernels and examples are always in the first 2-4 pages and then there are 2-6 pages with only
exercises. Often there are multiple kernels presented in one unit and for each kernel there are
given examples.

Figure 6. Pi 7

D4 vi ridknar upp tal efter varandra far vi en talfisljd. Talen i
lement och vi skiljer dem &t med ett komma,

talfiljden

Talfsljden 10, 20, 40 har tre clement. Det forsta clementet
r 10, det andra 20 och det tredje 40.

En talfisljd kan vara andlig eller ofindlig. Vi
ar olindlig genom att skriva tre punkter i slutet.

~f] exemern
[alftdjden 1. 2, 4, 8. 16 4r dndlig.
r odndlig.

20 4r andlig.

Olika talfcljder

Ofta bildas en talfoljd efter ndgon bestimd regel. Vi kan t.
i nista element i en talféljd genom att addera eller subt
foregdende element med ett bestamt tal. Vi kan ocksi {4 nasta
element genom att multiplicera eller dividera fiiregiende

X

hera

clement med ndgot tal.

~ag] Fxemre o1 4147 41
i T Tt Tk
@) Nista element | talfoljden 0,1, 4. ... far vi genom
att addera fireghende element med 1.
+6 46 26
" e Ya
i) Mista element | talfsljden 2, 8. 14, 20, ... fir vi genom

att addera fireghende element med 6,

2 -2 -2
e P o ra
jden 0, —2, —4, —

£} MNista element i talfa
genom att subtrahera foregiende element med 2 eller
addera foregiende element med -2,

-] exemeel 11

PEL 2 32

- ALy .
i @) MNasta element i talfoljden 1, 2, 4, 8 16, ... fir vi genom att multiplicera
firegiende element med 2.

3) 2) 3 62

e
T XK Ts, . farvi genom att multiplicera

Nista element | talfljden 1
foregiende element med -2,

H 2 33
i : A
MNasta element i talfoljden 16, 8,

element med 2 eller multiplicera féregiende element med 0,5,

. far vi genom att dividera foregiende

Regeln fsr hur vi bildar en talfljd kan ocksd vara att ett element beror av flera av de
firegiende elementen. En talfiljd kan ocksd bildas s att tvd olika talfljder skrivs in I
varandra.

243 548

| Nasta element i talfoljden 1 .I]_ fr vi genom att addera

de tvi furegiende elementen.

11 a2 o+

i - k)

i b) Talfoljden 1,12,3,9,5,6,7. 3, ... bestir av talfoljderna 1, 3,5, 7, .. och
i o S T L

3 3 3
12,9, 6, 3, ... Regeln for den forsta talfoljden dr att addera foregdende element

med 2 och for den andra talfdljden att subtrahiera foregdende element med 3.

0
o _ . - Vilken ir regeln for hur tal- och >. 1 tabellen har de fyra farsta elementen i
En talfsljd dr 2, 6, 10, 14, Bilda mll’hln!en =i att den kan .~p|;|llf;|.~. bokstavsfsljden bildas? en talfoljd skrivits ut. Koplera tabellen |
Vilka tal dr element i talféljden? upp | tva talféljder som vardera uppfyl- LB 2.0, 35 F A2 D 4.L6P ditt hiffte och komplettera den
Vilket tal dr det tredje elementet i ler villkoret § a och s att clementen frir T .
talfisljden? de olika delarna uppfyller villkoret i b. . " ele-  wle-  sle-  ele-  ele- le-
G, Skriv som en talfoljd. Ar talfljden 4ndli T e
Ar talfoljden dndlig eller odndlig? e ek K eindlE = NG, (Wi etk | ik W
Bilda en oandlig ralfoljd som bestar av R liwi;h_kl i 5 7 9 1
Vilka fir de tre fljande elementen § Janma naturliga tal i storleksordning I\_\i‘s‘:”.ng_ e i
talfiljden? heltal | storleksordning primital mindre an 20 it ) e elee el de  de el
. negativa heltal vars absolutbelopp 4r i et ment ment mens  ment et
o : 1 2 Fi 5 0
delbara 1 fern, i storleksord . i . :
elbara med fem, i storlekson 8. 7. Vilka tal star x och y for? i g 2 £ 15
Skriv en talféljd med fem element dir de| i
mittersta elementet 4r 15 och = 21 1s 30 x . Hur minga tandstickor behiver vi for
som bildas av heltal i storleksordning 2 3 5 11 ¥ <) bild 4 bild 57
som bild; v udda heltal i T R 2 —_
storleksordning - -
s e Vilket r fljande element | tal@ljdent
dir varje element &r 3 mindre in s Lt
fuljande element. ! i R R
Hur ménga element har talfiljden? 5 3 ‘ g 2 H“Il) 1
2,5.4.7.1.0.8.6,3 b)3.2,1.0.-1....  Fortsitt talfljden med tre element %% 3 i o 10,115
10, 20, 10, 20, 10 7.14,21,....49 1,.4,9 16, .
12.7 Hur ménga stjirnor finns det pd
Fortsitt foljden med tva bokstiver. 2 I;i I]tn - decifimgs bidsn?
CEG e P Sid1 MY BEA3 . MdE | mias ‘ I| |r; minga smi kvadrater finns det pA
- . i bild nummer
- 1 -3,9,-27, ... o |l | [P ; 4 b) 5 107
. 100 000, 10 000, 1 000, .. ¥
a2, _3,3,-3,. +r +r ﬁ‘if‘i' 1,"(‘* g mid 1 Bild 2 __mad3
v ut de fyra forsta elementen i | x e 3

wljd dar det fisrsta elementet fr
3 och varje nytt element dr 5 storre 5 .
an det foregiende 5, =10, 15, =20, 25, ...

42 och varje nyit element iir 6 mindre
an det foregiende

5 och varje nytt element ir tre ginger
4 stort som det foregiende

varje nytt element ar halften av
det foregiende.

1 .
mte, sjitte och

En talfoljd barjar 1
Skriv ut talfoljden:
sjunde element,
Skriv med ord regeln for hur talfoljders
bildas.

Rilda en tal
och 8 si att

rn 2, 7,3,9, 10,1, 5 Vilket element saknas i talfisljden?
ment narmast efter 1.2, _.8.16 L2, _.7.11
re fin det foregiende 1.2,_.58 245

Skriv ocksd med ord regeln fir hur

r mindre in det firegiende.

talfsljden bildas.

1 Vilket dr det tionde elementet |
talftljden?

2.4.6.8. ... f

5,10,15,20, ... i Bild 1 Bild 2 Bild3

&

+. Hur ménga tandstickor finns det pd bild
nummer #¥

1. Det m:te elementet | en talflid fir vi med
hjilp av regeln n + 3. Skriv ut talfoljdens
fem fiirsta element.

OO0
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The other textbooks are divided into smaller units that appear less separated. In the Swedish
textbooks a unit is often only one page with a headline, a kernel with examples and tasks. Here is
an example:

Figure 7. Matte direkt

Uttryck med en variabel
Uttryck med flera riiknesétt

En variabel fir nfigot som kan variera, nfigot som kan ha

P4 sjrtvartn handlas det med fremal som hittass © olika viirden. Ofta skriver man variabeln som en bokstav.
i olika kistor. Priserna dir i guldmynt. Se prislistan. Omk 445484 %)

1 o meres: (3 + 3+ 3 + 3)om =
Om kostnaden kan skrivas 30 + 3 - 50 har du I:l 3em .3 u“[ —19 cm '

kispt ett armband och tre halshand

30 + 3 - 50 kallas ew uttryek fiir kostnaden. . 1 l:l . (_)u.k..ﬂi: EEXEXE XS i prerinte ot mulipikationstecknet
Du B betala: = =4 x = 4x medlan en siffra och en'variabel.
30 + 9 - 50 = 30 + 150 = 180 guldmynt. N &P 5 1 den lilla kvadraten vet vi inte hur Fing sidan ar, den kan variera

b €

. Poe Vi kallar den x. Kvadratens omkrets blir di 4x.
: L Uttrycket fr kvadratens omkrets fr 4.
5 N =75 29 - H
ARSI SR ), 2 Omkretsen av alla kvadrater kan beskrivas med uttrycket 4x.
Man skriver oftast inte ut multipli- o T Virdet pi « 4r lingden pi sidan. Nar du vill berikna omkretsen
i ¥ delsten 12 av en speciell kvadrat siter du in lingden pd sidan isciller fr «.
.
5010 1 12) = 5 - 22 = 110 guldmynt . En kvadrat som har sidan 5 cm har omkretsen 4 - 5 cm = 20 cm.
: £)=2-22 guicmy Rin ard 30 Man siger att virdet pd uttrycket 4x ar 20 cm.
m
Né&r man har flera réknesdtt i en uppgift Ar 50
réknar man i den hir ordningen: Halsk .
1. Parenteser 7 Pi sjortdvaron har olika byar sina speciella "byméirken”, gjorda av lika
2. Multiplikation och division Linga pinnar — ju lingre omkrets (fler pinnar), desto mikrigare by.
3. Addition och subtraktion Vad blir omkretsen av byméirkena om Lingden pd varje pinne ar 2

a) - b} <)
A
Pi sjorovarens nota stod foljande urtryek. '\ _J '
Vad hade han silt och hur méinga guldmyne fick han? _ r__'_&'-‘-"’

\
1 a)2-10+ 15 L) 30 + 2 - 50 ) 512+ 53-10 8 wvad blir omkretsen av A

\ \

varje figur i uppgift 7 \ll N

2 a)3(15 + 50) b) 2(10 + 15) ) 15+ 2010 + %)

om x har virdet
3 Skriv ett uttryek och rikna ut hur mycket du ska betala for a)4 cm b) 7cm

a) 3 ringar, 10 pirlor

9 a) Skriv ett utryck fir omkretsen av dessa stjarnformade bymirken

b} 4 halshand, ett armband ach 5 ringar om Lingden pd en pinne i mirke A 4r % medan lingden pi en
. pinne i mirke B ar y.
Rikna T )
AK A ut tf\\ -, : Kom H?ﬁg ”
4 a)2 +4-5 b8 - 4-6 ) 3T +6-2 — e s 3r=3-r
\ L L
5 12 . by s 36 Sl 50 S AN DB
Ty e Ty EERRENT) e ,r— by v
6 )34+ 5) b)2(6- %) + 5 ©) B4+ 2 -28-3)

b) Hur stor blir omkretsen av byméirkena om v ér 5 cm?

Algebra och ekvationer | 173 174 | Algebra och ekvationer

The units in the Finnish textbook Min matematik are similar only there are more tasks provided
and the units are 3-4 pages long. The tasks are divided into; tasks following the kernel,
homework and additional exercises. (In the Swedish textbooks, tasks for homework are in the
back of the book). The Norwegian textbook Faktor 1 have similar units only there are more
examples provided and there are fewer exercises. This textbook comes with an additional
exercise book.

The Norwegian 6™ Grade textbook Abakus 7 does not follow the structure of the other textbooks
were kernels and examples are presented prior to the tasks. Often the units open with an
exploratory task and sometimes a small kernel appear among the tasks. Very few examples are
given and many units do not provide an example at all.
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Figure 8. Abakus7A

‘ IRy S 49 Hvor mange kubikkcentimeter T —
Vﬁlum far plass i : E Gl
P r e |
a bunnen pa esken P il LS J
A B K |
,Jl b hele esken : f’],
i A A
+—( Sy
W I
L J—,' 7 1 L r - = e 50 Hwvor mange kubikkcentimeter er eskene?
| Al | 7 | >l A
|7 7 -"/’I | e | | : Sl /_,» A B '; j i i i J
I+ B | 1 - S (e |
i S ] | | | f |
o ST TR | |
47 Hvor mange terninger har hver figur? ‘ : l iy Gl [2¢m | | Iq o
Diskuter hvordan du finner det ut. . = [ [ | | .l [ = |
=cl R T [ | T. L
- IS il
3 em ! | S 1L ,/:(\
| GO =i S v
5em
C _
En terning med sider 1 em har o _.f]l _.»-"T " ’I
volumet én kubikkcentimeter. It em? s —( - _‘,/ ||
Vi skriver 1 em? 4 | | | 3cm
| B S o
A P o
‘ ’ T
A _——— B == C B d A
e "-f} et M 4 cm v
i 1 1A S T A L P |
%0 | P
17 -
L1 W ‘_ _} L3 1, ‘ .
— ¥ e | 1 " ‘ :
|
L
48 Blokkene er laget av terninger som er 1 em?®. |
Hvor mange kubikkcentimeter er hver blokk?

Abakus 7 reflects a constructivist view of knowledge where the students are to “create” their own
mathematical knowledge through inquiry and discovery. The other textbook in this analyzes
display a more traditional view of learning where students adopt new knowledge through
instruction and examples.

4.1.2 Differentiation

Differentiation in this subchapter is the pedagogical term for providing instruction that is
appropriate for the individual student’s abilities.

The American textbooks and the Finnish Min matematik have no obvious hints of differentiation.
However, the units in the American textbooks contain an average of 40 (roughly estimated) tasks
where the first page are very basic and drill type of tasks while the second page often have more
challenging tasks that are labeled similarly in each unit: Multi-Step, Hobbies, Science, Nutrition,
What’s the error?, Write About It, Challenge. It is possible that the higher attaining students
spend more time solving this type of problems while the lower attaining students have a thinner
diet of more basic tasks. The same type of differentiation may apply to Min matematik, as the
textbook provide an additional set of exercises in each unit which contain problem solving and
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application tasks. This textbook also provides differentiation in the repetition tasks at the end of
each chapter. A part of this repetition is a page with tasks that has the headline “Do you know
this?”. After working with these tasks the students are asked to describe their proficiency with a
letter; A (I need to practice more), B (I know this fairly well) and C (I know this very well). Then
there is presented repetition tasks (5-7) labeled by the letters.

The Finnish textbook Pi 7 and the Norwegian textbook Factor have differentiation in form of the
tasks provided. The units in Pi 7 have a large amount of tasks often covering 4-6 pages. The
tasks are divided in three difficulty levels which are called: basic, deepening and application
tasks. In the unit the deepening tasks are marked with a line and the application task are marked
with a double line. The tasks analyzed are from all these difficulty levels. Faktorl have no
differentiation of the tasks in the textbook with the exception of one or two tasks marked with a
star. There is only an average of 5 tasks provided. However, the exercise book differentiates the
tasks in three categories. The book is divided into chapters corresponding with the textbook, then
into categories 1, 2 and 3 which are divided into units as the textbook. The tasks analyzed from
Faktorl are also from the exercise book as | consider these tasks to belong to the units. The tasks
gathered from this booklet are only from category 2.

The Swedish textbooks and the Norwegian textbook Abakus 7 differentiate in form of units. The
chapters in the Swedish textbooks are divided in a color scheme; green (ca. 10 p.), blue (ca. 5-6
p.) and red (ca. 5-6 p.). The green part of the chapter has units that all the students are to work
with. After the green part there is a diagnostic test which designates the students to either the
blue (mostly repletion) units or to the red (advancement) units. After codifying all the tasks in
the yellow units | have chosen to codify tasks in the red units as these units progress in algebraic
material. Abakus 7 also have a similar color scheme; white (ca. 4 p.), red (ca. 8-10 p.), yellow (8-
10 p.) and blue (ca. 6-8 p.). All the students are supposed to work with the white part of the
chapter. The first two pages often have some exploratory tasks, other tasks and a kernel or two.
The next two pages have the headline “Do you know this” and have the same function as the
diagnostic test in the in the Swedish textbooks. If the student finds the tasks difficult he proceeds
to the red units and if he does well he advances to the yellow units. There is also a “Test
yourself” page at the end of the yellow and red unit. If it goes well the student can advance to the
yellow or blue units respectively. If not, the student is told to talk to the teacher.

4.1.3 Review

In the American textbooks there is a small section of each unit that is called “Spiral Standards
Review”. Here standards worked on in previous units and chapters are revisited. Example:
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Figure 9.Numbers to algebra

#= M513, Peep foe AFLD, AFLT, AFLY

. Multiple Choice Sunny Lawn Care dharges $25 per wsit plus 52 per cubic
foot, Which |'|:|'.|.;|Iir|'.| mobels this &iluabion?

() y=x+2 B y=x+25 T =1 x+ 2 B y=2x 415

£3: Multiple Choice Which is an equalion tuat ] 3 4 y 2 [ 7

gives the valies in the tahle? —1
gyl B [ 11 |14 | 17 | 20

(K y=2x 4 2 Lo F= 2y b
e ym iy =] T p=dx + |

Simplify each expression. Jusiify each step,
A4, 32 + 54 4+ 0 28, B (M- 322 26, 4+ BE4 325 28, (L8 & 511+ 4

Hmplify each expressbon.
28, T B 29, 104 6O = =37 200, JH e H & [ =] 31, IS+ (18] =10
o SR

The standards that are reviewed are written next to the headline. In addition at the end of each
chapter there are two pages with tasks that has the headline “Mastering the Standards”. The
pages are meant as a cumulative assessment of the chapter and also all the prior chapters. These
“Spiral standard review” tasks are not a part of the task analysis even though they are present in
each unit.

The Finnish textbook Min matematik does not include repetition of the prior units as the book
progress but it has a review chapter at the end of the book. Pi 7, also Finnish, has repetition tasks
in the middle of and at the end of each chapter. But the review is only from the prior units in that
chapter.

The Swedish textbooks has intergraded a system of review in the homework tasks that are placed
in the back of textbooks. The homework is sectioned and numbered and each section has tasks
from several chapters. In addition the 6™ grade textbook has a repetition chapter at the end of the
book as well.

The Norwegian textbooks Faktor 1 and Abakus 7 does not provide any review of previous
chapters. However, Abakus 7 has a chapter at the end of the book called “Abamix” which
provide tasks of a problem solving nature that are dependent of knowledge from many chapters.

4.1.4 Key-answers

The American textbooks provide key-answers for only the odd-numbered tasks at the end of the
book. The reasoning behind this structure is perhaps that the students can’t easily cheat while
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they are working with tasks, but can still have the opportunity to perform occasional checkups on
the odd numbered tasks to see if they are solving the tasks in the right manner.

The 7" grade textbooks from Finland (Pi 7) and Sweden (Matte direkt &r 7), and the Norwegian
8™ grade textbook (Faktor 1) have key-answers to all the tasks in the back of the book. The
textbooks for the grade below them in the respective countries (Min matematik, Matte direkt 6B
and Abakus 7) do not. However, the Finnish textbook Min matematik does provide key-answers
for some of the tasks and this is sometimes done in an ingenious and playful way. | will explain
related to an example:

Figure 10. Min matematik

11. L&s ekvationerna enligt exemplet i undervisnings-
rutan. Skriv den bokstav som motsvarar ditt svar.
a. 5+x=9 h. x+13=30
b. x+7=10 . x+22=30
c. x+/7=15 I+ 20+x=236
d. x+5=11 k. x+12=44
e. 9+x=13 l. 39 +x=45
f. 21 +x=24 m. 46 + x =51
g. 29 +x=234 . Xald=3l

4 | 5 6 8 11416 |17 ] 32
E[{N|A|G]|R F|lA]|P L

In writing the letters represented for the answers to all these equation you get a line of letters:
NERGNEAPRALGAF. Separated and red backwards you get the Swedish sentence: FAGLAR
PA EN GREN which means “birds on a branch”. This seems to be part of the theme of the book
which is mathematics as engaging and teasers of the mind. This will be elaborated further in the
next subchapter.

4.1.5 Brief comments

The Nordic textbooks analyzed are similar in size and range from about 260 — 380 pages with an
average of 311 pages. This is in great contrast to the American textbooks which have about 600
pages and the pages are also of a bigger format of paper. The large amounts of pages in these
textbooks that are related to the California standards and strategies for success have been
mentioned earlier. Both the Norwegian and Swedish textbooks analyzed have small sections, in
the first two pages of a new chapter, presenting goals for the chapter, which most likely have
some relation to the national curricula. However, this cannot be compared with the detailed
references and work with the standards in the American textbooks. The Finnish textbooks only
present the mathematical content.
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The biggest difference between size and structural aspects is found between the 6" grade
textbooks of California (601 pages) and Finland (263 pages). It is also to be taken into account
that the children in California are one year younger than their Finnish peers in 6" grade. Perhaps
this reflects the politicization of the schools in America? It seems to me that the Californian
textbook with all its formalities and relation to standards may have been written for the school
boards who want to ensure funding for the schools, for the teachers to provide direction for the
instruction and even for the involved and concerned parents, but | must allow myself to question
if this book can have been written with eleven year old children in mind. In stark contrast is the
playfulness of the Finnish textbook Min matematik. | refer to the section on key-answers and |
will also display three tasks found in the algebra chapter which are representative of tasks that
are scattered throughout the textbook (in the task analysis these tasks are codified as problem
solving):

Figure 11. Min Matematik

10. Hur ménga smd kuber behavs yiterligare for att ladan ska fyllas?
a. b. c.

Pl

Figure 12. Min matematik

23. Vilka tvéa figurer ar exakt likadana som modellfiguren?

Modell:
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Figure 13. Min matematik

32. Bilderna visar samma kub. Rita och farglagg den ppnade kuben med
ratta farger.

b.

How the children engage with these very different textbooks becomes a burning question that is
not within the scope of this study to answer. But perhaps it could be elaborated to some extent in
the further work of the VIDEOMAT project.

The Nordic textbooks have more general titles while the American textbooks are labeled
Numbers to algebra and Pre-algebra. Perhaps this reflects a different systemization and
perspective on school mathematics. | have only recognized a few of the chapters in these books
to be concerned with algebra as defined in this study.

4.2 Analysis of tasks

The analysis of tasks is based on the codification done in the computer research program
Dedoose and the findings will be presented with charts created by this program. As an
introduction to the “Analysis of tasks” | will present a comprehensive table of the code
application on the 2seven documents uploaded in the program. As | proceed through the different
aspects of the analysis of tasks | will break down the table into smaller parts, however, these
smaller tables must be understood within the complete table. The Norwegian textbook Abakus 7
has been analyzed manually and will be presented at the end of 4.2.1 as the tasks analyzed have
much in common with the introductory tasks.

The analysis of tasks will be divided in two parts, which will each contain sections of
comparisons between the different countries, in what is recognized as

* There are only seven because the Norwegian grade 6 textbook, Abakus, does not have an algebra chapter and
cannot be codified on the same basis as the other textbooks. Tasks in Abakus is analyzed manually and without the
use of codes, in respect to early algebra.
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4.2.1 Introductory tasks: tasks that seem to have the intention of preparing the students for
the introduction of algebra and/or are located at the beginning of the algebraic
chapter.

4.2.2 Algebraic tasks: tasks that includes the use of letters.

The analysis of the algebraic tasks will manly focus on the perspectives of algebra, in addition
the context of certain task will be commented on.

I have chosen to present a coding application table, created by Dedoose, as an introduction to the
analysis of the tasks, because it provides an overview that has implications for the interpretation

of the smaller segments that are used in the analyzes. The only codes that are not presented here

are the codes | have labeled “Further characterization of tasks” as they do not influence how the

rest of the table is interpreted. The colors used in the coding table are prescribed by Dedoose for

the purpose of drawing attention to the frequency of applied codes.
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Table 4: Code application (Dedoose)
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= Sequence of cperations
Integers
Equivalence
Generalized arithmetic
Problem soving
3 = Pattern
Identifying and continuing a pattern
Interpreting rhetoric rule
Interpreting symbolic rule
Formulating rhetoric rule
Formulating symbolic rule
ey Algebra as a language

Interpreting expression

Interpreting equation

Interpreting formula

Interpreting inequality

Formulating expression

Formulating equation

Algebra as generalization

Interpret rulz

Interpret defenition

o

Formulate rule

Algebra as problam solving

Algebra as symboalic manipulation

Simplifying

Transforming

Algebra as equalion solving

MNumeric trial

Doing/undoing
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The codes are applied so that the numbers of “child codes” that are used add up to the use of the
“root code”. For example the root code “Algebra as generalization” has been applied to the
textbook Pi 7 12 times, and we see that the child codes “Interpreting rule” and “Formulating
rule” ad up to 12. However, the child codes belonging to the root code “Introductory tasks” have
not been applied in the same manner. If these elements are returned to later in the chapter | have
registered that by using the same codes. Also some of the textbooks have small sections with
tasks that have been recognized as introductory tasks in other textbooks and so | have seen a
value in recording them by using the same codes.

An important element that | wish to draw attention to is the great variation of the number of tasks
that have been recognized as introductory tasks. In the textbooks Pi 7 and Numbers to algebra 43
and 48 tasks have been labeled as introductory, while as a contrast only 3 tasks in Pre-algebra
have gotten this label. This will influence the variation in the perspectives of algebra that is
detected in the textbooks. I have limited this study to only include the 60 first tasks in the
algebraic chapters and it is inherent that if 80% of these are introductory we will not get a
comprehensive view of the algebra that is represented in the respective chapter. Also the great
variation in size of these chapters means that for some textbooks 60 tasks cover a lot of the
algebraic material while in other textbooks it is only a small sample. I have chosen to look at the
first tasks as I find the introduction to a new topic in mathematics to be an important element in
the work of instruction. Also the findings that emerge from these sections are informative of the
perspectives on both mathematics and algebra that are presented in the textbooks. I will display
and discuss in further detail the different segments of the table.

4.2.1 Introductory tasks

The introductory tasks in the algebra chapters analyzed often have a practical purpose. The most
common of these are tasks working with “Sequence of operations” and “Equivalence” and these
introductory tasks will be discussed under these labels. Other less common entry points will be
discussed within the context of the textbook in which they are located. It is only the introductory
tasks involving “Pattern” in the textbook Pi 7 that seem to have a persistent objective in mind of
providing a meaningful context for the learning of algebra. The textbook Numbers to algebra
also provide tasks involving pattern but the link to algebra is harder to discern. The introductory
tasks codified “Pattern” will be discussed under this label and within the context of the textbooks
Pi 7 and Numbers to algebra. Some of the textbooks have included several of these elements in
the introductory section while others focus one and then provide other introductory elements as
the chapter progress. All these tasks will be a part of the analysis of the introductory tasks.

Some of the categories of introductory tasks identified are used more frequently and the
pedagogical reasoning for presenting the topic as an introduction to algebra is easily identifiable.
These categories include “Sequences of operations”, “Equivalence” and “Pattern”. The tasks that
belong to one of these will be analyzed by topic. Meanwhile, “Generalized arithmetic”,
“Integers” and “Problem solving” are better understood within the context of the textbook in
which they are found. The tasks from Abakus 7 will also be analyzed as part of this chapter even
if this book has not been included in the Dedoose coding system. In fact Abakus 7 includes tasks
which are very similar to the introductory tasks of the other textbooks. A comparison between
the countries will be presented by the end of this chapter.
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Table 5: Code application for introductory tasks.
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The table above shows great differences in the number of introductory tasks in every textbook.
Looking at the California textbooks we see that the algebra chapter in Numbers to algebra has
the largest amount of introductory tasks while the algebra chapter in Pre-algebra has the least.
Perhaps this reflects the understanding that algebra was introduced in 6™ grade and is now
developing and therefore there is no need for a second introduction to algebra. Pi 7 have 43 tasks
labeled as “Introductory”, which makes up for a whole unit called “Number sequenses”. In this
unit we see how the work with pattern progress from simply recognizing patterns to be able to
express and translate rhetoric rules and then symbolic rules. Therefore, some of the tasks in this
section is also labeled as “Algebra as generalizing”. The textbook Matte direkt 6B has 19
introductory tasks which also make up a whole unit. In common with Pi 7 this unit also works
with algebra, only as a language and not as generalization. The textbooks with fewer
introductory tasks like Min matematik 6, Matte Direkt ar 7 and Faktor 1 have no involvement of
algebra in these tasks with one exception: Min matematik has a task in the

introductory section that has been codified “Algebra as problem solving”. The introductory tasks
in these textbooks also make up whole units, which are smaller in size. Numbers to algebra,
however, have a large amount of introductory tasks but no involvement of algebra

Sequence of operations

The textbooks Numbers to algebra, Matte direkt ar 7, Matte direkt 6B and Faktor 1 all have
introductory tasks labeled “Sequence of operation”. | interpret this introduction to be practical
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and a preparation for solving equations. In these sections there is often a dual aim as some of the
tasks require the students to build a numeric expression from a text. In Faktor 1 the next unit is
called “expressions with variables” which then appears like a second step in that the students are
first asked to build expressions with numbers. Kieran (2004) recommends “a focus on both
representing and solving a problem rather than on merely solving it” as being helpful in the
transition to algebra. Here is an example of such a task:

Figure 14.Faktor 1

6.8 En gruppe pa 27 elever skal pa tur til Galdhepiggen. De skal reise med
buss og ovematte to degn. Ovematting koster 80 kr per degn per
person og bussen koster 75 kr per person tur/retur.

Sett opp og regn ut tallutrykket som viser hvor mye turen kommer pa
for hele gruppen.

The textbook Matte direkt ar 7 follows the same sequence. The other Swedish textbook Matte
direkt 6B introduce the more advanced section (red) with “Sequence of operation” (these tasks
are not labeled “Entry point™). There are not provided any task with text in this section and the
next unit is called “More about equations”.

Equivalence

The first unit in the algebra chapter in the Swedish textbook Matte direkt 6B is named
“Equivalence”. The kernel focuses on the equal sign as having the meaning of equivalence. The
tasks in this section are all involving equations but they are called equivalences. There is a dual
focus in this unit, both on the equal sign and on algebra as language (these tasks are also codified
as “Algebra as a language”). The students are not asked to solve the equations but are asked what
number the letter is representing. Here is an example:
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Figure 15. Matte direkt 6B

Vilket tal ska std i stillet for bokstaven? Ibland stdr def.\
\ en bokstav i stillet |
6 2)7+11=84+p b) 25 =15 + g -

The focus on the equal sign is emphasized by the placement of letters to the left in some
equations and to the right in others and also that there are expressions to the right of the equal
sign in the equations. The focus on the meaning of the equal sign is recognized by Kendal (2004)
to be an important element in the transition to algebra as many students see the equal sign as
operational. Also here there are several tasks were students are asked to translate between
equations written in words and in symbols:

Figure 16.Matte direkt 6B

12 vilj den likhet som betyder: x-15=8
a) Ett tal minus 8 ir lika med 15. x-8=15
b) Differensen mellan ett tal och 15 8-x=15

ar lika med 8.

The textbook Matte direct ar 7 focuses equivalence before introducing equations (these are not
labeled “Introductory tasks”), also represented by scales:
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Figure 17. Matte direkt ar 7

23 Hur mainga guldmynt innehéller p.’_imenD

For att [ vara med och dela pa guldpengarna maste du
svara ratt pa alla uppgifter.

Byt ut pdsarna mot ett tal sd att likheten stimmer.

24 a)&+4=8 b)&+2=9 c)17=6+5
25 a)&_m:aa b)12=5_3 c)46=19+&

26 2)56=34+20 b 1443 =4 058 _95=15

The Finnish textbook Min matematik has four tasks that are focused on equivalence. One task is
located in the introductory section and is asking the students to insert correct signs in equations
to make the statements true. The other three tasks are located in different units involving
equation solving and focus “Equivalence” by the usage of scales:

Figure 18. Min matematik

14. Bilda en ekvation och berékna vérdet pa x.

Pattern

From table 4.2.1 we see that the textbooks Pi 7 (43 tasks) and Numbers to algebra (16 tasks)
work extensively with patterns in the introductory section to the algebra chapter. While Numbers
to algebra have three equal introductory sequences focusing first patterns, then sequences of
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operation and at last generalized arithmetic Pi 7 only focuses patterns as an introduction to
algebra.

In a second moment it is interesting to see how these textbooks work with patterns and how
algebra is introduced through these kinds of tasks. The simple numbers from the table tells us
that both books present many tasks that only asks the students to identify and continue a pattern.
The five and six first tasks in the two textbooks are of this nature. Here are examples from both
books:

Figure 19. Pi 7

Vilka dr de tre féljande elementen i
talféljden?

0,3,6,9, ...

7,95, 3, 1,...

-9,-7,-5,-3, ...

Figure 20. Number to Algebra

¢2v Identify a possible pattern. Use your pattern to draw the next three figures.

LA AAA DPOd

Pi 7 presents four tasks where the students have to interpret rhetoric rules next, and Numbers to
algebra provide one. Here is one example of this kind of task:

Figure 21. Pi 7

Skriv ut de fyra forsta elementen i

en talfoljd dar det forsta elementet ar
3 och varje nytt element &r 5 stérre
én det foregiende
42 och varje nytt element ér 6 mindre
in det foregiende
5 och varje nytt element ér tre ginger
sd stort som det foregdende
48 och varje nytt element 4r hilften av
det foregaende.

Pi 7 also has more challenging tasks where the rules are related to groups of numbers (for
example: even natural numbers). Both books keep following the same pattern in presenting
these different types of tasks involving patterns. A few tasks were the students again are asked to
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interpret and continue a pattern are presented and then some tasks asking the students to
formulate a rhetoric rule. These tasks are different in formulation. Example:

Figure 22. Pi 7

En talféljd borjar 1, 3, 7, 15, ...
Skriv ut talféljdens femte, sjitte och
sjunde element.

Skriv med ord regeln for hur talféljden
bildas.

Figure 23. Numbers to algebra

27. What's the Error? A student was asked to write the next three numnbers
in the pattern 96, 48, 24, 12, ... The student’s response was 6, 2, 1. Describe
and correct the student’s error.

The American textbook does not involve the symbolic language in the work with patterns while
Pi 7 introduces letters as unknowns and then provide tasks where students are asked to interpret
(2 tasks) and formulate symbolic rules (8 tasks):

Figure 24. P17

Vilka tal star x och y for?

1 2 6 30 X
2 3 5 11 ¥
Figure 25. Pi 7

Det n:te elementet i en talféljd far vi med
hjalp av regeln n + 3. Skriv ut talféljdens
fem forsta element.
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Figure 26. Pi 7

Hur manga tindstickor finns det pa bild
nummer n?

Bild 1 Bild 2 Bild 3

N N
XX
NN

I will make the argument that the possibility that children see the connection between patterns
and algebra on the abstract notion of generalization is highly unlikely. The move from arithmetic
to algebra is marked by the presence of letters in a subject that until this moment mainly have
involved numbers. In most of the textbooks analyzed these letters simply appear without any
explanation for their sudden presence. The children themselves are left to figure out the value of
the symbolic language which may take years, or for some, will never happen. If we reflect back
on history and how algebra was thought when it was a fairly new concept, it was thought in a
manner that aimed at convincing the students of its usefulness.

Pi 7 provides an example for how algebra can be introduced in a meaningful way through the
work with patterns. Expressing a pattern in the algebraic language is an efficient way of
describing it and also for calculating the numbers that belong to the number sequence. The way
in which the Finnish textbook progress through first expressing and formulating rhetoric rules
also resonates with the evolvement of the algebraic language in history.

Lee (1996) found in his study that tasks involving patterns and generalization captivates many
students that engage with them. These tasks go beyond drills to learn a certain algorithm as each
pattern appears more as a puzzle to be solved. One of the great difficulties in this work that was
discovered by Lee is that students can often see a pattern but it is not always one that is
algebraically useful. And once students have discovered a pattern, they often have a hard time
finding another.
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Presentation of introductory tasks by textbook

Bellow the following topics “Generalized arithmetic”, “Integers” and “Problem solving” will be
presented as they appeared in three of the textbooks.

Pre-algebra

Only three tasks are labeled “Introductory tasks” in the textbook “Pre-algebra”. The tasks are
focusing on the mathematical language used in algebra and procedural knowledge:

Figure 27. Pre-algebra

Think and Digcuss

1. Give an example of a numerical expression and of an algebraic
expression:

2. Tell how to evaluate an algebraic expression for a given value of a
variable.

3. Explain why vou cannot find a numerical value for the expression
dx = hyforx =3

The first unit is labeled “Evaluating algebraic expressions” and | do not interpret these tasks to
be introductory on the level with what has been recognized as introductory tasks in the other
textbooks. However, units 3-6 in this chapter have a focus on integers. | chose not to codify unit
3 which deals with absolute value as there is no use of variables in that unit. | have codified unit
4 and 5 which have the respective headlines “Adding integers” and “Subtracting integers”. |
evaluate these units to have a focus on calculating with negative numbers. In these units there are
tasks involving variables and negative numbers. We can see a similarity here with the
introduction to algebra in the Finnish textbook “Min matematik™ which also focuses negative
numbers.

Scattered in the chapter we find 4 tasks that have been interpreted as working with “Generalized
arithmetic”, perhaps a more appropriate labeling would have been “Abstract arithmetic”. Here is
one example:

Figure 28. Pre-algebra

; 39. Write About It Paul used addition to solve a word problem about the

' weekly cost of commuting by toll road for $1.50 each day. Fran solved the
same problem by multiplying. They both got the correct answer. How is
this possible?
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This task focuses the relationship between multiplication and addition. The link to algebra in
these tasks is an abstract perspective on arithmetic. There is also provided one task involving
pattern:

Figure 29. Pre-algebra

* 48. Challenge What is the sumr of 3 + (=3) + 3 + (—=3) + .. . when there
are 10 terms? 19 terms? 24 terms? 25 terms? Explain any patterns that
vou find.

Numbers to algebra

In the textbook “Numbers to algebra” algebra is approached from several angles, “Pattern”,
“Sequence of operations” and “Generalized arithmetic” which all represent whole units in the
textbook. These segments appear to be more of a preparation for the learning of algebra then a
way of introducing this new topic. There is also an additional unit, before letters are introduced
as variables, which is about exponents. | have chosen to leave this unit out of the analyses. This
textbook is the only one that works with the properties of numbers in a formal way. These tasks
are labeled as “Generalized arithmetic”. Here is one example of these tasks:

Figure 30. Numbers to algebra

* r e l‘E:SEI'ltEj,
\_:}_.J Tell which property is rep 3. 3:5=5+3

1. ]+{ﬁ+?}|=[1+ﬁj+? 2. 1-10=10
5. 4+ (4-2)=(4+4)2 6. x+y=yt+x

. 4. 6+0=6

We can see here that one task is presenting letters which can be interpreted either as variables or
as placeholders. In this unit there are only two small tasks which involve letters. The properties
are presented in kernels both with numeric examples and algebraically. I classify these tasks as
arithmetic in nature. By stating a property the students are performing the act of applying a
generalization but algebra as a language are not truly involved in these tasks (with the two
exceptions). It is useful and necessary to know the properties of numbers to be able to conduct
algebra as symbolic manipulation. It can also be said that there is a shift of focus from numeric
calculations in the section on the “Sequence of operation” to a focus on relations in this unit,
which is recognized by Kieran (2004) as a necessary adjustment for the transition to algebra.

Min matematik 6

The Finnish textbook “Min matematik 6” begins chapter 6 with a unit called “Integers”. The unit
focuses calculation with whole numbers and also negative numbers. The number line is
presented and numbers that are equally far from zero are called “opposite numbers”. It can
appear as an introduction to negative numbers. This section also has tasks with text were the
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students are asked to formulate a numeric expression. | cannot find any task in the rest of the
chapter that includes negative numbers so in this respect the unit may seem a little oddly placed.
However, there is clearly a focus on the relationship between numbers in working with the term
“opposites”. The introductory unit also includes two tasks that have been labeled as “Problem
solving” (defined in section 3.2.1). Here is one of them:

Figure 31. Min matematik 6

8. Lista ut vem som dger snéckorna.

c'

Talet vid Saras snécka @r det motsatta talet till talet vid Sheilas snécka.

Jerrys tal far du da du subtraherar talet 7 fran Paulas tal.
Paulas tal fér du dé du adderar talet 3 till Saras tal.
Johns tal @r varken eft positivt eller eft negativt heltal.

This task cannot be easily solved by a known algorithm. If we look at the problem there does not
exist an easy connection between two objects, the solver has to operate with the relationships
between several objects at one time. This task is also codified as “Algebra as problem solving”.
A task like this can provide a meaningful introduction to the use of letters as unknowns as the
solution of the task is easier to represent, find and explain with the use of the algebraic language.
If we look at table 4.2 we see that the code “Algebra as problem solving” has been applied 7
times so we can assume a purposeful meaning for the placement of this task. Two tasks have
been labeled with the codes “Pattern” and “ldentifying and continuing a pattern”, which are
located in different units (not labeled “Introductory tasks”).

If we also take into account the four tasks focusing equivalence in this textbook, mentioned
earlier under the headline equivalence, it can be said that this textbook has a varied repertoire of
introductory tasks which are introduced as a mix in comparison with the textbook “Numbers to
algebra” where these tasks are presented in separate units. The great effort that has been done to
make “Min matematik” an engaging book for children as commented on earlier is also shown in
the sequentially of tasks. There are rarely to similar tasks presented right next to each other.
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Abakus 7

Abakus 7A and 7B do not have a chapter named algebra. | have searched these books thoroughly
to find algebraic elements. | have only registered some use of the algebraic language in the
geometry chapters. One of the goals for chapter 4 in Abakus 7A states that the aim is for students
to learn how to “use formulas in the calculation of areas”. In addition, tasks that focus
generalization are also indicated.

Algebraic content

In the yellow units of the geometric chapter found in Abakus 7A section we find the formulas for
the area of a rectangle and the area of a triangle:

Figure 32. Abakus 7A

Areal = grunnlinjen - hgyden

A=g-h \

Formel

Figure 33. Abakus 7A

grunnlinjen - hgyden
Areal =
2
‘h <
A=82 Formel

At the same pages, task 63 and 67 ask the students to explain how the formulas are used to
calculate the area of a rectangle (63) and a triangle (67). More tasks follow where the students
are given information of lengths and perimeters and must use the formula to calculate the area.
Even though the textbook does not mention that these letters indeed are variables, the students
gain practice in using them and experiences with letters representing values that vary. However
the letters may also only be interpreted by students as placeholders. Example:

Figure 34. Abakus 7A

64 Regn ut arealet til

a et rektangel med sider 8 cm og 5 cm

b et kvadrat med sider 7,5 cm
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In Abakus 7B, yellow units, we find the formulas for the circumference and the area of a circle:

Figure 35. Abakus 7B

Slik kan vi regne ut omkretsen

til en sirkel med diameter 5 cm:

Ombkretsen = a1+ Sem =31 5em = J

65 Regn ut omkretsen til sirkelen. O=n-d

Figure 36. Abakus 7B

Slik kan vi regne ut arealet
til en sirkel med radius 5 cm:

Ardalet= 7l - |15cm | - 1 Slem =311 - 2! 5lcm2 = ] A=m-r-r, som viskriver

A=n:nr

Also here the students work with formulas and letters that represent values that vary.
Early algebra content

We also find examples of tasks that have been identified as “Introductory tasks” in the other
textbooks. The tasks that have some element of generalization have been registered here. The
first tasks works with generalization in the form of identifying and continuing patterns in figures.
Here is one example from the geometry chapter:
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Figure 37. Abakus 7A

D

\\' 4 \' /"/. . 2 \\. -'/ i L : |
_‘-/: g ; E \F G H |
¥ N NSNS N

26 Hvilke farger skal det vaere pa trekantene
A, B, C DEF GogH?

One of the yellow units in this chapter has the headline “Pattern”:

Figure 38. Abakus 7A

Meainster

95 Hvor mange bla fliser blir det

i det samme monsteret hvis det er

a fire gra fliser c seks gra fliser
b fem gra fliser d sju gra fliser

96 Brukte du samme metode i alle oppgavene i 95?
Hvordan tenkte du?

97 Hvor mange bla fliser trenger vi til
a 10 gra fliser c 60 gra fliser
b 20 gra fliser d 100 gra fliser

98 Hvor mange bla fliser trenger vi

med dette mensteret til

a togra d 10 gra
b fire gra e 50 gra
c seks gra f 100 gra

99 Tegn et mwnster som gjentar seg,
og lag oppgaver til det. Bytt oppgaver. )
P>

Task 95 can be solved by identifying the pattern and continuing the drawing. But task 97 and 98
must be solved by a transfer of representation from drawings to numbers and operations. The
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grey and blue tiles are variable amounts that are in a relation with each other where the pattern
describes this relationship. Chapter 6 (Abamix) in Abakus 7A also have tasks that involves
patterns.

We also find more examples of tasks that involve the students in a generalization process:

Figure 39. Abakus 7A

—_—

v
i SUMMEN AV VINKLENE

| EN TREXANT ER [80°.
.

———

e

92 Diskuter og finn ut om summen

av vinklene i en firkant er 360°.

The students are asked to find out and discuss whether the sum of the angles in a rectangle is
360.

In Abakus 7B the geometry chapter is introduced with an experiment aimed at moving from
specific examples to a general rule that will be useful for finding the circumference of a circle:

Figure 40. Abakus 7B

1 Mal omkretsen og diameteren til gjenstander s D
= o
. ! o Ry
med sirkelforrr. &| h*
< I . |
Skriv resultatene i en tabell. | Diameter |

Multipliser diameteren med to, tre og fire.
Dere trenger hyssing, limband og maleband. T

Figure 41. Abakus 7B

2  Hvilke utregninger var naermest omkretsene dere malte?

3 Diskuter og skriv en regel for hvordan vi kan regne ut

omtrent hvor lang omkretsen til en sirkel er.

I believe it is fair to say that Abakus 7 does not introduce algebra as a domain of knowledge.
Some of the Norwegian 7™ grade textbooks do, but the chapters and the experiences provided are
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small in comparison with the other countries represented in this study. The analysis of Abakus 7
is still valuable as it provide information of the experiences with early algebra and letters as
variables that many Norwegian students have when they enter junior high school where algebra
is introduce formally. The students that have engaged with Abakus 7 may be familiar with the act
of generalization both in the context of patterns and in geometry. The move to express these
generalities with the algebraic language is perhaps a great opportunity to introduce algebra.

A comparison between the four countries related to the introductory tasks

The Swedish textbooks focus the introductory tasks on equivalence and sequence of operation.
The 6" grade textbook begins the algebraic chapter with equations named equivalence and with a
focus on the equal sign as having the meaning of equivalence. The more advanced section (color
coded red) opens with tasks involving the sequence of operations. In the seventh grade textbook
these tasks introduces the algebraic chapter and the unit that follows is named “Expressions with
one variable”. Equivalence is focused later in the chapter and then in relation to equations. The
two Swedish textbooks have an opposite sequentiality in the introduction of a variable and an
unknown.

The Norwegian 8™ grade textbook, Faktor, follows the same introduction as the Swedish grade 7
textbook but has no focus on equivalence as the tasks shifts from involving expressions and
variables to equations. The 7" grade textbook Abakus 7 does not introduce algebra but provide
tasks that are used as introductory tasks to an algebraic chapter in other textbooks and includes
elements of early algebra.

The introductory tasks in the Norwegian and Swedish textbooks analyzed have a practical
purpose. The tasks involving sequences of operations are simply drill in calculation skills which
are useful in solving equations. The work with equivalence can be seen as an attempt to deal with
the misconception of interpreting the equal sign as an operational sign. The correct
understanding of the equal sign is essential to the work with equations.

The Californian textbook Numbers to algebra also has a unit on sequences of operation. In
addition it also works with patterns. This book is the only one that works extensively with the
properties of numbers. This is an interesting topic for introducing algebra as one look at
arithmetic, which has been the students’ main experience with mathematics until now, from an
abstract viewpoint. The students can partake in generalization as these properties are expressed
by letters. However, as with the unit on pattern, this textbook does not seem to make the
connections between generalities and the algebraic language explicit. A meaningful introduction
to algebra therefore eludes this textbook. The 7™ grade textbook has been interpreted to not
introduce algebra but only elaborate on this topic as it already has been introduced in the prior
grade.

The Finnish textbook Pi 7’s introduction to algebra through the work with patterns has been
elaborated on and is found to be a meaningful way to introduce algebra. The 6" grade textbook
introduce the chapter by a unit on integers which includes a focus on relationship between
numbers by the use of “opposites”. The introductory section also includes a problem solving
tasks which could provide a meaningful way of introducing letters as unknowns. If we look at
table 4.2 we see that this book is the only one that has a noticeable element of algebra as problem
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solving (7 tasks). However, a consequent and purposeful intention for a meaningful introduction
of algebra as in Pi 7 cannot be claimed.

With algebra representing such a shift within school mathematics for many students, | cannot
find the evidence that a great change in modes of working with mathematics takes place in the
textbooks analyzed. Algebra comes and goes like any other topic in mathematics. From the title
of the textbook Numbers to algebra it sounds like a revolution is about to take place. If the
textbook really make this clear to the students throughout the book is a question that would
require a full analysis of the textbook to answer. It appears like much work can be done in
finding and exploring how to introduce algebra purposefully and with meaning. Perhaps the best
opportunities offer themselves within the contexts of geometry, pattern and problem solving.

4.2.2 Algebraic tasks

This analysis has been limited by the unavoidable choice of only codifying the 60 first tasks that
appear in the algebra chapter. A lot of work has been done developing these codes and | believe
that the codification of all the algebraic tasks in the textbooks would have produced interesting
findings. This work must be left for another study. This chapter will also have an focus on
displaying some of the tools for analyses available in Dedoose.

The analyses of the algebraic tasks that | have been able to codify will focus in the most frequent

aspect of algebra dealt with in these tasks: “Algebra as a language”. The other aspects of algebra
will only be commented on in connection with algebra as a language
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Table 6: Code application for algebraic tasks.

Bhterpreting expression
Bhterpreting equation
Bhterpreting formula
Bhterpreting inequality
Bormulating expression
Bormulating equation
Interpreting rule
Interpreting defenition
Formulating rule
Bimplifying
Fransforming

Numeric trial

Algebra as generalization

Algebra as problem solving
Algebra as symbolic manipulation
Algebra as equation solving

Doing/undoing

W [Algebra as a language

Pre-algebra (Ca)

Pi7 (Fi)

Numb. to alg. (Ca)
Min matem. (Fi)
Matte Dir. ar 7 (Sw)
Matte Dir. 6B (Sw) 19

Faktor 1 (No) 6-
Totals 178 82

Looking at all the textbooks combined, most tasks have been codified as aiming at students
developing “Algebra as a language”. Of the tasks that has been identified as algebraic 62% falls
in this category. A complete analysis of all the algebraic tasks may reveal something different.
From the American textbooks and also the Finnish textbook Pi 7 only a small sample of the
algebraic tasks has been codified while in the other textbooks either more or about half of these
tasks have been codified. For the latter textbooks this table is somewhat more representable. 82 +
53 of the tasks codified “Algebra as a language” work with either interpreting or formulating
expressions. “Algebra as generalization” is only introduced in Pi 7 with one exception. Only Min
matematik has enough tasks codified “Algebra as problem solving” to make this aspect of
algebra visible. Several of the books have a few tasks that focus “Symbolic manipulation”.
Faktor 1 and Min matematik has a considerable amount of tasks devoted to “Algebra as equation
solving”

Algebra as a language

It becomes clear from table 4.2.2 that introductory algebra in the textbooks analyzed often means
a focus on algebra as a language. The main different modes in working with the algebraic
language that have been registered in the textbooks can be described as

e Mode 1: Translating (formulating and interpreting) between rhetoric and symbolic
expressions and equations

e Mode 2: Translating (formulating and interpreting) between text or geometric shapes
and symbolic expressions and equations

e Mode 3: Evaluating expressions, formulas and equations for given values of variables
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Mode 1: Translating (formulating and interpreting) between rhetoric and symbolic expressions

and equations

All the textbooks analyzed have tasks in the first category. Here are three examples:

Figure 42. Min matematik

29. Skriv ekvationen och berékna vérdet pa x. Kontrollera ditt svar.
a. Talet x multiplicerat med talet 4 b. Talet x multiplicerat med talet 6
ar lika med 32. ar lika med 42.
<. Talet 5 multiplicerat med talet x  d. Talet 13 multiplicerat med talet x
ar lika med 15. ar lika med 169.
e. Talet x multiplicerat med talet 14 f. Talet 15 multiplicerat med talet x
ar lika med 420. ar lika med 240.
3 7 8 13 16 17 30
Figure 43. Matte direkt 6B
31 a) 5merina
> mer 3 x-5 x+5 a+5 a-5
b) 5 mer in x

Figure 44. Pre-algebra

—Hﬁm— = W e

Write an algebraic exp .
quotient of banc n

ression for eaca word phrase.
12. 2 minus the product 0

tient of r and 5

f3andp
11. 1 more than the
13. 45 less than the product of
e than the product of 59 and ¢

76andj 14. 4 plus the quo

15. 14 mor

The pedagogical aim with this kind of tasks is interpreted to be a drill in translation skills.
Perhaps it is meant as a practice for and as a help to be able to solve word problems. These tasks
brings a reminder to the historic development from a rhetoric- to a symbolic algebra, however
the meaningful context in which it took place is completely void in these tasks. All that is left is
two different types of representation. Reflecting back on the Finnish textbook Pi 7°s work with
patterns, where we saw a progress from rhetoric- to symbolic rules, these representations were
embedded with meaning. And therefore the possibility for the students to develop a deep
understanding of a variable through this progression was present.
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Mode 2: Translating (formulating and interpreting) between text or geometric shapes and
symbolic expressions and equations

The tasks in this category either have a geometric or a “real life” context. The context of the
tasks has been part of the codification done in the textbooks. Dedoose has an analyzing tool
which displays a code co-occurrence table:

Table 7: Code co-occurrence of context and “algebra as a language”.

Real life

Beometry

Algebra as a language
Phterpreting expression
Bhterpreting equation
Bhterpreting formula
Bhterpreting inequality
Bormulating expression

Formulating equation

Combining the information from tables 6 and 7, we see that out of 178 tasks that focus algebra as
a language only 35 + 55 tasks are situated in a context beyond algebra as a topic. The tasks that
provide a wider context work with the algebraic language in a different way than the tasks in the
first categories as the variables involved represents more than an unknown or varying number.
Here are some examples:

Figure 45: Matte direkt ar 7

Talgdtor och ekvationer

Vilken ekvation 1 rutan hoér thop med talgatan?

34 Om man ligger 8 ar till min dlder fir man 29 Ar.
Hur gammal ar jagr

x4+ 8=29 x—8 =29 x =294 8

In this task the student has to do the translation between a rhetoric- and a symbolic equation like
in the tasks in category 1. But in addition there is a meaning beyond numbers attached to the
variable x and the student himself must make this connection to be able to solve the task.
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Figure 46. Pi 7

Skriv ett uttryck for omkretsen av
den regelbundna ménghérningen.

5 t I u

An expression without a context does not provide any information. In this task the expressions
formulated will be representative of a perimeter. In addition, the symbolic expression for the
perimeter of the square does not only represent the specific square on the picture but all squares,
the variable represent a side in a certain type of figure and the expression is a generality. Algebra
can be experienced as useful and meaningful through working with this task. However, it is also
possible, perhaps even likely, that the student without any direction will interpret the expression
as specific and not general.

Figure 47. Matte direkt 6B

29 Mamma ir 40 ir. Hur gammal ir
a) pappa
b) storasyster

¢) lillebror

¥ y+5 y-25 y-30

There are many tasks in the textbooks that have to do with the age of people. This is a familiar
context for children, as age is very important to a child. My children often think of their age in
relation to each other; “how old is my brother, when I’m 10” and so on. For this reason | believe
these tasks can be meaningful to the students as the expressions represent ways of thinking that
they are familiar with.

Mode 3: Evaluating expressions, formulas and equations for given values of variables

Some of these tasks are situated in a context beyond the algebraic topic and some are not. Here
are two examples of these tasks:
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Figure 48. Numbers to algebra

3) Evaluate each expres sion for the given values of the variables.

7.8 y3mforn=2andm=5 8 5a—3b+5fora=4andb=3
n

I have interpreted this kind of tasks as focusing algebra as a language because they focus on the
functionality of variables as replacement for numbers. In the first example this technicality is all
the student need to be concerned with.

Figure 49. Numbers to algebra

M N R B e
i ; ' eges in d dozen. Evaluate the
(1» The expression 12d represents the number of egg

expression for each value of d, and tell what the value of the expression means.
. 1.d=3 2. d=2 3.d=11

Tasks like this example bring the experiences that a variable can represent varying numbers. In
these tasks the variable and the expression also entail a concrete meaning. One need not only
know the technicalities but also understand what the expression is representative of. This is often
difficult to obtain and if we look closer at this task it becomes evident how confusing the use of
letters can become. | found this task hard to read even if the meaning of the expression is spelled
out in the first sentence. The letter d represents the number of dozens of eggs. This variable has
been given the letter d which also could be seen as a shortage for dozen. If the solver gains this
misunderstanding then it would be natural to replace the letter d with 12, and the task would be
confusing.

Figure 50. Faktor 1

6.19 Formelen for omkretsen av et rektangel er O = 2a + 2b,
der O star for omkretsen, a for lengden og b for bredden
av rektangelet.

Regn ut omkretsen av rektangelet nar
ala=8cmogb=6cm
b)a=12cmogb=75cm

This task has a geometric context. The formula for the perimeter of a rectangle is general and the
aim seems to be the experience of variables as numbers that vary. But the variables may as well
be seen as placeholders as Janvier (1996) suggests.
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Figure 51. Matte direkt 6B

9 1 vilken likhet ir x = 10?
x+15=18+7 x+5=20 [0=x+20

The last example of this mode of working with the algebraic language entails equations. Most
tasks involving equations have been codified as “Equation solving”, but this task does not
provide practice in solving equations. It belongs in this mode because the student is asked to
replace a letter with a number. This task is also found in the introductory section and is codified
as focusing “Equivalence” as well.

A comparison between the countries

There is a difference in amount of tasks focusing Algebra as a language. Dedoose creates a chart
by the descriptor “Nationality” and the frequency of the code “Algebra as a language”:

Table 8: Frequency of the emergence of ““Algebra as a language’ by country

(=]

c

-% S5 0] 20 40 60 80 100

() e '6 Q ! ! ! ! 1 |

= 2 ] o

< c (&) i

S c 4 c B Norwegian

: ; T P s Nationalit = Finnish

Nationality 24 26 86 42 Y Sweedish

| | B American

This chart displays that Sweden is more focused on Algebra as a language then any of the other
countries. However, since only the 60 first tasks in the algebraic chapters are analyzed and there
is great variation in the amount of introductory tasks in each textbook, this chart does not display
a certain fact, and perhaps neither a tendency. In addition it must be mentioned that the
Norwegian number registered only accounts for one textbook. I have chosen to display it because
it shows one of the analyzing possibilities available in Dedoose. This chart can also be
normalized and/or displayed in percentages. | believe this chart would have been more useful if
all the tasks in the algebraic chapters had been analyzed. The chart does tell us that the attention
given to “Algebra as a language” in the 60 first tasks of the algebraic chapter of the Swedish
textbooks is quiet undivided.

There are also qualitative differences. | will only mention the one that is most particular as the 3
categories above are common for all countries. The Finnish textbook Pi 7focuses the symbolic
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language more formally then the other textbooks as it introduces the terms monomial and
coefficients. Here is an example:

Figure 52. P17

72. Rita av tabellen i ditt hifte och fyll i den.
Monom Koefficient Bokstavsdel

S5x

-3a

¥

0

m

Brief comments to this sub-chapter

The task from Numbers to algebra, involving dozens and the variable d discussed above,
represent problematic elements in working with the algebraic language without combining it
with algebra as problem solving or generalizing. Many of the tasks focusing algebra as a
language appear as only portions of a context that can be difficult to make sense of, as the
expressions are already made and the students are left to backtrack somebody else’s mind.
Additionally, these types of tasks lack motivation as they do not intrigue the mind as for example
work with patterns or problem solving do. In allowing the students to formulate their own
expressions and equations in a problematic context, these are more likely to be meaningful to
them. Perhaps they would learn more from struggling through one task like that then solving
many of these simpler tasks.

Table 6 shows that the textbooks focus “Algebra as generalization” and “Algebra as problem
solving” the least. In fact the numbers that are there are mostly made up from The Finnish
textbooks. Algebra as a language developed out of necessity and convenience as mathematicians
through history worked with mathematical problems and especially equation solving. The
symbolic language we have today developed over hundreds of years. In some ways introducing
algebra as a fully developed language without connecting it to the contexts in which it originated
may have implications for the depth of understanding of variables the students develop. | will
conclude this paragraph with a quotation from Hiebert (1997) as he reflects on the nature of tasks
that may build mathematical understanding (p. 18): “The task must allow the student to treat the
situations as problematic, as something they need to think about rather than as a prescription they
need to follow”.
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5. Conclusion

This study set out to investigate textbooks from four different countries, Finland, Norway,
Sweden and USA, concerning the introduction of algebra. To be able to capture the algebraic
content of these books I chose to focus on the tasks as these often are given most attention from
students. My intention as | started out planning this study was to include all the tasks found in
the algebraic chapters in the textbooks. It proved to be too ambitious for a 30 point master thesis
and it was limited to involve only the 60 first tasks. | could not find any literature that offered a
developed codification system for algebraic tasks that fit with the tasks I found in the textbooks I
was analyzing. And therefore these codes had to be developed. Originally | started looking for a
research program that would help me develop categories of tasks by codifying them descriptively
(the descriptive codes are displayed in a table in Appendix 1). However, the final coding system
developed both from the descriptive work with the tasks and from reviewing literature especially
on the origins of algebra. The literature on algebra today is so extensive and diverse that | felt at
loss for what algebra really was. The journey back in the history of algebra felt like finding gold
and it has helped me make sense of the more modern views of algebra.

The textbooks from the four countries (two books of two consecutive grades in each country)
have main differences in size, structure and content but there are also similarities. In addition
there are also great differences between the two textbooks of one country which is the case in
Finland and Norway. For the Swedish and American textbooks analyzed, the books for the
consecutive grades are written by some of the same authors. I will first sum up the structural
differences of the textbooks before | focus on answering the research questions concerning the
algebraic content. Finally I will discuss Dedoose as an analyzing tool in textbook research.

Concerning the structure the most visible difference between the Nordic textbooks and the
American (Californian) textbooks is the size. The American textbooks have an average of twice
as many pages as the Nordic textbooks. Many pages are devoted to detailed work with the
California standards and strategies for success which does not have their counterpart in the
Nordic textbooks. The Swedish and Norwegian textbooks display short goals for the chapters,
normally 3 or 4 short sentences, which most likely have some connection to the national
curricula. The Finnish textbooks only contain mathematical content. The sheer size of the
American textbooks and all the formalities that hints to the politicization of the American
schools makes one question if the educational system has lost touch with their children.

Of the eight textbooks analyzed two books stand out in originality, the Norwegian grade 7
textbook Abakus 7 and the Finnish grade 6 textbook Min matematik. Abakus 7 have chapters and
units like all the other textbooks but have very few kernels and examples. The introduction to a
chapter is often done in form of inquiry tasks while all the other textbooks opens with kernels
and then give examples before the tasks are presented. Abakus 7 has been interpreted to display a
constructivist view of learning. The Norwegian grad 8 textbook, Faktor, is in comparison a
model of the traditional view of learning by instruction. Min matematik has the same structure as
the majority of the books, but provides many tasks throughout the textbook that have the nature
of a puzzle or problem solving. The key-answers are also given in form of a puzzle. The playful
and intriguing effect of these elements in the textbook makes it appealing both to children and
adults. In addition, Min matematik makes a unique effort to avoid boredom as seldom two tasks
of the same nature are placed next to each other. The Finnish grade 7 textbook, Pi 7, is extremely
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serious in comparison. Perhaps this reflects the change from elementary school to junior high
school in Finland.

The algebra chapters in the textbooks analyzed vary in size and content but there are many
similarities as well. The American 6™ grade textbook has two chapters focusing algebra. The
Finnish and Swedish textbooks of this grade have one chapter and the Norwegian textbook®
(grade 7) none. Abakus 7 does have very little algebraic content but provides some tasks that
have been identified as early algebra. The American 7" grade textbook has three algebraic
chapters while the textbooks in the Nordic countries of the same grade level have only one.
However, in the Finnish textbook the algebra chapter make up for one third of the entire
textbook, while the algebra chapter in the Norwegian (grade 8) and Swedish (grade 7) textbooks
only is one out of seven equal chapters.

Introduction of algebra in the textbooks

Dealing with the introductory tasks six categories are identified: “Sequence of operations”,
“Integers”, “Equivalence”, “Generalized arithmetic”, “Problem solving” and “Pattern”. Most of
these categories are interpreted to have a technical and rules learning purpose with the exception
of “Problem solving” and “Pattern” which provide opportunities for a meaningful introduction of
algebra. Some of the textbooks have several of these introductory elements placed in the
introductory section, while others provide a few of these elements as the chapter progress. The
algebra chapter in the American grade 7 textbook Pre-algebra has been interpreted to not have
an introductory section.

The introductory tasks focusing on “Sequence of operations” have been interpreted to be a
preparation for equation solving. In addition this section often includes tasks where the students
are asked to formulate numeric expressions from text. This is done with a clear intention of
preparing them for working with algebraic expressions. A focus on algebra as a language can in
these cases be detected already in the introductory section. This is the case with the American
textbook Numbers to algebra, the Swedish textbook Matte direkt ar 7 and the Norwegian
textbook Faktor 1.

The focus on “Equivalence” is seen as an attempt to deal with the common misconception of the
interpretation of the equal sign as an operational sign. A correct understanding of the equal sign
is essential for solving equations. Two of the textbooks, Matte direkt ar 7 (Swedish) and Min
matematik (Finnish) focus the equal sign by the use of old fashioned scales. While Matte direkt
6B works with the conception of the equal sign by placing expressions and variables on the right
side as well as on the left side of equations.

Tasks involving “Pattern” are used purposefully as a meaningful introduction to algebra in the
Finnish textbook Pi 7. Here we find a natural progression from identifying and continuing
patterns to interpret and formulate rhetoric rules and then symbolic rules expressing patterns.
This is the only textbook analyzed which introduce the symbolic language embedded in
meaning. It also provides a motivation for the use of the algebraic language as it is efficient in
expressing a pattern and also for calculating the numbers belonging to a pattern. The students are

*The Norwegian textbooks are from one grade above the other countries, however the students are of the same
age as the students in one grade below in the other Nordic countries.
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engaging in generalization which is the central quality of the algebraic language. “Pattern” is
also focused in the American textbook “Numbers to algebra” but no connection is made to the
symbolic language.

The textbook “Numbers to algebra” is the only textbook found to focus on “Generalized
arithmetic” in the introductory section. The textbook has a unit on the properties of numbers. The
properties are introduced in a kernel with numeric examples and are generalized with the use of
algebra. Most of the tasks, with the exception of two minor tasks, do not involve letters. These
tasks are therefore interpreted as mainly serving the practical purpose of preparation for algebra
as symbolic manipulation.

The Finnish 6™ grade textbook, Min matematik, is unique in presenting two problem solving
tasks in the introductory section. One of these tasks focuses on the relationship between several
quantities where a connection between two of them cannot be easily made. Therefore has this
task been labeled as algebraic in form and provides an opportunity for a meaningful introduction
of variables as unknowns. However, the introductory section of this book is mainly devoted to
“Integers” and is interpreted to be an introduction to negative numbers.

To conclude, only the Finnish textbook Pi 7, provide introductory tasks where the students may
discover the effectiveness of algebraic representations. This kind of tasks, related to pattern, can
also be considered as a motivating component to engage students in algebra.

Perspectives of algebra approached in the tasks

Tasks have been interpreted to be algebraic if they involve the use of letters as variables. They
have been categorized as five main perspectives of algebra was perceived: “Algebra as a

language”, “Algebra as generalization”, “Algebra as problem solving”, “Algebra as symbolic
manipulation”, “Algebra as equation solving”.

The analysis has shown that “Algebra as language” is the dominant perspective in the referred
textbooks®. These are tasks that foremost appear to set out to give a practice in either interpreting
or formulating expressions and equations using the symbolic language. However, tasks that seem
to focus on the functionality (how to replace a variable by a number) and/or the representational
meaning of a variable -in either an expression or equation- have also been included in this
category. Many of these tasks are very similar in all of the textbooks and therefore they have
been distributed in three modes: translating (formulating and interpreting) between rhetoric and
symbolic expressions and equations; translating (formulating and interpreting) between text or
geometric shapes and symbolic expressions and equations; evaluating expressions and equations
for given values of variables.

About half of the tasks recognized as “Algebra as a language” have been situated in a context
beyond the topic of algebra (see table 7). The tasks that only involve numbers, letters and words
describing them and their relationship are often limited to the opportunities for technical
learning. In connecting expressions and equations to geometric figures or “real life” objects tasks

*The findings described above are only representative for the 60 first tasks in the algebraic chapters and do not
provide a comprehensive view of the perspectives of algebra present in the textbooks.
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provide a concrete relation to the variable and therefore give an opportunity to develop a certain
level of understanding. However, the concrete element is abandoned as progress in algebra is
made according to Rojano (1996, see p. 6 in the present study). The variable in the context of
generalization represents a more challenging concept for students to grasp, and from table 6 we
see that only the Finnish textbook Pi 7 offer an good opportunity to develop this understanding.
The tasks belonging to the categories “Algebra as generalization” and “Algebra as problem
solving” are the only ones recognized as having a motivational aspect for the leaning of Algebra.
These tasks are almost exclusively found in the Finnish textbooks.

Dedoose as tool for textbook research

The experience in using Dedoose as an analytical tool has been very positive. It is an intuitive
research program that does not require training. It saves a lot of time in the process of developing
codes as the coding system is dynamic. It allows to rename the codes and also to merge the codes
in higher hierarchal levels. The program can locate and present in one document all the tasks
where one specific code has been applied. The program quantify how many times the individual
codes have been used and provides many tools for analyzing. These can also be used effectively
during the coding process. In my coding scheme the child codes often were designed to add up to
the number of root codes. By using the code application table, | could check if the tasks had been
codified accurately by controlling these numbers. If problems were discovered the tracing feature
would locate the tasks implicated and the mistakes could quickly be eradicated. The analyzing
tools present the results in graphs and tables that are exportable to excel.

One problematic element in using Dedoose for textbook analysis is the dependence on being able
to upload them in the program. But once this is resolved it is a great tool to keep track of large
amounts of text. It is a resource for comparative research in that by using different descriptors for
the textbooks, the program can display (in this case) results either by title, grade level or
nationality. Dedoose is an effective and helpful tool in developing and applying codes in
textbook research, and once the coding is done the program saves time as the analyzing tools
immediately display findings in useful charts.
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6 Implications

The findings in this study shows that the introduction to algebra in the textbooks analyzed often
are missing tasks that include components of motivation and conceptual structure. The
introductory- and the algebraic tasks are mostly focused on developing technical skills. Algebra
is a difficult language to learn, this is exemplified by the variable which always is represented by
a letter but has multiple meanings dependable on the context in which it is located. A deep
understanding of variables and the ability to perform the correct interpretation in different
situations requires varied and conceptual experiences. The analysis shows that these topics can
be helpful in meeting these needs:

e Pattern
e Problem solving
o Geometry

An inclusion of more elaborated and varied tasks in the units of the textbooks could provoke
higher levels of reasoning and perhaps technical skills could be attained within a conceptual
development.
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Appendix

All the documents of the codification done in Dedoose is available, but since this is very extensive (138

pages), | will only include the 10 first pages of the codification of tasks done in each textbook.

Appendix 1: Preliminary table

(same topic)

(geometry)

(functions)

al (real life)

Main object Numerical Geometrical . . . .
Expression Equivalence Inequality Function
of task sequences sequences
More
Variables 1variable 2 variables .
variables
. - ) . - Square
Operations Addition Subtraction Multiplication Division Exponents root
Kind of Negative . .
Integers Decimals Fractions
numbers numbers
Function of Letters as Letters as Letters Letters
letters variables unknowns provided absence
Semiotic . Geometric Different
Text Picture Table Graph
elements shapes symbols
. . . Working
Activities Recognizing Determine . . . .
. . Identifying directly Making a Makinga
asked to be Solving correct/incorr false/true .
. pattern with table graph
done ect solution statements .
definitions
Activities of Routine . e . . e . . .
. . Simplifying Formulating Explaining  Justifying Proving Evaluating
reasoning solving
Functions
.. . A way of .
Application Generality Symbol . . and their A formal
. . solving Modeling
of algebra and pattern  manipulation transformat system
problems .
ions
Intra Intra Intra Non
Passage of . . . .
mathematical mathematical mathematical mathematic
context
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Appendix 2: Pre-algebra document codified
@r Evaluate Expressions
Determine whether the given express.ons are equal.

25, (4+T)-2 26, (2:4)+2 27. 2-(3-3)
and 4« {7+ 3) and 2 - (4 + 2) and (2:3) =3

289, 9= (4:2) 30, 2-3+2+-4 3. (l6+4) +4

28, 5+ (50— 44)

and 5 « 50 = 44

32.5+1(2-3)

and (9 =4} -2 and 2 - (3 +4) and 16 + (4 + 4) and (54 2)+ 3
Think and Discuss
1. Give an ‘example ol a numencal expression and of an algebraic
|, - EXpression.

‘2. Tell how to evaluate an algebraic expression for a given value ofa
o vﬂﬁ“b-le.'. :

B

a. E'xptliﬁ why you cannot find a numerical valie for the e;iprés.-.;.j:}n

o eicdx=Aplore= 3.

. .

CUIDED PRACTICE

a or the given
4 Evaluate each expression for ¥
@1 Bvalu ' %

value of the variable.
3, 2Ma+n—5 forn=1

1. x+4forx=11

i values of the variables.
P &and r=19

o I I_‘l.\.rt'l.“.“"ﬂ ..'-'ﬂul\ CEpIﬁﬁinn 5._ !‘)I’ . {l:-j. + ,}] Eﬂ‘f I" = |_.,

4. 3x+ zyfnrxsﬂand_vz 10

o | L

Merknad [1]: Codes (24-28)
Introductory tasks
Matematical language

Merknad [2]: Codes (28-32)
Introductory tasks
Matematical language

Merknad [3]: Codes (33-36)
Introductory tasks

Interpreting expression
Matematical language

Two or more variables
Algebra as a language

Merknad [4]: Codes (37-40)
Interpreting expression

One variable

Repetitive Weight: 1/5
Matematical language

Algebra as a language

Merknad [5]: Codes (41-44)
Interpreting expression

Two or more variables
Repetitive Weight: 1/5
Matematical language

Algebra as a language

Merknad [6]: Codes (44-48)
Interpreting expression

One variable

Fractions

Task with context

Real life

Repetitive Weight: 1/5
Algebra as a language

L L, DA T s wes T
5 then ¢
e pnple.r—lnal:hf paste, 3
i cups of water necded to ma barof s
P lcls meﬁ:ﬂh;:; m!::.mhar of cups of flour needed. Find the num
afutEI.EE: needed for each number of cups of water. S A
D .
g, 7 oups d
7. Boups
6. 12 cups
INDEP EI\IﬂENT FHA:T“:E i the variable.
Byaluate each expression for the given valu® GTEE 12. 43+ k) = Tlor k=0
?1{] x4+ Tlorx=23 11. 7+ 2fort=5 .
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Merknad [7]: Codes (48-52)
Interpreting expression

One variable

Repetitive Weight: 1/5
Matematical language

Algebra as a language




R -

given values of the variables.

the ;
Byaiuate coch S 2 - 14. 4m—2nform= a5and n = 2.5

13. 4:-:+?y[nr.n:=93nd_v=3

Merknad [8]: Codes (52-56)
Interpreting expression

Two or more variables
Repetitive Weight: 1/5
Algebra as a language

PRACTICE AND PRUBSLE s

iable.
Evaluate each expression for the given value of the v:;tasii e
40 = nforn=8 20, x+43forx=6 .
oy 24, ag+Slorg= 12

ar. a4+ forz=06

g =8
22. Il-ﬁmfcrrm=lfl 23. 3a—4fora

26. 18— 3yfory=6

25. d}f—l-:-lfnry:&.ﬁ

= = 23
Evaluate each expression for £ = o,x=15¥y= 6,and z

28. 3 3y 29. y= 30, l4z=¥ 31. 4.2y —3x

. o= u .
Ay — x) 33 43+ 4 34, 3(y—=6)+8 35, 4(2+ 2

gy 3B x+y+2 30, W0x+z=¥

36. 54+ -6 37 y3+n-=7

43, 2z —3xy
40. 4z —50+3 41, 2}-'+ﬁ{x+£} 42, Bixz

|

o-width ratio c:fappm:cimacle‘ty 5 to 3.

-t
44. A rectangular shape has a length _‘i{sw] N aat oo

A designer can use the expression

" { I:'L[.‘; 4] it

rectangle with a give
width 6 inches.

45. Finance A bank chargesinterest on money it loans. Interest is sometimes
a fixed amount of the loan. The expression a(1 + ) gives the total amount
due for a loan of @ dollars with interest rate ¢ where § s writlen as a
decimal, Find the amount due for a loan of $100 with an interest rate of
10%. (Hint: 10% = 0.1)
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Merknad [9]: Codes (56-60)
Interpreting expression

One variable

Repetitive Weight: 3/5
Algebra as a language

Merknad [10]: Codes (61-64)
Interpreting expression

Two or more variables
Repetitive Weight: 4/5

Algebra as a language

Merknad [11]: Codes (64-68)
Interpreting expression

One variable

Fractions

Task with context

Geometry

Algebra as a language

Merknad [12]: Codes (68-72)
Interpreting expression

Algebra as a language

Two or more variables

Decimal numbers

Task with context

Real life




@ Entertainment There are 24 frames, or still
shots, in one second of movie footage. To
determine the number of frames in a movie,
you can use the expression (24)(60)m, where
m 1s the running tme In minutes. Using the
running ime of E L. the Extra-Terrestrial
shown at right, determine how many frames
are in the movie.

E.T tfae Extra- Torresdrial {1902} bas 2 runming
o 47. Choose a Strategy A basketball lcapue Eime of 115 minutes, or G300 seconds,

Thee photos abowe
were taken in
Falo Alto as part
of Eadweard
Muybridga’s 1878
study on horses
in motign,
buybridge’s
multi-camera
techniques wera
a landmark in
the histary of

_ cinematography.

B Py BT SR T RN AR TR D 2 Merknad [13] Codes (74_77)
47. Choose a Strategy A baskﬂth':i'll league fime of 115 miutes, or G900 secont Interpreting expression
has 288 players and 24 teams, with an equal One variable
. y Task with context
number of players per team. If the number Real life
of teams is reduced by 6 but the total number AR [EEEE
of players stays the same, there willbe ¥ players per team, Merknad [14]: Codes (77-81)
mcd et Algebra as problem solving
Task with text
. D 6 more (H) 4 more (T 4 fewer I 6 fewer Rt
Merknjc\d [15]: Codes (81-85)
(?9 48, Write About It A student says that the algebralc expression 5+ x+ 7 One variable
- t 2 Matematical language
. can also be written as 5 + Tx. Is the student correct? Explain, Algebra as symbolic manipulation
Simplifying
Task with context
r 3 Real life
ﬁ' 49. Challenge Can the expressions 2x and x 4+ 2 ever have the same value? Merknad I[|16]: Codes (85-89)
Matematical language
If s0, what must the value of x he? NAsna A
Interpreting expression
One variable
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50. Multiple Choice What is the value of the expression 3x + 4 for x = 27

A 4 (B 6 &9

B 10

51. Multiple Choice A bakery charges 37 for a dozen muffins and $2 for a
loaf of bread. If a customer bought 2 dozen muffins and 4 loaves of bread,

how much did she pay?

CAD $22 {HD $38 0> $80

D 598

52. Gridded Response What is the value of 5(x = ) for x = 19 and y = 6¢

Identify the odd number(s} in each list of numbers. (Frevious course)

53. 15, 18, 22, 34, 21, 61, 71, 100 54, 101, 114, 122,411, 117, 121
. 35, 4,6, 8,16, 18, 20, 49, 81, 32 56. 9, 15,31,47, 65,93, 1, 3,43

Find each sum, difference, product, or quotient. (Frevious course)
57. 200 + 2 58. 200+ 2 59. 2002

61. 200 + 0.2 62. 200 - 0.2 63. 200 - 0.2

Writing Algebraic
Expressions

Think and Discuss

1. Give iwo words or phrases that can be used 1o express each
operation: addition, subtraction, multiplication, and division.

60. 200 - 2
64, 200 - 0.2

LB LN L AL LS L L S L N L R ML L LS MRS N L WS

2. Express 5 + 7n in words in at least two different ways,

L
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Merknad [17]: Codes (113-117)
Matematical language

Merknad [18]: Codes (117-121)
Interpreting expression

Algebra as a language

One variable




GUIDED PRACTICE

«ssion for each word phrase. I
vl g MFT: of3and p 2, 77 mor than the product af 2 and
I 1. 5 less than the produc .

L —

shraic ression.
(%; Write a word phrase for cach algzbraic exp 4. 265~ 93

237
5. 13 + 43‘1 B, r B et enres Avirinad? FRE

e w

L=

. business Quring s
ﬁs&]'jy g, Mark is going to wark for

T f::i:"]r}::il;ul he helps clean. Write
much Mark will earn if b

sumimer. Mark's father will pay him 55 for
45, or 45 pools.

i ' stermine how

ehraic expression 1o d2 : 5.

l a“e:!nsg }s. Then evaluake the expression for 152 ,

o | cl n 'P:":' 5 w1 slom mlmahraic gEDTEESSI0TL

+ cin be evaluated by the algebraic EApression L

CHEATLS 12 s soe==-

Write a word problem tha

x — 450. Then evaluate the expression for x = 1323,

2 10
B

INDEPENDENT PRALE S 3
i 7 ase.
@1 Write an algebralc expression fo- each m:i p ?_Immm_ -
T 11. 1 more than the guotient al 5 ;

tlent of rand 5
| 43. 45 less than the product of 78 and j quo

| 15. 14 more than the product o 59 and g

dn roduct of 3and p
fan

14. 4 plus the

e w m———

i i
a word phrase for each algebraic express .
17. 16g+ 12 18. 14+ 5

(=

L
102

....... AL LL TRk Lt |

%ﬁ P 19, . - 51

16. 142 — 1

| 16 ez -

3] o 2.

§1680 to purchase gxercise EQ‘IJI]JE’!CEI‘LL
contributions from memners ui_t :
ermine how much will oe

Then evaluate {he

iy € is trying ic raise
mranity center is iyl
e 4 ceiverqual

The center is hoping 1o N : ;
S Write an algebraicexpressiorn o det
each person it n people contribule.
2, 14,01 16 aeople.

| cOMIMUnity.
\ peeded from

expression for 10, 1
l v bl ¢ be evaluated by the algebraic expression

] ‘e a word problem that ¢a el by
‘1—) # Egtl r. Then evaluate the expression for r 137

b aleahraie PEOTESSLOMN

——

Merknad [19]: Codes (121-125)
Formulating expression

One variable

Matematical language

Repetitive Weight: 1/5

Algebra as a language

Merknad [20]: Codes (125-129)
One variable

Fractions

Interpreting expression
Matematical language

Algebra as a language

Repetitive Weight: 1/5

Merknad [21]: Codes (129-133)
Formulating expression

One variable

Matematical language

Task with context

Real life

Multistep

Algebra as a language

Merknad [22]: Codes (133-137)
Interpreting expression

One variable

Multistep

Algebra as a language

Merknad [23]: Codes (137-141)
Formulating expression

One variable

Matematical language

Repetitive Weight: 2/5

Algebra as a language

Merknad [24]: Codes (141-145)
Interpreting expression

One variable

Fractions

Repetitive Weight: 1/5

Algebra as a language

Merknad [25]: Codes (145-149)
Formulating expression

One variable

Multistep

Task with context

Real life

Matematical language

Algebra as a language

Merknad [26]: Codes (149-153)
Interpreting expression

One variable

Multistep

Algebra as a language
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ROBLEM SOLVING

i r each word phrase. .
ivg 23, the product of 6 and yincreased

PRACTICE AND P

Write an algebraic express

' the sum of 4 aﬁd ¥
a4 SRR 25, 1 divided by the sum of 3and £

duct of 13 and]
and 35

24, : of the sum of 4 and p

gs than the pro
265, half the sum of mand 5 27. Gless | F
L 29, twice the quotient 0 m

han m divided by 8 2
28. 2lessth 31. & times the sum of 3 and x

30. % of the difference of p and 7

F RN R

Translate each algebraic expression into words.

= 7 16
. 32, 4~ 3 33. 8{m + 5) 34. 5 35, I?(M)

36, Al age 2, a cat or a dog is considesed 24 “human” years old. Each year after
age 2 is equivalent to 4 “human” years. Let @ represent the age of a cat or dog.
Fill in the expression [24 + |7 (@ —2)] so that it represents the age of a cat
or dog In "human” years. Copy th2 chart and use your expression to
complete it

Age 24 + [H(a~2) I:hl.lmﬁ"lg:'lﬂfil

o fun [ | | ea

37. Reasoning Write two different a gebraic expressions for the word phrass '
"% the sum of x and 7."

-

? 38, What's the Error? A student wrote an algebraic expression for “5 lass
than the quotient of r and 3" as #5 &, What error did the student make?

.",}' 39, Write About It Paul used aidition to solve a word problem about the
: weekly cost of commuting by toll road for $1.50 each day. Fran solved the
same problem by multiplying, They both got the correct answer. How is
o this possible?
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Merknad [27]: Codes (154-157)
Formulating expression

One variable

Fractions

Repetitive Weight: 3/5

Algebra as a language

Merknad [28]: Codes (157-161)
Interpreting expression

One variable

Fractions

Repetitive Weight: 1/5

Algebra as a language

Merknad [29]: Codes (161-165)
Interpreting expression

One variable

Task with context

Real life

Algebra as a language

Multistep

Merknad [30]: Codes (165-169)
Formulating expression

One variable

Fractions

Matematical language

Algebra as symbolic manipulation
Algebra as a language
Transforming

Merknad [31]: Codes (169-173)
Interpreting expression

One variable

Fractions

Task with context

Real life

Algebra as a language

Merknad [32]: Codes (174-177)
Matematical language

Task with context

Real life

Generalized arithmetic




Merknad [33]: Codes (177-181)
?* 40, Challenge Write an express.on for the sum of 1 and twice a number n. If i e
i s One vari
R you let i be any number, will the result always be an odd number? Explain. M'Le,t‘,';;'; ¢

Algebra as generalization

i "ﬁ SriraL STanparps Review = N51.2, AFLI, A
: S—
4. Multiple Choice Which expression means “3 times the difference of y and 4™
Ay 3y=14 E3-(y+4) ©3I--4 (Ex3=iy—4

42. Multiple Choice Which expression represents the product of a number n and 327
o+ 32 CE n— 32 ey e 32 32+ n

43. Short Response A company piints i books at a cost of $9 per book.
Write an expression to represenithe total cost of printing r books. What is
the total cost if 1050 books are printed?

ﬁll'l'lp“f}'. (Previous couirse)
a4, 32 + 8+ 4 45 24 =23+ 06+ ] 46. (20 —-8)-2+4 2

Evaluate each expression for the given value of the variable. {(Lesson 1-1)
7. 24 + ) —-3lorx =1 A48, 3B —=x) =2 forx =12

Integers and Absolute Value
v R R T

Think and Discuss
1. Explain the steps you would take to simplify |5 — |=z2].

2. Explain whether an abisoltite valve is ever negative,

e . Merknad [34]: Codes (307-310)
Th ink and Discuss Negative numbers

. 1. Compare the sums of 10+ (=22} and =10 4 22,
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, 8k (=13) and —13 +9. Then comoare the sums.

GUIDED PRACTICE
o find each sum.

" 2. Describe how to add the following expressions on a numb

er line! /‘

WAl I 1 r"nl‘-‘l e i
dr) ”:L:I:Tm 2. 6+ (—4) 3. =7+3 h A
A, AP 7, =11 +17 8. —6 = (=8
. | 5 —1245 -
.
e variable.

expression for the given value of th

y G5 luate each ;
2 @ Eval 10, ni 4+ Tlorm = =2

9, t+ l6fort=—5

11, p+ (=5 forp= =3

: its
g4 12, Lee opens a checking accourt. In the f?[th-l. Checks | Depos
e month, he makes two deposis mjti writes 194 S600

three checks, as shown al right, Find what his = g
balance is at the end of the ronth. (Hint: 2
. Checks count as negative ArROUnts.) $3
INDEFEHDEHT PRACTICE
ber line to find eachsum. :
B U:E;TI:“?} 14, -7 +7 15. 4+ (-9 18, =1 +7
L 13. -
Wi 19. =8 + (—8) 20. 19 + (=h)

17, 8 + 14 18. =6+ (-7)

|. 1. 22 + (—15) 22. 17 +9

expression for the given value of t

aan Evaluate each
& = 36. =+ 21 forx= =7

25 g+ 13 for g = 10

80

23. —20 + (=12)

24, —10+7

he variahle.

27. z+ (=T forz= 16

i

I

Merknad [35]: Codes (310-314)
Negative numbers

Repetitive Weight: 1/5

Merknad [36]: Codes (314-318)
Negative numbers

Repetitive Weight: 1/5

Merknad [37]: Codes (318-322)
Negative numbers

Merknad [38]: Codes (322-326)
Interpreting expression

One variable

Negative numbers

Repetitive Weight: 1/5

Algebra as a language

Merknad [39]: Codes (326-330)
Task with context

Real life

Negative numbers

Negative numbers

Merknad [40]: Codes (331-334)
Repetitive Weight: 1/5

Negative numbers

Merknad [41]: Codes (334-338)
Repetitive Weight: 2/5

Merknad [42]: Codes (338-342)
Interpreting expression

One variable

Negative numbers

Repetitive Weight: 1/5

Algebra as a language




- e | . | Merknad [43]: Codes (342-346)
P Cars Picked !
s @ 28, On Monday mnmmg.f‘t Cars mﬁ"!ﬂ up ;:erl\:\gh context
: ;].) mechanic has no cars in her -
shop. The table at right Monday BT

* Tuesday 2
TWednesday | % L 0%
Thursday | 14 2

Friday i .-

ghows the number of cars
\ dropped off and picked up
‘ each day. Find the total

|

number of cars left in her
shop on Friday.

5—4-3-2-1 0 1 2

Find each sum.
3, =9 4 [=3 32, 16 + (=22} 33. -34 + 17 34, 44 4 39

Merknad [45]: Codes (350-354)
Negative numbers
Repetitive Weight: 2/5

35. 45 4 (—B67) 36. =14 + 85 37241 3B, =31 4 (=31}

L“““G Merk_nad [44]: Codes (347-350)
PRACTICE AND PROBLEW SO . e
Write an addition equation for eachnumber line diagram. .
I —] n, w— NP |
e v vu S 2 o SRR ey
2-7-6-5-4-3-2-1 0 1 2 34 5

Merknad [46]: Codes (354-358)
Interpreting expression

One variable

Negative numbers

Repetitive Weight: 2/5

Algebra as a language

Evaluate each expression for the given value of the variable.
39, e+ 17 forc= =9 40, k+ (=12 for k=4 M. b+ (=6 forb= —24

42, 13 +rforr=-—19 43, =9 + wiorw= —=6 4, S+ n+ (=B forn=5

—_
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q Economics Refer to the
data at right about 115,
international trade for
the year 2004. Consider
values of exporis as

Exports Imports
Guods iﬂﬂ?.Eaﬂ,uEE_ 000 | $1,473,768,000,000
Services | $338,553,000,000 | $290,095,000,200

Faufea LS Carduig Mijia

positive quantities and values of mports as negative quantities.
8. What was the total of U.S. exports in 20047

b. What was the total of U.5. imports in 20047

€. The sum of exporis and impaonts is called the balance of trade.
Approximate the 2004 U.5. batance of trade to the nearest billion
dollars.

Thié number ane
category of
imported goods in
the United States
is imdustrial
supplies, inchuding
petroleam and
petroleam
prodiscts. In 2004,
this category
accounted for
aver 3412 million
of imports.

I\'\'--

Merknad [47]: Codes (358-363)
Task with context
Real life

? 46. What's the Error? A student evaiuated —4 + d for d = =6 and gave an
answer of 2. What might the sudent have done wrong? Give the cormect

ANSWEL

-’,? 47. Write About It Explain thedifferent ways it is possible to add two

integers and get a negative answer.
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Merknad [48]: Codes (363-367)
Interpreting expression

One variable

Negative numbers

Task with context

Real life

Algebra as a language

Merknad [49]: Codes (368-371)
Negative numbers

Matematical language

Generalized arithmetic

Merknad [50]: Codes (371-375)
Pattern

Negative numbers

Formulating rethoric rule




Appendix 3: Pi 7 document codified
UppgiFTErNA

19-32

200

1. En talfoljd &r 2, 6, 10, 14,

a) Vilka tal ar element i talfoljden?
b) Vilket tal ar det tredje elementet i talféljden?
c) Ar talféljden andlig eller oandlig?

2. Vilka &r de tre féljande elementen i talféljden?

a)1,4,7, 10, ...
b) 27, 25, 23, 21, ...
c) 55, 50, 45, 40, ...

3. Vilka &r de tre féljande elementen i talféljden?

a)0,3,6,9, ...
b)7,5,3,1, ...
€)-9,-7,-5,-3, ...

4. Hur ménga element har talfoljden?

a)2,5,4,7,1,0,8,6,3 0)3,2,1,0,-1, ...
c) 10,20, 10,20,10  d)7, 14,21, ..., 49

5. Fortsatt foljden med tva bokstaver.

a)AICIEiGI_l
b)TaQuNy_a
C)A,C,F,J,_,

6. Skriv ut de fyra forsta elementen i

en talfoljd dar det forsta elementet ar

Merknad [51]: Codes (6179-6340)
Introductory tasks

Pattern

Multistep

Matematical language

Formulating rethoric rule

Merknad [52]: Codes (6340-6452)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Matematical language

Identifying and continuing a pattern

Merknad [53]: Codes (6452-6559)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Negative numbers

Matematical language

Identifying and continuing a pattern

p
Merknad [54]: Codes (6559-6698)
Pattern
Repetitive Weight: 1/5
Matematical language
Introductory tasks

L Identifying and continuing a pattern

p
Merknad [55]: Codes (6699-6816)
Pattern
Repetitive Weight: 1/5
Introductory tasks

L Identifying and continuing a pattern

Merknad [56]: Codes (6816-7142)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Matematical language

Interpreting retoric rule

a) 3 och varje nytt element &r 5 storre an det foregaende
b) 42 och varje nytt element &r 6 mindre &n det foregaende
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¢) 5 och varje nytt element ar tre ganger sa stort som det foregaende
d) 48 och varje nytt element &r hélften av det féregaende.

E Bilda en talf6ljd av talen 2, 7, 3, 9, 10, 1, 5 och 8 sa att varje element narmast efte

a) alltid &r storre &n det foregende

b) alltid & mindre &n det féregaende.

c) Bilda talféljden sa att den kan spjélkas upp i tva talfoljder som vardera uppfyl- ler villkoret
i aochsaatt elementen fran de olika delarna uppfyller villkoret i b.

8. Bilda en oéndlig talféljd som bestér av |

Merknad [57]: Codes (7142-7485)
Introductory tasks

Pattern

Multistep

Matematical language

Interpreting retoric rule

a) jamna naturliga tal i storleksordning

b) heltal i storleksordning

¢) negativa heltal vars absolutbelopp ar delbara med fem, i storleksordning.

9. Skriv en talfoljd med fem element dar det mittersta elementet &r 15 och

a) som bildas av heltal i storleksordning
b) som bildas av udda heltal i storleksordning
c) dar varje element ar 3 mindre &n féljande element.

Fortsétt talféljden med tre element,

Merknad [58]: Codes (7485-7676)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Negative numbers

Matematical language

Interpreting retoric rule

Merknad [59]: Codes (7676-7895)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Matematical language

Interpreting retoric rule

10.a)1,4,9,16,...0)12,7,2,-3,...¢) 2,4, 8, 16, ...

11.a)1,-3,9,-27, ...

Merknad [60]: Codes (7895-7991)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Negative numbers

Identifying and continuing a pattern

b) 100 000, 10 000, 1 000, ...
€)3,-3,3,-3, ...

12.a) 2, -4, 8,-16,32, ...

Merknad [61]: Codes (7991-8063)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Negative numbers

Identifying and continuing a pattern

b) 5,2, 10, -3, 15, -4, ...
¢) 5, -10, 15, 20, 25, ...

13. En talféljd borjar 1, 3, 7, 15, ...

Merknad [62]: Codes (8063-8145)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Negative numbers

Identifying and continuing a pattern

a) Skriv ut talféljdens femte, sjatte och sjunde element.
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Merknad [63]: Codes (8145-8294)
Introductory tasks

Pattern

Multistep

L Formulating rethoric rule




b) Skriv med ord regeln for hur talféljden bildas.

14. Vilket element saknas i talfoljden?

a)1,2,_,816 b)1,2 711
01,2 58 d)1,2, .45

Skriv ocksa med ord regeln for hur talfoljden bildas.

3.1 Talféljder

201

15. Vilken &r regeln for hur tal- och bokstavsféljden bildas?

8)1,B,2,D,3,F b)A 2D,416P

16. Skriv som en talféljd. Ar talféljden andlig eller oandlig?

a) negativa heltal
b) tvasiffriga jamna naturliga tal
c) primtal mindre &n 20

17. Vilka tal star x och y for?

18. Vilket &r foljande element i talféljden?

a)0,0,1,1,2 4,7,13, ...
b) 1,3 3,09, ..
€)2,5,3,7,8,10, 15, ...

19. Hur ménga stjarnor finns det p& den femte bilden?
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Merknad [64]: Codes (8294-8482)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Multistep

Formulating rethoric rule

Merknad [65]: Codes (8501-8612)
Introductory tasks
Pattern
Repetitive Weight: 1/5
L Formulating rethoric rule

Merknad [66]: Codes (8612-8753)
Introductory tasks
Pattern
Negative numbers
Matematical language
Repetitive Weight: 1/5
L Interpreting retoric rule

Merknad [67]: Codes (8753-8788)
Pattern

Introductory tasks

Algebra as a language

Interpreting expression

Identifying and continuing a pattern

Merknad [68]: Codes (8788-8907)
Pattern

Repetitive Weight: 1/5

Introductory tasks

Identifying and continuing a pattern

Merknad [69]: Codes (8908-8965)
Pattern

Introductory tasks

Identifying and continuing a pattern




Bild 1 Bild 2 Bild 3 Bild 4 Bild &
e
* | (3 [P
%o kK Kk B
w || A

20. Vilket &r det tionde elementet i talfoljden?)

a)2,4,6,8, ...
b) 5, 10, 15, 20, ...
)1,4,710, ...

21. Det n:te elementet i en talféljd far vi med hjalp av regeln n + 3. Skriv ut talfoljdens fem
forsta element.

Merknad [70]: Codes (8965-9069)
Pattern

Repetitive Weight: 1/5

Introductory tasks

Identifying and continuing a pattern

22. | tabellen har de fyra forsta elementen i en talfoljd skrivits ut. Kopiera tabellen i ditt hafte
och komplettera den|

ele- ele- ele- ele- ele- ele-
ment  ment ment  ment  ment rment
1 2 3 4 5 10
5 7 g 11
a)
b)
ele- ele- ele- ele- ele- ele-
ment ment ment ment ment MMent
| 2 3 & 5 10
2 5 a 11

28. Hur manga tandstickor behover vi for

Merknad [71]: Codes (9069-9181)
Pattern

One variable

Introductory tasks

Algebra as generalization

Interpret rule

Interpreting symbolic rule

Merknad [72]: Codes (9181-9314)
Pattern

Repetitive Weight: 1/5

Introductory tasks

Identifying and continuing a pattern

a) bild 4 b) bild 5?
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Merknad [73]: Codes (9315-9380)
Pattern

Multistep

Introductory tasks

Identifying and continuing a pattern




Bild 1 Bild 2

Bild 3

24. Hur ménga sma kvadrater finns det pé

bild nummer
a) 4 b) 5 c) 10?2

Bild 1 Bild 2

25. Hur ménga tandstickor finns det p& bild nummer n?

Bild 1 Bild 2 Bild 3

87

Bild 3

Merknad [74]: Codes (9400-9455)
Pattern

Multistep

Introductory tasks

Identifying and continuing a pattern

Merknad [75]: Codes (9456-9512)
Pattern

One variable

Algebra as generalization
Introductory tasks

Formulating symbolic rule

Formulate rule




202

26. Hur manga tandstickor finns det pa bild nummer n?

Bild 1 Bild 2 Bild 3

27. Skriv ut de fem forsta elementen i

en talféljd dar element nummer n ar
ajn+5 b)3:n
€)2-n-5 d)5-n-10.

28. Element nummer n i en talfoljd &r 2 - n|

Vilket &r element nummer
a) 10 b) 20 c) 100?

29. Vilket &r talféljdens n:te element?

a) 100, 101, 102, 103, ...
b)1,59 13, ...
)0,3,8, 15,24, ...
d)3,33, ...

30. Vilket &r talféljdens n:te element?

a)3,4,5,6,7,...b)2,4,6,8,10,...¢) 3,5,7,9,11, ... d) 1, 4, 7, 10, 13, ...

31. Hur ménga tandstickor finns det p& bild nummer n?

Bild 1 Bild 2 Bild 3
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Merknad [76]: Codes (9545-9601)
Pattern

One variable

Algebra as generalization
Introductory tasks

Formulating symbolic rule

Formulate rule

Merknad [77]: Codes (9610-9753)
Algebra as generalization
Pattern
One variable
Repetitive Weight: 1/5
Matematical language
Introductory tasks
Interpreting retoric rule
L Interpret rule

p
Merknad [78]: Codes (9753-9857)
Algebra as generalization
Pattern
Repetitive Weight: 1/5
Matematical language
One variable
Introductory tasks
Interpret rule
Interpreting symbolic rule

=
Merknad [79]: Codes (9857-9976)
Algebra as generalization
Pattern
One variable
Repetitive Weight: 1/5
Matematical language
Formulate rule
Introductory tasks
L Formulating symbolic rule

Merknad [80]: Codes (9976-10100)
Algebra as generalization
Pattern
One variable
Repetitive Weight: 1/5
Matematical language
Formulate rule
Introductory tasks
L Formulating symbolic rule

Merknad [81]: Codes (10100-10229)
Algebra as generalization

Pattern

One variable

Introductory tasks

Formulating symbolic rule

Formulate rule




32. Hur ménga tandstickor finns det p& den nionde bilden?

Bild 1 Bild 2 Bild 3

TANKENOT

TANKENAT|

Det forsta elementet i en talfoljd ar 2. Ett element med jdmnt ordningsnummer &r 5 mindre
an foregaende element. Ett element med udda ordningsnummer far vi genom att multiplicera
foregaende element med

=1. Vilket &r det 43:e elementet i talféljden?

HEmUppgiFTETr
HEmUppgiFTET
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33. Studera talféljden 17, 21, 25, 29, ..|

a) Skriv ut de tre foljande elementen.
b) Skriv med ord regeln for hur talféljden bildas.

34. Skriv ut de tre féljande elementen i talféljden.)

a) 25, 30, 35, 40, ... b) 101, 98, 95, 92, ... ¢) 5,2, -1, -4, ...

35. Skriv ut de tre foljande elementen i talféljden.)

a)3,6,12,24,...b) 2,6, 12,20, ... ¢) 1,2, 4, 8, ...
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Merknad [82]: Codes (10229-10374)
Pattern

Introductory tasks

Identifying and continuing a pattern

Merknad [83]: Codes (10397-10701)
Introductory tasks

Pattern

Interpreting retoric rule

g
Merknad [84]: Codes (10705-10838)
Pattern
Multistep
Introductory tasks

L Formulating rethoric rule

p
Merknad [85]: Codes (10838-10953)
Pattern
Negative numbers
Repetitive Weight: 1/5
Introductory tasks

L Identifying and continuing a pattern

Merknad [86]: Codes (10953-11063)
Pattern

Negative numbers

Repetitive Weight: 1/5

Introductory tasks

Identifying and continuing a pattern




36. Skriv ut de tre féljande elementen i talféljden.)

a) 100, 90, 82, 76, 72, ...
b) 1,2, 4,8, 16, ...
¢) 800, 400, 200, ...

37. Skriv ut de fyra forsta elementen i talféljden, dar

a) det forsta elementet ar 5 och vi far ett nytt element genom att multiplicera féregaende
element med 2

b) det forsta elementet ar 10 och vi far ett nytt element genom att multiplicera foregaende
element med 2 och sedan subtrahera produkten med 6

c) det forsta elementet &r 4 och vi far ett nytt element genom att multiplicera foregaende
element med 3 och sedan subtrahera produkten med 5

d) det forsta elementet ar 1 och vi far ett nytt element genom att multiplicera féregaende
element med 2 och sedan addera produkten med 3.

38. Skriv ut de fem forsta elementen i talfoljden dar det n:te elementet ar

ajn-2 b)—4-n c)3-n—2.

39. Vilket &r talféljdens n:te element?

a)3,4,5,6, ...

b) -2, —4, -6, -8, -10, ...
c)2,5,8,11, ...

d) 600, 300, 200, 150, ...

40. Hur ménga tandstickor finns det p& bild nummer

a)5 b)10 ) 100?

Bild 1 Bild 2 Bild 3

41. Hur manga tandstickor finns det pa bild nummer n i foregaende uppgift?

42. Hur ménga tandstickor finns det pa bild nummer n?

Bild 1 Bild 2 Bild 3
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Merknad [87]: Codes (11063-11183)
Pattern

Repetitive Weight: 1/5

Introductory tasks

Identifying and continuing a pattern

Merknad [88]: Codes (11183-11768)
Pattern

Repetitive Weight: 1/5

Matematical language

Introductory tasks

Interpreting retoric rule

p
Merknad [89]: Codes (11768-11892)
Repetitive Weight: 1/5
One variable
Pattern
Introductory tasks
Interpreting retoric rule
Algebra as generalization
Interpret rule

=
Merknad [90]: Codes (11892-12018)
Algebra as generalization
Pattern
One variable
Repetitive Weight: 1/5
Introductory tasks
Formulating symbolic rule
| Formulate rule

Merknad [91]: Codes (12018-12170)
Pattern

Multistep

Introductory tasks

L Identifying and continuing a pattern

g
Merknad [92]: Codes (12181-12256)
Pattern
Algebra as generalization
One variable
Introductory tasks
Formulating symbolic rule

L Formulate rule

Merknad [93]: Codes (12256-12386)
Pattern

One variable

Algebra as generalization

Formulate rule

Introductory tasks

Formulating symbolic rule




X XX 1 XXX
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43. Vilket varde ar storst, a eller b?

a b

Skriv som en produkt

44,2)3+3+3+3
b) (-2) + (-2) + (-2)
C)4+(H+(EDH)+(4)+(4)

45.a)a+tatatata

b)b+b
cjc+c+c+c+c+c+c

46.) —X — X

b)-y-y-y-y-y-y-y-y
C)—-S—S-—S5

47.a)b+b+b

b) X—x—-x—Xx
c)—a—a

48. Skriv av tabellen i ditt hafte och fyll i den.|
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Merknad [94]: Codes (12390-12431)
Repetitive Weight: 1/5

Algebra as a language

Two or more variables

Interpreting expression

Merknad [95]: Codes (12432-12531)
Negative numbers
Repetitive Weight: 1/5

Merknad [96]: Codes (12531-12594)
Repetitive Weight: 1/5

One variable

Algebra as a language

Interpreting expression

Merknad [97]: Codes (12594-12656)
One variable

Repetitive Weight: 1/5

Algebra as symbolic manipulation
Simplifying

Merknad [98]: Codes (12656-12701)
Algebra as symbolic manipulation
Simplifying

One variable

Merknad [99]: Codes (12701-12754)
Matematical language

Algebra as a language

Interpreting expression

One variable




Monam Koefficient Bokstavsdel

3a
=2 X
¥
=1 I
—4x

49. Férenkla, dvs. skriv pa ett enklare sétt,

a)6 - x b)5 - (-a) c)z-5
d-1-y el-(=m)  f)x+x

50. Skriv som en produkt och forenkla.|

a) X+ (=X) + (-X) + (-x)
b) -b + (=b) + (=b) + (-b) + (-b)
c) ta+ (+a) + (+a)

51. Ange koefficient och bokstavsdel.

a)6x b)-3x ¢)y d)-z e)5af) 4

52. Skriv monomet

a) Det &r en konstant —6.

b) Det har samma koefficient som monomet 2x men bokstavsdelen &r y.

c) Det har koefficienten —1 och bokstavs- delen ar densamma som i monomet

-2a.

@ Beteckna den sammanlagda langden av stréckorna.\

a)

b)

Merknad [100]: Codes (12755-12894)
One variable

Negative numbers

Repetitive Weight: 2/5

Algebra as symbolic manipulation
Simplifying

e DY
Merknad [101]: Codes (12894-13014)
One variable
Repetitive Weight: 1/5
Algebra as symbolic manipulation

kSimplifying

Merknad [102]: Codes (13014-13091)
Matematical language

Repetitive Weight: 1/5

Algebra as a language

Interpreting expression

One variable

Merknad [103]: Codes (13091-13283)
Matematical language
Repetitive Weight: 1/5
Algebra as a language
Formulating expression
L One variable

Merknad [104]: Codes (13283-13351)
Formulating expression

One variable

Task with context

Geometry

Repetitive Weight: 1/5

Algebra as a language




Appendix 4: Numbers to algebra document codified
* Think and Discuss e
1. Describe two different numnber patterns that begin with 3,6, . ...

2. Tell when it would be useful t't:r_ir akee a table o help you identify
- and extend a pattern. 5, '

.

Merknad [105]: Codes (24-28)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Identifying and continuing a pattern

| GUIDED PRACTICE

see Example @1 Identify a p:m:ibln pattern. Use your patiern to write the next three nun

2 1,392,100 M. ...

1. 6,14,22,50, [0, . M. ...

3. 55'5[..‘11,32,B.Elﬁ.___ 4&&9:11:1‘1.@!&.‘@- v

ttern to draw the next three figurf merknad [106]: Codes (28-32)
Introductory tasks

5% Tdentify a possible pattern. Use your pa
Pattern

6. v P m Repetitive Weight: 1/5
5. Task with context
Geometry

Identifying and continuing a pattern

See Example

7. Make a table that shows the number of green triangles in each NEUIE. fyerknad [107]: Codes (32-36)

e Example @30 - s attH Introductory tasks
58 P Tell how many green l_rlan;EjEE are in the fifih ﬁﬂ.um of a PﬂbSlhIE L5 :/ilitlﬁ‘rr;
. ultistey
Use drawings Lo iu'““'!I your answer. Task witrIJ1 context
Geometry

Identifying and continuing a pattern

¥ X XXX

Figure 1 Figure 2 Figure 3

Merknad [108]: Codes (36-40)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Identifying and continuing a pattern

[ INDEPENDENT PRACTICE
1y Identify a possible pattern. Use your pattern to write the next three n

See Example { Tt .
g 27.24,21,18 B, [, M. . .. 9. 4,096, 1,024, 256, 64, [F/

10. 1,3,7,13, 20, |, [, I, ... 11. 14,37, 60,83, I, B,

draw the next three figy Merknad [109]: Codes (40-44)

erm ttern to
ok tify a possible patiern. Use your pa Introductory tasks
See Example '«.%;.J Identify a p - !E‘]z @ Pattern
Repetitive Weight: 1/5
E 3 . 13. ‘s ’ Task with context
| 12 . & . - ‘ Geometry

Identifying and continuing a pattern
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Spe Example l_T_;

L ]
| L L
| L] e @ a & @

o e ® e a @ e & & @
l Figure 1 Flgure 2 Figure 3 Figure 4

PRACTICE AND PROBLEM SOLVING

COIIETT®  Use the rule towrite the first five numbers in each pattern.
15. Start with 7; add 16 to each number to get the next number.

16. Start with 96; divide each number by 2 to get the next number.

17. Start with 50; subtract 2, then 4, then &, and so on, to get the

18. Reasoning Suppose the pattern 3,6,9,12,15.. ,.is continued
‘ forever. Will the number 100 appear in the pattern? Why or why not?

N

Identify a possible pattern. Use your pattern to find the missing numbers.
19, 3,12, [, 192, 768, [, M. ... 20. 61, 55, I, 43, [, BN, 25, ...

21. . 19.27.95,. 0, 5, ... 22, 2., B, I, 32, 64, |, ...
Target Heart Rate
A Heart Rata
g (beats per minute)
20 150
23. Health The table shows the target heart rate
during exercise for athletes of diff:rent ages. 25 146
Assuming the pattern continues, what is the 0 142
target heart rate for a 40-year-old athlete? a -
. i5-year-old athlete? 35 138

Diraw the next three figures in each pattern.

~ONAONAG®
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14. Make a table that shows the number of dots in each ﬁg]:m.'[ﬂl how
are in the sitth figure of a possible pattern. Use drawings to justify y

Merknad [110]: Codes (44-48)
Introductory tasks

Pattern

Multistep

Identifying and continuing a pattern

Merknad [111]: Codes (48-52)
Introductory tasks

Pattern

Repetitive Weight: 1/5
Interpreting retoric rule

Merknad [112]: Codes (52-56)
Introductory tasks

Pattern

Formulating rethoric rule

Merknad [113]: Codes (56-60)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Identifying and continuing a pattern

Merknad [114]: Codes (60-65)
Introductory tasks

Pattern

Task with context

Real life

Identifying and continuing a pattern

Merknad [115]: Codes (65-69)
Introductory tasks

Pattern

Repetitive Weight: 1/5

Task with context

Geometry

Identifying and continuing a pattern




Pattern

B e Identifying and continuing a pattern

26. Social Studies In the ancient Mayan civilization, people used a numbier Merknad [116]: Codes (69-73)
= Task with context
system based on bars and dots. Szveral numbers are shown below. Look Real life
for a pattern and write the numbzr 18 in the Mayan system. Introductory tasks
o 3 5 £ 0 13 15

Merknad [117]: Codes (73-77)
Introductory tasks

Pattern

Task with context

Real life

Formulating rethoric rule

%2 27 What's the Error? A student was asked to write the next three numbers
in the pattern 96, 48, 24, 12, ... The student’s response was 6, 2, 1. Deseribe
o and correct the student’s ermor

month of March, March 1 fals on a Sunday. Explain how to use a number Real life

Introductory tasks
pattern to find all the dates when the club meets. patiarn

Formulating rethoric rule

(] \ 28, Write About It A school chzss cdub meets every Tuesday during the / Merknad [118]: Codes (77-81)

* 29, Challenge Find the 83rvd number in the pattern 5, 10, 15, 20, 25,.. . . . L/ msglﬁc?:)jry[%;g Codes (91:59)

Pattern
Identifying and continuing a pattern

'-:",
g SpmraL Stanparns Review Piep for AF2.0
—
30, Multiple Choice Which rule best describes the pattern 2, G, 18, 54, 162, . .. 1
Ay Add 4. By Add 12 @ Multiplyby 3. (B Multiply by 4.

31, Short Response What could be the next number in the pattern 9, 11, 15, 21, 29,
‘ 39, . . .7 Explain how vou determined your answer.

Round each mumber io the neares! hundred thousand., (Previous course)
32, 4,224,315 3= 12,483,028 34, 8,072,339

Find each quotient. (Previous course)
35, 3,068 + 26 36. 5,680 + 35 37. 51,408 + 136

Think and Discuss
1. Describe a relationship between 2° and 3%
2. Tell which power of § is equal to 2°, Explain.

-3..-Ejlp_lilii'-l'_whj" any number to the fi-st power is equal 1o
o ithat number.
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Identify a possible pattern. Use your pattern to write the next three numbers. (Lesson 1)
64, 100,91, B2, 75, 64, . . 65. 17, 19, 22, 26,31, ... 66. 2,6, 18, 54, 162, .

" Think and Discuss
1. Apply the order of aperations to determine if the expressions
3 + 4% and (3 + 4)° have the same value, '

2. Give the correct order of operations for simplifying
(5 4 3+ 20) + 13 + 3%

‘3. Determine where grouping symools should be inserted in the
. expression3 + 9 — 4 - 250 that its value is 13,

.

B D PHRALDIRC -
. S rder of ations to justify your wor
< Simulify each expression. Use the order ol OpEr : :
b ; 7. 28 —4-3+6+4 3, 25—4"+
1. 43+ 16+ 4 : =&y
I T. B3 T AU T .
' q4-2
tpe Example @ 4 26—(7 31 +2 5, (3% 4 11) +5 6. 32 + 6l z
e Exam
Wedn
. He worked 4 hours on Monday,
: areer Caleb earns $10 per hour i i
RERe H;r‘} " II:a:nudl Priday, He worked & hours on Tuesday and Thuﬂfday. Stmp;g;.lﬂ 1 :
expression (3 -4+ 2+ ) + 10 to find out how much Caleb earned |

.

INDEPERDENT PRACTICE :
1 Simplify each expression., Use the order of operations to justify your wo

; A2
8 3+7-5-1 g9 5-9-3 10. 3—2+ 64

cee Example

12, 24 -5+ 3) 13. 3+3)+3-
15. B—-2F-@—17+3 16 9,234 + 3 /3(

| B.3+r*a=21

- ¥
s Example ._1_; 1. 3:-3-3%+3+3

| 14 4*+8-2

Merknad [120]: Codes (202-206)
Introductory tasks

sequence of operations

Multistep

Merknad [121]: Codes (206-210)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 1/5

Merknad [122]: Codes (210-214)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 1/5

Merknad [123]: Codes (214-218)
Introductory tasks

sequence of operations

Task with context

Real life

Merknad [124]: Codes (218-222)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 1/5

Merknad [125]: Codes (222-226)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 2/5

d a §14 basic fee plus $25 a day to rent a cay
5 « 25 to find out how much it cost her t

Consumer Math Maki pai
Simplify the expression 14 +
the car for 5 days.

see Example @ 17.

96

Merknad [126]: Codes (226-230)
Introductory tasks

sequence of operations

Task with context

Real life




LEL o s

‘ 18. Consumer Math En
carpet pad, Simpli

Enrico spent Lo Car
PRACTICE AND PROBLEW

simplify each expression. u

19, 90 — 36 ® 2
22, 10X (18 =21 +7

Compare. Write <, =, or =.
B-(3-2)

12 % {3 4)

25 8:3—-2]|
27. 12+ 34|

29, [BE—3+21[ G =3 +2

Reasoning Insert groupi

3. 4 8=-3=20
34, 4-2+6=32

for 5 hours painting
t how much Bertha earned in L

(80

rico spen’ $20 per square

20. 16 + 14 2 =T
3. -4 —12x%x2

26. (65 + 10) = 2|

32, 549-3+2=8
35, 4+6-3+7=1

yard for carpet and $35 for a

fy the expression 95 4 20(16) to find out how mich

pet a room with an area of 16 square yards.

LW RS

se the order of operations to justily your witk,
21, 64 + 2% + 4

24, (1 + (2 +5Y] %2

28, IB+6-—2]|
30. I{lB—l4j+[2+2.}_ 1ﬂ—j4+2+}i

G+10+2
18 + (6= 2]

ng symbols to make each statement (rue.

33, 1222+ 5=20
36, 9-8-6+3=0

tting and $10.00 per hotlr
37. Bertha earned $8.00 per hour for 4 hours Dolrdiung 5 1o find

a room. Simplify the expression 8+ 4 + 10+

38. Consumer Math Mike bought a painting for $512 He sold it at an antigue
auction for 4 times the amount that he paid for it, and then he purchased
another painting with half of the srofit that he made. Simplify the express.on
(512 - 4 — 512} = 2 to find how much Mike paid for the second painting.

39, Multi-Step Anelise bought fow shirts
and two pairs of jeans. She paid 36 in

sales tax.

a. Wrile an expression that shows how
much she spent on shirts.

b. Write an expression that shows how
much she spent on jeans.

¢. Write and simplify an expresdon o
show how much she spent on clothes,
including sales tax.
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Merknad [127]: Codes (230-234)
Introductory tasks

sequence of operations

Task with context

Real life

t
/

|

Merknad [128]: Codes (234-238)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 2/5

Merknad [129]: Codes (238-242)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

Merknad [130]: Codes (242-246)
Introductory tasks

sequence of operations

Exponents

Repetitive Weight: 2/5

Merknad [131]: Codes (246-250)
Introductory tasks

sequence of operations

Task with context

Real life

Merknad [132]: Codes (250-254)
Introductory tasks

sequence of operations

Task with context

Real life

Merknad [133]: Codes (254-258)
Introductory tasks

sequence of operations

Task with context

Real life

Multistep




.

Merknad [134]: Codes (258-262)

@ 40. Choose a Strategy There zre four children in a family. The sum of the Introductory tasks
squares of the ages of the three youngest children equals the square of %‘lf\;‘;fﬂﬁ::ﬁons
the age of the oldest child. Hew old are the children? Real life
Ay 1,4, 8,9 (B 1,3,6,12 o 4, 5,810 o 2.3, 8,16

operations to find the correc: value of [(2 + 4)* = 2-3] + 6. sequence of operations

f | 41, Write About It Describe the order in which you would perform the J mgg'&:‘cﬁt‘;y[tlifsl Codes (262-266)

expression that has a value of 100. sequence of operations

* 42, Challenge Use the numbers 3, 5, 6, 2, 54, and 5 in that order to write an L/‘ mt?;';&ét\g}tlgg Codes (266-270)

72
% SpiraL Stanparps Review AF

L —
43, Multiple Choice Which operstion should be performed first to simplify
the expression 18 =1 -9+ 3+ 3

A Addition (BE» Subraction ¢ Multiplication (B> Division

44, Multiple Choice Which expresson does NOT simplify 1o 812
G 9+ (4 +5) (B T+16-4+10 & 3-2542 m WE—4:541

44, Multiple Choice Which expresson does NOT simplify 1o 812
By 94 +5) (B T+16-4+10 & 3-2542 m WFE—4:5+1

45, Muitiple Choice Quinton bought 2 pairs of jeans for $30 each and 3 pairs
of sacks for $5 each. Which expression can be simplified to determine the
total amount Quinten paid for the jeans and socks?

B> 2-3(30 + 5) (B 2+3-30+5 & 2-30+5)-3 2-30+3:5

Tdentify a possible pattern. Use your pattern to write the next three numbers. (Lesson 1-1)
46. 56,60, 64,68, 72,... 47, 5 10,20, 40,80, ... a48. 70, 63, 56,49, 44, . .,

Find each value, {Lesson 1-2)
49, gb 50. §° 51. 4° 52. 3 53, 7!
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e

‘Think and Discuss
1. Describe two different wiys to simplify the expression 7+ (3 +9),

2 E:n:plaln how the Distributive Property can help you find 6 - 102
o using mental math,

Merknad [137]: Codes (330-334)
Introductory tasks

Matematical language

Generalized arithmetic

.

Sen Example ..,_‘II_;

GUIDED PRACTICE

Tell which property is represented.
1. 1+1,ﬁ+'?:|=tl+ﬁl+i' 2, 1-10=10

4 G+0=6 5.4-{4'2]=(-'I--4]--2

.

each expression, Justify each step.
8. 2-(17+5)

11, 16 + (17 + 14)

see Example (2» Simplily
| 7. 842342

0. 17+ 29+ 3

ty to find each product.
14. 5(31)
17. Bi26)

Use the Distributive Proper
13. 2(19)
16. (13}6

See Example G230

= INDEPENDENT PRACTILE

E o
see Example @1 Tell which property is represent
9. 1+0=1 20, xyz=x-{pz
| 22, 11+25=25+11 23. 7-1=7
.
ion. Justify each step.

See Example £20 Simplify each expressi
25, 60+ 162

|. 28. 27 +28+3

26. 9+ 34+ 1
29. 20 + (63 + 80

-Use the Distributive Property to find each product.
32, (14)5

35. (23)4

See Example G35
| 31. 9(15)

34. 10042
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Merknad [138]: Codes (334-338)
Introductory tasks

Repetitive Weight: 2/5

Generalized arithmetic

Merknad [139]: Codes (338-342)
Introductory tasks

Repetitive Weight: 2/5

Generalized arithmetic

1) -4

9, (25"

12, 51920

Merknad [140]: Codes (342-346)
Introductory tasks

Matematical language

Repetitive Weight: 2/5

Generalized arithmetic

15, (22)2

18. (34)6

Merknad [141]: Codes (346-350)
Introductory tasks

Matematical language

Repetitive Weight: 2/5

Generalized arithmetic

21, 9+ [@+0) =L

24, (16-4)-2

Merknad [142]: Codes (350-354)
17. 4+ (25 -9) Introductory tasks

Repetitive Weight: 1/5
30, 25 + 17 + 7 Generalized arithmetic

Merknad [143]: Codes (354-358)
Introductory tasks

33. 3(58) Matematical language
Repetitive Weight: 2/5

36. (16)5 Generalized arithmetic



PRACTICE AND PROBLEW SOLVING

Write an example of each property wsing whole numbers.

37, Commutative Property

o 30, Associative Property

38. Identity Property
40, Distributive Property

Merknad [144]: Codes (358-362)
Introductory tasks

Matematical language

Repetitive Weight: 1/5

Generalized arithmetic

A1. Architecture The figure shows th= floor l
plan for a studio loft. To find the area of the
loft, the architect multiplies the I-:mu_; and
the width: (14 + 8) « 10. Use the Distributive
Property to find the area of the loft

'5,,,__

Simplify each expression. Justify each step. =
42, 32 +26+43 43 50«45+4 44, G+ 16+ &

46, 54 16 =16+ 47. 15+ 1 =
48. W . (447 =3:443:7 49. 20 + W =20
50, 2. .9=(2.13)-9 51. 8+ (1] +4)

52, 2.6+ 1) =2.-0042.1 53. (12 —9) - I8

Complete each equation. Then tell which property is represented.

=]} T

14 ft —be 8 ft-+)

Merknad [145]: Codes (362-366)
Introductory tasks

Task with context

Real life

Geometry

Matematical language

Generalized arithmetic

45, 3525+ 20

i

(8 -+ B) + 4
12-2—9-2

]

Merknad [146]: Codes (366-370)
Introductory tasks

Repetitive Weight: 1/5

Generalized arithmetic

Merknad [147]: Codes (370-374)
Introductory tasks

One variable

Figure or emty box

Matematical language

Repetitive Weight: 2/5

Generalized arithmetic

Algebra as equation solving
Numeric trial

Merknad [148]: Codes (374-378)
Introductory tasks

Task with context

Real life

Generalized arithmetic

54. Sports Janice wants to know the total Denver Nuggets
number of games won by the Denver
Mugpets basketball team over the three Season Won Lost
seasons shown in the table. What 2001-02 27 55
expression should she simplify? Explain 2002-03 17 | =8
how she can use mental math and the 0 3 39

properties of this lesson to simplfy
the expression.

.

=

c? 55. What's the Error? A studeat simplified
the expression 6 « (9 + 12) as shown.
What is the snudent’s error?

(] s6. Write About It Do you think there is a
' Commutative Propetiy of Dirision? Give
an example to explain your swer.

G F 4 Zl=6=-F4 2
=54 + J2
= &

Merknad [149]: Codes (378-382)
Introductory tasks

Generalized arithmetic

Task with context

Real life

Merknad [150]: Codes (382-386)
Introductory tasks

Matematical language

Generalized arithmetic

100




* 57. Challenge Use the Distributive Property 1o s-airn|.'-|lr'y}, + (36 + é:l. J

o,
SpiraL Stanoaros Review

58. Multiple Cholce Which exprzssion is equivalent to (24 + B) + 121
By (24 —-8)—12
B 244 (B +12)

T (244 12) + (8 + 12)
(o (24124 (8+12)

59. Multiple Choice Which number completes the equation
12 + (20 + 6) = 12 . 20 + ¥ « 7

a1 B B @ 12 o 20

60. Short Response Show how to uze the Distributive Property to simplify the
expression BE27),

Compare. Write <, =, or =. (Lesson 13}

61, 72 [l 50 62. 10% M 330 63. o* Ml &*

Simplify each expression. {Lesson 1-3]
65 25+ 65— (6°=7) 66. 3 —(6+3) 67. 42+ 5)+7
Think and Discuss ;

1. Write cach expression another way., a. 12x b, ; c. 'f’l

2. Explain the difference between a variable and a constant.

Merknad [151]: Codes (386-390)
Introductory tasks

Matematical language

Generalized arithmetic

64, 2010 42

68. (5—-31+((32-7

GUIDED PRACTICE
@y The expression 12d represent
expression for each value o

| 1-d=3

s the number of eggs in d dozen. Evaluate the

2 d=2 3 d=11

-h expression for thegiven value of the variable.

2 Evaluate eac N .
4 2x—3forx=4 5. r+3+nforn=6 6. 5y° + dyfory=2

101

Merknad [152]: Codes (411-414)
Matematical language

Two or more variables

Repetitive Weight: 1/5

Matematical language

Algebra as symbolic manipulation
Transforming

{ d. and tell what the value of the expression means.

Merknad [153]: Codes (414-418)
Interpreting expression

One variable

Task with context

Real life

Algebra as a language

Merknad [154]: Codes (418-422)
Interpreting expression

One variable

Repetitive Weight: 1/5

Algebra as a language




. ¢4% Evaluate each expression for the given values of the variables.
| ‘ £ h=12
T 7. B pamforn=2andm=>5 8 5a-—3b+5fora=4and
n

INDEPENDENT PRACTICE

represents the aumber of dollars equal to g qu

each value of g and tell what the value of the expression means.
10. ¢ =36 11, g =64

jon arters, Evaluate
@i The expression

Merknad [155]: Codes (422-426)
Interpreting expression

Two or more variables

Repetitive Weight: 1/5

Algebra as a language

‘ the expression for
9. g= 16

- ot o sl
].
n for the given value of the variable.

&5 Evaluate each expressio )
T 13. Wb =9 forb=2 14. p+ 74+ plorp=14

12, 5y = lfory=3 : |
‘ 17. 3c* = 5Gcfore=3

15. n+ 5+ nforn=20 16 52 + 2xforx = 10

each expression for th given values of the variables.

e 3 Evaluate
19, 7p— 204 3forp=6andr= 2

I 18. 12 o 7mfor n = Gand m =4
i

20. x-—{+sznrx=9.y=4.audz=5

—

ND PROBLEM SOLVING
. values of the variables. Justify each step.

2. g+ q +g+2forg=4
24. f+ 3+ fiorf= 148
26. H+3p~—5r-!—3[0rp=2aml;s=1

PRACTICE
Fvaluate each expression for the givea

21. 22p+ 11 + plorp=3

23. lf +himk=8and h=2
75, 3¢+ 3+ tlorr=13

27. 3m+§-—bfarm=2.y=35.mb=?

x'

the nurrber of seconds in m minates. Evaluate

. The expression 60m gives _ .
el seconds are there in 7 minutes?

GOm for m = 7. How marny

.

i e i

LALAIE R R Tr

use the expression 0.25x to find the

sty has n quarters, Youcan ;
29, Money Belsyhasn g the value of 18 quarters?

total value of her coins in dollars. What is

Merknad [156]: Codes (426-430)
Interpreting expression

One variable

Fractions

Repetitive Weight: 1/5

Algebra as a language

Task with context

Real life

Merknad [157]: Codes (430-434)
Interpreting expression

One variable

Exponents

Repetitive Weight: 2/5

Algebra as a language

Merknad [158]: Codes (434-438)
Interpreting expression

Two or more variables

Fractions

Repetitive Weight: 1/5

Algebra as a language

Merknad [159]: Codes (439-442)
Interpreting expression

Two or more variables

Fractions

Exponents

Repetitive Weight: 2/5

Algebra as a language

Merknad [160]: Codes (442-446)
Interpreting expression

One variable

Task with context

Real life

Algebra as a language

Merknad [161]: Codes (446-450)
Interpreting expression

One variable

Decimal numbers

Task with context

Real life

Algebra as a language

Merknad [162]: Codes (450-454)
Interpreting expression

One variable

Task with context

Real life

Algebra as a language
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Appendix 5: Min matematik 6 document codified
157

« Till heltalen hér positiva heltal, negativa heltal och talet noll.
negativa heltal positiva heltal

« Tal som ligger lika langt fran noll pa tallinjen kallas motsatta tal.
Talen -3 och 3 &r motsatta tal.

Talen 7 och —7 ar motsatta tal.

» Summan av tva motsatta tal &r alltid noll. 03 OB O ¥y Oy 1o
[1. Skriv det motsatta talet, Merknad [163]: Codes (308-373)
Integers
Negative numbers
a.[J6b.9c. [115d. 14 e. 11 . []1 Repetitive Weight: 2/5
: : Introductory tasks
[2. Rékna. Skriv den bokstav som motsvarar ditt svar.
Merknad [164]: Codes (373-507)
Integers
a.-10+5d.-12+7+2 Negative numbers
Introductory tasks
b.-7+7e.-15+9+11 Repetitive Weight: 1/5
c.-10+20f.-17+8+8
= E T T
Alr[E][P|]uUu]o]
3. Rékna. Skriv den bokstav som motsvarar ditt svar, Merknad [165]: Codes (508-649)
Integers
— -1-8-— Negative numbers
a.[J5[17d.0-129.-1-8-6 Introductory tasks

Repetitive Weight: 1/5

b.0-14e.-3-5h.8-8-8

c.-7-8f.-8-9

=17 | -15|-14|-12 | -8
L T E N A
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4. Valj ratt tecken <, = eller >,
a. -5+ 8 oy
b, -2+6 0-3
€. -7 +6 -1 -1

Alddition och subtraktion

d.
e.

f.

o ey -5+10
-8-8 -20 + 4
8-12 -6+ 9

Merknad [166]: Codes (650-678)

52. Heltal

W5 [0[H 051015
[y[B37

5. Beteckna och rakna. Skriv den bokstav

Introductory tasks
Integers

Negative numbers
Repetitive Weight: 2/5

Merknad [167]: Codes (720-1431)

som motsvarar ditt svar.

a. Vilket tal far du om du forst subtraherar
talet 21 fran talet 12 och sedan

adderar talet 5 till differensen?

b. Vilket tal far du om du forst subtraherar
talet 4 frén talet -7 och sedan

subtraherar talet 9 fran differensen?

c. Vilket tal far du om du forst adderar
talet 12 till talet —13 och sedan adderar
talet 14 till summan?

d. Vilket tal far du om du forst subtraherar
talet 7 frén talet -2 och sedan

subtraherar talet 5 fran differensen?

e. Vilket tal far du om du forst adderar
talet —8 till dess motsatta tal och sedan
subtraherar talet 4 fran summan?

f. Vilket tal far du om du till talet =12

adderar dess motsatta tal tva ganger?

104

Introductory tasks
Integers

Repetitive Weight: 2/5
Matematical language




-20|-14| -4 | 12 | 13

Hemuppgifter

b. Rakna

a.[J4[THd. 1 .m0 178 [C1°Bj. 18 11201y
b.[19 [T Pe. 5 RIM6 TV CTvk. 4 CT6 [TH
c.J1[11f. 2 D16 [ TIPS/ 2 [T10

7. Beteckna och rakna,

Merknad [168]: Codes (1445-1601)
Negative numbers

Repetitive Weight: 3/5

Introductory tasks

Integers

a. Vilket tal far du om du férst subtraherar
talet 7 fran talet 2 och sedan

subtraherar talet 9 fran differensen?

b. Vilket tal far du om du till talet -16
adderar dess motsatta tal och sedan
subtraherar talet 14 fran summan?

8. Lista ut vem som ager snackorna,

Merknad [169]: Codes (1601-1850)
Negative numbers

Matematical language

Repetitive Weight: 1/5

Introductory tasks

Integers

d el
42

Merknad [170]: Codes (1850-2150)
Task with context

Real life

Multistep

Matematical language

Negative numbers

Introductory tasks

Problem soving

* Talet vid Saras snacka ar det motsatta talet till talet vid Sheilas snacka.
« Jerrys tal far du da du subtraherar talet 7 fran Paulas tal.
» Paulas tal far du da du adderar talet 3 till Saras tal.

« Johns tal dr varken ett positivt eller ett negativt heltal.
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[9. Valj ratt tecken + eller —.\ Merknad [171]: Codes (2150-2183)
Negative numbers
- = | =] r =] Repetitive Weight: 1/5
. 2 | .d. E= 3 I 5 = D Ca ﬂ i 3 tfl- | | ] = —.d Introductory tasks

Equivalence

bh. 1 H 2B 3B A B5--13 d -8l 2B 4 B 4--10]

10. Hur m&nga sma kuber behovs ytterligare for att ladan ska fyllas? Merknad [172]: Codes (2184-2255)
Task with context
Repetitive Weight: 1/5

. b . C. Geometry

Introductory tasks
Problem soving

160

En ekvation bestar av tva uttryck och ett likhetstecken mellan dem.

ekvation
X 18 115
uttryck uttryck

Vi bildar en ekvation utgéende fran bilden och beréknar vardet pa x.

7 kg M x (T2 kg

X (IJ12kg (I V ke

X 115 kg

Kontroll: 7 kg Kp15kg (112

« Vardet pa den obekanta termen x far du genom att subtrahera den andra
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termen, d.v.s. 7 kg, fran 12 kg.
« Du kan kontrollera losningen av en ekvation genom att placera talet du fatt

i stéllet for x i ekvationen.

Exempel x 49
X o I
x  BKbntroll: 5 419

53. Addition med den ena termen obekant

[11. Los ekvationerna enligt exemplet i undervisnings-

rutan. Skriv den bokstav som motsvarar ditt svar.
ab+x=9
b.x+7=10
c.x+7=15
dx+5=11
e.9+x=13
f.21+x=24
g.29+x=34
h.x+13=30
i.x+22=30
j.20+x=36
k.x+12=44
.39 +x =45
m. 46 + x =51

n.x+17 =31

4| 5 17 | 32
MlAlG|RIFILALIE]L

o~
0o
=
o

1[2. Bilda en ekvation och berakna vardet p& x. Kontrollera ditt svar|

Merknad [173]: Codes (2813-3123)
One variable

Repetitive Weight: 4/5

Algebra as equation solving
doing/undoing
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Merknad [174]: Codes (3124-3196)
Equivalence

One variable

Repetitive Weight: 3/5

Algebra as a language

Formulating equation

Algebra as equation solving
doing/undoing




ir
| 6kg 17kg 21kg 22kg 33kg 35kg S58kg 62kg  155kg I?'I:II-;gHT'.ﬁ
e B ¥ . - - i = = =i

Hemuppgifter
[13. L6s ekvationerna. Kontrollera ditt svar genom att placera talet du fatt i stalled Merknad [175]: Codes (3210-3419)
One variable

_ Repetitive Weight: 2/5
Algebra as equation solving

doing/undoing
a44  EI9[TP6  EBR[IRO0  [TJx[I1J 100
bx  EX76C030  EKI25500320 OD1471 12
[14. Bilda en ekvation och berdkna vardet pa x.] Merknad [176]: Codes (3419-3468)
One variable
Repetitive Weight: 1/5
. h- €. Algebra as a language

Formulating equation
Algebra as equation solving
doing/undoing

162
Tillaggsuppagifter Merknad [177]: Codes (3491-3539)
Task with context
. . o ; Geometry
[15. Vilka av bilderna ar gjorda med stampeln? Problem Soving

108



16. Skriv de tre foljande heltalen, Merknad [178]: Codes (3540-3578)
Repetitive Weight: 1/5

Pattern

a. ]3, 8, 3 _ |_| L Ce 291 ]?, 5 - Iﬂltifyingandcontinuingapattem

b. 55305 [ 1] d. 421,365,309 [] [ [

1[7. Lista ut vilket heltal som passar i stéllet for bokstaven.] Merknad [179]: Codes (3579-3801)
One variable
Repetitive Weight: 2/5

a.22 @1m 18 [Tk (131 190 (17608 [T 249 LT N18 [T 153 Algebra as equation solving
doing/undoing

b. 45 Blzly (117 (19 188 [z 123 113 160

c. 919 FE1k CIB55 CIB07 C11 6001 e [CT24 LT+ LT 500

[18. Vilka tre pé& varandra foljande heltal har summan| mgg'g;a:: giggﬁ ;33:3:9(3801—3877)

Matematical language
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a. 24? b. 360? c. 450?

163

genom att addera 13 kg med 5 kg.

19. L6s ekvationerna. Skriv motsvarande bokstav i haftet|

Merknad [181]: Codes (4557-4734)
One variable

Repetitive Weight: 2/5

Algebra as equation solving
doing/undoing

a. 60 [TIx 1B

b. 11 Mx O

C. X 1128 (129

d.21 M x 3

e. 45 [T1x CIB0

f.x [

g. X 1119 (169

h. 46 T x C131
15 18 38 57 B8
G E @] P J

54. Subtraktion med den ena termen obekant

164

[20. Det har tagits sand ur sacken pa vagen. Bilda en ekvation och berakna varded

pa x. Kontrollera ditt svar.

110

Merknad [182]: Codes (4782-4894)
Task with context

Real life

Repetitive Weight: 3/5

Algebra as a language

One variable

Formulating equation

Algebra as equation solving
doing/undoing




7kyg 8kg 20kg 26kg 32kg 35kg 3é6kg 4d0kg 55kg

114 kg

Hemuppgifter

[21. L6s ekvationerna. Kontrollera ditt svar genom att placera vardet pa X i ekvationen.\

a.13-x Ex}734=70e. 117 —x 1198
b.23-x=14d.x-95 F 31286 = 127

[22. Det har tagits sand ut sdcken pa végen. Bilda en ekvation och berikna vérded

Merknad [183]: Codes (4909-5090)
One variable

Repetitive Weight: 1/5

Algebra as equation solving
doing/undoing

Tillaggsuppgifter

P3. Vilka tva figurer ar exakt likadana som modellfiguren?

Merknad [184]: Codes (5090-5179)
Task with context

Real life

Repetitive Weight: 1/5

One variable
Algebra as a language
Formulating equation
Algebra as equation solving
doing/undoing

111

Merknad [185]: Codes (5198-5259)
Task with context
Problem soving




a. x< 10
bi 35—3

1 2 3 4 5 .,:. 7 8 ¢ 10 11
e -4d<x<5 g. -7 <x=<-1]
f. -12<x<<8 h. 9<x<12
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Appendix 6: Matte direkt ar 7 document codified

Merknad [186]: Codes (673-787)
Generalized arithmetic

Los féljande talgata! Forsok att forklara varfor resultatet alltid blir detsamma /{

vilket starttal du &n véljer.

L6s talgatorna pa sidan 171 pa liknande sétt.

172 Algebra och ekvationer

Uttryck med flera raknesatt

P4 sjorévardn handlas det med féremal som hittats i olika kistor. Priserna ar i guldmynt. Se prislistan.
Om kostnaden kan skrivas 30 + 3 - 50 har du kopt ett armband och tre halsband.

30 + 3 - 50 kallas ett uttryck for kostnaden. Du far betala:

30 + 3 - 50 =30 + 150 = 180 guldmynt.

Om du koper 5 parlor och 5 &delstenar blir uttrycket for kostnaden:

5. (10 +12) =5(10 + 12)

Man skriver oftast inte ut multipli- kationstecknet framfér en parentes. Kostnaden blir:
5(10 + 12) =5 - 22 = 110 guldmynt

Nar man har flera raknesétt i en uppgift réknar man i den har ordningen:

1. Parenteser

2. Multiplikation och division

3. Addition och subtraktion

Pa sjorovarens nota stod foljande uttryck.
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Vad hade han sélt och hur ménga guldmynt fick han?

1 4)2-10+15 b)30 +2 - 50 0)5-12+3-10

2 2)3(15+50) b) 2(10 + 15) ¢) 15 + 2(10 + 3)

’3 Skriv ett uttryck och rakna ut hur mycket du ska betala for a) 3 ringar, 10 péarlor och 5 édelstenaﬂ

b) 4 halsband, ett armband och 5 ringar
Rakna ut
4 2)2+4.5

b)8-4-6 0)3-7+6-2

b) 7+ 36

5 a)12+5

3 3
c) 14+50

2 10
¢)3(4+2)-28-3)

6 2)3(4+5) b) 2(6-3) + 5

173 Algebra och ekvationer

Uttryck med en variabel

En variabel &r ndgot som kan variera, ngot som kan ha olika varden. Ofta skriver man variabeln som en bokstav.

Man skriver inte ut multiplikationstecknet mellan en siffra och en variabel.

3cm  Omkrets: (3+3+3+3)cm=

=4-3cm=12cm

Man skriver inte ut multiplikationstecknet mellan en siffra och en variabel.

L

X Omkrets: X + X + X + X =

=4.X=4X

1 den lilla kvadraten vet vi inte hur 1ang sidan ar, den kan variera. Vi kallar den x. Kvadratens omkrets blir da 4x.
Uttrycket for kvadratens omkrets &r 4x.

Omkretsen av alla kvadrater kan beskrivas med uttrycket 4x. Vardet pa x &r langden pa sidan. Nar du vill berdkna
omkretsen av en speciell kvadrat satter du in langden pé sidan istéllet for x.

En kvadrat som har sidan 5 cm har omkretsen 4 - 5 cm = 20 cm. Man séger att vardet pa uttrycket 4x &r 20 cm.

‘7 Pa sjorévaron har olika byar sina speciella ”byméarken”, gjorda av lika langa pinnar — ju langre omkrets (fler pinnar),
desto maktigare by. Vad blir omkretsen av bymarkena om langden p& varje pinne ar x7

3) b) 0
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Merknad [187]: Codes (1639-1721)

Introductory tasks

sequence of operations

L Repetitive Weight: 1/5

=
Merknad [188]: Codes (1721-1801)

sequence of operations

Repetitive Weight: 1/5

Introductory tasks

L

=
Merknad [189]: Codes (1801-1953)
Task with context
Real life
Repetitive Weight: 1/5
Introductory tasks

| sequence of operations

Merknad [190]: Codes (1953-2029)
sequence of operations
Repetitive Weight: 1/5

L Introductory tasks

=
Merknad [191]: Codes (2030-2168)
sequence of operations
Repetitive Weight: 1/5
Introductory tasks

L Fractions

L

Merknad [192]: Codes (2168-2246)
sequence of operations
Repetitive Weight: 1/5

L Introductory tasks

Merknad [193]: Codes (3231-3542)
One variable

Task with context

Repetitive Weight: 1/5

Geometry

Formulating expression

Real life

Algebra as a language




s

’8 Vad blir omkretsen av varje figur i uppgift 7 om x har véirdeﬂ

a)4cm b) 7cm

’9 a) Skriv ett uttryck for omkretsen av dessa stjarnformade byméarken om langden pé en pinne i méarke A &r 3y medan
langden pa en pinne i marke B ar y,

Merknad [194]: Codes (3542-3638)
Task with context

Geometry

Interpreting expression

Algebra as a language

One variable

Repetitive Weight: 1/5

AT

b) Hur stor blir omkretsen av bymarkena omy &r 5 cm?

Kom ih&g

3y

174 Algebra och ekvationer

Uttryck med flera variabler
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Merknad [195]: Codes (3638-3868)
One variable

Task with context

Geometry

Formulating expression

Multistep

Real life

Algebra as a language




3cm

4cm

Omkrets: 4 +3+4+3cm=

2:4+2-3cm=8+6=14cm

Omkretsen av den forsta rektangeln ar 14 cm. | den andra rektangeln vet vi inte hur langa sidorna ar. Har beh6vs tva
variabler eftersom sidorna har tvé olika langder.

Piratbossarna i byarna hade sina egna bomérken, gjorda av pinnar med olika fargade langder. Aven hér géllde att ju langre

omkrets desto maktigare piratboss.

’10 Den “fattigaste” hovdingen hade en triangel som sitt bomérke|

a) Skriv ett uttryck for triangelns omkrets.

L il

b) Vilken omkrets har triangeln om

a=2cmochb=3cm?

A\

Omkrets:a+b+a+b=

2.a+2-b=2a+2b

’11 De 6vriga hovdingarna Do, Re och Mi gér sina bomérken

av likadana pinnar som den fattigaste hovdingen.

a) Skriv ett uttryck for omkretsen av deras bomarken.
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Merknad [196]: Codes (4519-4699)
Task with context

Formulating expression

Two or more variables

Multistep

Real life

Algebra as a language

Geometry

Merknad [197]: Codes (4734-5017)
Task with context

Geometry

Real life

Two or more variables

Formulating expression

Algebra as a language

Multistep




b) Vilken omkrets har bomérkena?

Vem var méktigast?

’12 Bilden visar en inh&gnad for honsen i en by. Alla inhagnader var rektangelformade och just denna hade en total langd

pa staketet som var 20 m. Vilka vérden kan x och y ha? Ge tva forslag| Merknad [198]: Codes (5017-5212)
Interpreting expression

Task with context

Two or more variables

Geometry

Real life

Algebra as a language

Algebra och ekvationer 175

Tolka uttryck

[Pé sjérévaron bor familjen Robinson. Pappa Pirat ar x ar, Merknad [199]: Codes (5256-5568)
Interpreting expression

Mamma Madam &r (x + 3) ar, One variable
Task with context
Real life

alltsé tre ar dldre an pappa.
Algebra as a language

Langflata ar (x — 26) dr, alltsd 26 &r yngre &n pappa.
I &r ar sonen Lillpiran ( x ) ar,
alltsé en fjardedel sa 4 gammal som pappa.

13 Hur gamla &r familjemedlemmarna om pappa &r 40 &r?

’14 Lé&ngfl4ta samlar snackor i en 13da. Hon har x st. Merknad [200]: Codes (5568-5791)
One variable

Interpreting expression
Repetitive Weight: 1/5
i A i Fractions

a) lagger till 7 snackor Algebra as a language

Vilket uttryck visar antalet snackor om Langflita
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x 6

——— N o= e

6 x

b) tar bort 5 snackor
c) dubblar antalet snackor

d) delar antalet snackor med 6

’15 Skoldpaddan &r y &r. Husmusen &r 5 &r yngre.‘

Hur kan du skriva Husmusens alder? Vlj rétt uttryck.
5+Y y-5 5y

’16 Lillpiran ar x &r och hans vérja ar tre géngeﬂ

sd gammal. Hur gammal &r vérjan? Vlj rétt uttryck.
X+3 3X X
3

’17 Léngfl4ta har en kniv som &r x cm 1&ng.

Lillpirans kniv &r 5 cm langre.
a) Vilket uttryck beskriver hur 13ng Lillpirans kniv ar?
5x x+5 X-5
b) Hur 18ng &r Lillpirans kniv om Léangflatas kniv &r 10 cm?

176 Algebra och ekvationer

’18 Lillpiran staplar guldmynt utan att rakna antalet mynt.

Nér han staplat fardigt séger han att det finns n st mynt i stapeln. Valj ratt uttryck till meningen.

n

2 pn=2
aay  ®

a) Stapeln 6kas med tva mynt

b) Lillpiran tar bort tvd mynt fran stapeln
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Merknad [201]: Codes (5791-5943)
Interpreting expression

One variable

Task with context

Real life

Algebra as a language

-
Merknad [202]: Codes (5943-6099)

Interpreting expression

One variable

Task with context

Real life

kAlgebra as a language

-
Merknad [203]: Codes (6099-6343)

Interpreting expression

One variable

Task with context

Real life

Multistep

Algebra as a language

Merknad [204]: Codes (6373-6687)
Interpreting expression

One variable

Task with context

Real life

Repetitive Weight: 1/5

Fractions

Algebra as a language




c) Hélften av mynten tas bort

d) Lillpiran dubblar antalet mynt i stapeln

‘19 Talet eller variabeln a har vardet 6. Vilket vérde far da

aja+7 bya-4 c)2a

Kom ihég!
2 - askrivs som 2a
Kom ihag!

2 - askrivs som 2a

20 Létx betyda talet 6. Vilket tal ar d&

Merknad [205]: Codes (6687-6797)
Interpreting expression

One variable

Repetitive Weight: 1/5

Algebra as a language

a) X
2 b) 3x + 2 c) 12 - 2x

’21 Mamma har ett bélte med x st &delstenar. Langflatas balte har bara hélften s ménga adelstenar. Tva av uttrycken
beskriver antalet adelstenar pa Langflatas balte. Vilka3

Merknad [206]: Codes (6861-6962)
Interpreting expression

One variable

Repetitive Weight: 1/5

Fractions

Algebra as a language

X -
2y — == 1. 5x

X2X

’22 Tank dig vilka som bor hemma hos dig. Beskriv din familj pd samma sétt som familjen Robinson i exemplet. Kalla
nagon vuxens alder for x &r)

Merknad [207]: Codes (6962-7139)
Interpreting expression

One variable

Task with context

Real life

Fractions

Decimal numbers

Algebra as a language

Algebra och ekvationer 177

Vi raknar ut det hemliga talet

Exempel
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Merknad [208]: Codes (7148-7292)
One variable

Formulating expression

Task with context

Real life

Algebra as a language




1 pasen finns likadana guldmynt som ligger pa vagskalarna. Pasen vager s lite att den inte paverkar vdgens utslag.

Hur ménga mynt maste finnas i pasen for att vagskalarna ska véga jamnt?

+8=20
ﬁ= 12
[23 Hur manga guldmynt innehaller pésenﬁ Merknad [209]: Codes (7572-7688)
One variable
a) b) Figure or emty box
Repetitive Weight: 1/5
Equivalence

Merknad [210]: Codes (7689-7906)
One variable

Repetitive Weight: 1/5

Task with context

Real life

Figure or emty box

For att f& vara med och dela pA guldpengarna maste du svara ratt pa alla uppgifter) Equivalence
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Byt ut pasarna mot ett tal sa att likheten stimmer.

24 a) ﬂ+4=8 b) ﬂ+2=9 c)17=6+ﬂ
’25 a) ﬂ—10=35 b)12=ﬂ—3 c)46=19+ﬂ

’26 a)56=34+2ﬂ b)14+3ﬂ=41 c)5ﬂ—25=75‘

’27 Hur manga guldpengar fanns det i alla pasarna tillsammans i uppgift 24—26ﬁ

Fick du vara med och dela?

178 Algebra och ekvationer

Ekvationer

+12=23

Ligg ett finger dver x
och tdnk: vilket tal plus
12 blir lika med 237

En ekvation innehaller en variabel
och ett likhetstecken. Variabeln
betecknas oftast med x.

Det som stér till vénster om likhets-

tecknet och det som stér till hdger om
likhetstecknet &r alltid vart lika mycket.

Du I6ser ekvationen genom att rdkna ut

vilket tal som x star for.
Exempel

X + 12 = 23 (ett tal plus 12 &r 23) X — 6 = 8 (ett tal minus 6 &r 8)
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Merknad [211]: Codes (7906-7984)
Task with context

Real life

Equivalence

One variable

Figure or emty box

L Repetitive Weight: 1/5

=
Merknad [212]: Codes (7984-8057)

One variable

Repetitive Weight: 1/5

Task with context

Real life

Figure or emty box

Equivalence

L

( Merknad [213]: Codes (8057-8165)
Task with context

Real life
.




Appendix 7: Matte direkt 6B document codified
Mal

Né&r du har arbetat med det har
kapitlet ska du kunna

« rdkna med likheter

« |0sa enkla ekvationer

« tolka och skriva uttryck med
variabler

94 Algebra

Algebra

Till 5 bla plattor behovs

det 6 vita plattor.
* Hur manga vita plattor behdvs till 10 bla plattor?

* Om du har 20 vita plattor, hur ménga bla plattor

behover du da till monstret?
Borgen6Bkap9.qxd:Borgen6Bkap9.qxd 10-07-02 16.14 Sida 94

* Abu Jafar Muhammed ibn Musa al-Khwararizmi
hette en arabisk matematiker. Han levde i

Bagdad omkring ar 800. Hans mest uppmarksammade
bok handlar om algebra och heter

Hisab al-jabr w al-mugabala. Ordet algebra

kommer fran boktitelns al-jabr. Fran boérjan

anvande araberna bokstaverna i sitt alfabet som
tecken for talen. Det ar alltsa inte sa konstigt att

algebra idag brukar kallas for bokstavsrékning.
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* Arabiska siffror

* | arabisk text laser man fran hager till vénster,
det galler ocksa tal. Intressant ar att siffran 2
fran borjan var upp- och nedvénd. Det var forst
pa 1100-talet som siffrornas utseende fick den

form som de har idag.

Algebra 95

987654321

Borgen6Bkap9.qxd:Borgen6Bkap9.gxd 10-07-02 16.14 Sida 95

96 Algebra

Likheter

Har ar ett exempel pd en likhet. 4 +5=6+ 3

Det maste alltid vara samma vérde pa bada sidor om likhetstecknet.

Vilket tal ska st i stallet for rutan?
8+=20+4

| stallet for ska det sta 16.

Det &r lika
mycket pa bada sidor

om likhetstecknet.

Vilket tal ska sté i stallet for rutan?

Merknad [214]: Codes (1395-1442)
Introductory tasks

Equivalence

Repetitive Weight: 1/5

Interpreting equation

One variable

Figure or emty box

Algebra as a language

il
a1y 3+ =8 4+ 32 i 8+ =12 4+ 6 ci 16 =2 35
2|
3l T 12 = 8 4 31 53 + 200 = 45 4 ¢ A - 5
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Merknad [215]: Codes (1442-1448)
Introductory tasks

Equivalence

Repetitive Weight: 1/5

Interpreting equation

One variable

Figure or emty box

Algebra as a language




3|
a8 — - 11 - 4 by 10 — -y & 2 ) — 12 = 24
4|
a) 12-7F =15 | bi 14 + 12 = 40 | cl 27 = o

Vilket tal ska sta i stallet for bokstaven?

53)3+Xx=8+2b)8+y=12+6

6a)7+11=8+phb)25=15+

-
Merknad [216]: Codes (1449-1455)

Introductory tasks

Equivalence

Interpreting equation

One variable

Repetitive Weight: 1/5

Figure or emty box

Algebra as a language

Merknad [217]: Codes (1455-1462)
Introductory tasks

Equivalence

Repetitive Weight: 1/5

Interpreting equation

One variable

Figure or emty box

Algebra as a language

Merknad [218]: Codes (1462-1543)
Introductory tasks
Equivalence
Repetitive Weight: 1/5
Interpreting equation
One variable
kAlgebra as a language

72)9-x=11-6b)20-y=6+2c)z—12 =36

8a)12+7=35-ph)22+13=40-qc)50=r-5

Ibland star det

en bokstav i stéllet

for en ruta. (][]

gog

Borgen6Bkap9.qxd:Borgen6Bkap9.qxd 10-07-02 16.14 Sida 96

Algebra 97

9 1 vilken likhet ar x = 107

Xx+15=18+7 x+5=20 10=x+20

10 1 vilken likhet &r z = 167

34-z=24 z-4=8+4 30-z=24

11 Valj den likhet som betyder

a) Ett tal 6kas med 5 och

summan ar lika med 12.

124

=
Merknad [219]: Codes (1543-1578)
Introductory tasks
Equivalence
Repetitive Weight: 1/5
Interpreting equation
One variable
Algebra as a language

L

Merknad [220]: Codes (1578-1631)
Introductory tasks
Equivalence
Repetitive Weight: 1/5
Interpreting equation
One variable
L Algebra as a language

=
Merknad [221]: Codes (1631-1686)
Introductory tasks
Equivalence
Repetitive Weight: 1/5
Interpreting equation
One variable

kAlgebra as a language

L

Merknad [222]: Codes (1814-1890)
Introductory tasks

Equivalence

Interpreting equation

One variable

L Algebra as a language

=
Merknad [223]: Codes (1890-1968)
Introductory tasks
Equivalence
Interpreting equation
One variable

L Algebra as a language

L

L

=
Merknad [224]: Codes (1968-2118)
Interpreting equation
One variable
Repetitive Weight: 1/5
Matematical language
Algebra as a language
Introductory tasks
Equivalence




b) Summan av ett tal och 12 &r 20.

Xx+5=12
x+5=20
x+12=20
]12 Valj den likhet som betyder:\ Merknad [225]: Codes (2118-2270)
Interpreting equation
. Bm 19 One variable
a) Ett tal minus 8 &r lika med 15. Repetitive Weight: 1/5
Matematical language
- Algebra as a language
b) Differensen mellan ett tal och 15 Introductory tasks
Equivalence
ar lika med 8.
x—-15=8
x—-8=15
8-x=15
13 Skriv en likhet som betyder| Merknad [226]: Codes (2270-2400)
One variable
“ . - . Repetitive Weight: 1/5
a) Jag lagger 8 till mitt tal och summan blir 15. Matematical language
Algebra as a language
_ < s Introductory tasks
b) Jag minskar mitt tal med 8 och far talet 15. Equivalence
Formulating equation
Jag kallar
mitt tal for x.

Borgen6Bkap9.qxd:Borgen6Bkap9.gxd 10-07-02 16.14 Sida 97

98 Algebra

Vilket tal ska std i stallet for x for att

likheten ska stamma?

3-x=15+6

Om x ar 7 blir det 21 pé bada sidor om likhetstecknet.

xar7.

3-x

kan ocksa skrivas

3x. Merknad [227]: Codes (2665-2791)
. o Interp_re_ting equation
Vilket tal ska std i stéllet fér bokstaven| Repetitive Weight: 1/5
One variable
Equivalence

Algebra as a language

125



for att likheten ska stimma?

1432)3-x=12+6 b)5-y=30c)20+4=6-2

]15 a)2x=14+4b)4y=28¢c)29-8= 72\ Merknad [228]: Codes (2791-2835)
Interpreting equation

. — . One variable

’16 | vilka tva likheter ar x = 4?‘ Repetitive Weight: 1/5

Equivalence

Algebra as a language

6X-4=20 30=7X 48=10X +8 |_Introductory tasks |

Merknad [229]: Codes (2835-2906)
. 0 s . M Interpreting equation

Vilket tal ska sté i stéllet fér bokstaven?) S

Equivalence

Algebra as a language

17 L Introductory tasks

=
Merknad [230]: Codes (2906-2956)
Interpreting equation
One variable
Fractions
Repetitive Weight: 1/5
Algebra as a language
Introductory tasks
L Equivalence

L

i) — = b)) — =5 ) — =3

1’8 ‘ Merknad [231]: Codes (2957-2963)
Interpreting equation
c - - One variable
i v R A o . Fractions
a) 10 b ! ) 6 L 4 o Repetitive Weight: 1/5
Algebra as a language
Introductory tasks
Equivalence

Vilken av likheterna betyder Merknad [232]: Codes (2964-3100)
Interpreting equation

o o One variable

19 a) 4 ganger ett tal ar lika med 24. Equivalence

Repetitive Weight: 1/5

s — Algebra as a language

b) 8 ganger ett tal ar lika med 24. | Introductory tasks

4X =24 24X=4 8X=24

Bt el 2
= \_;. .x' = j[__, =
X

b
Lo
)

L

]20 a) Ett tal dividerat med 5 &r 30.\ Merknad [233]: Codes (3100-3212)
Interpreting equation
— = One variable
b) 30 dividerat med ett tal ar 5. Repetitive Weight: 1/5
Matematical language
— = Algebra as a language
¢) 5 multiplicerat med ett tal ar 30. Fractions
Introductory tasks
Equivalence

Borgen6Bkap9.qxd:Borgen6Bkap9.qxd 10-07-02 16.14 Sida 98

Algebra 99
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Ekvationer

I stéllet for likhet kan man sdga ekvation.

Né&r man l6ser en ekvation, raknar man ut vilket tal som gor att

likheten stammer. Talet som man soker, brukar man kalla for x.

Los ekvationen x + 8 = 14
Vilket tal plus 8 &r lika med 14?

6 plus 8 ar 14.

Da ar x = 6.
X+8=14
X=6

x5

=8
X=40

L6s ekvationen. Glom inte att forst skriva av ekvationerna.

21a)x+17=250) 23 +x=32C) x + 12 = 40

22a)45-x=10b) 82 -x=75¢) x— 8 = 46

Borja med
att skriva av

ekvationen.

L6s ekvationen|

23a)8x=40b) 4x =36 ) 5x =45

T
(%)

: v 5
a1 = = 10 br) = = 13 <) - &
] :

24

25a)x+1,2=4,8h)4,5-x=3,2c)6x =36
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-
Merknad [234]: Codes (3584-3692)
One variable
Repetitive Weight: 1/5
Algebra as equation solving

L Numeric trial

Merknad [235]: Codes (3692-3739)
One variable
Repetitive Weight: 1/5
Algebra as equation solving
L Numeric trial

-
Merknad [236]: Codes (3775-3827)
One variable
Repetitive Weight: 1/5
Algebra as equation solving

L Numeric trial

L

=
Merknad [237]: Codes (3827-3834)
One variable
Fractions
Repetitive Weight: 1/5
Algebra as equation solving

L Numeric trial

Merknad [238]: Codes (3834-3882)
One variable

Repetitive Weight: 1/5

Decimal numbers

Algebra as equation solving

Numeric trial




26 a) 125 + x = 420 b) x — 240 =500 c) |

Los ekvationen =8

Vilket tal delat med 5 &r 8?
40 delat med 5 &r 8.

Da ar x = 40.

x5

Né&r man
|8ser ekvationer skriver
man likhetstecknen

under varandra.

Borgen6Bkap9.qxd:Borgen6Bkap9.gxd 10-07-02 16.14 Sida 99

ﬂ variabel .Fm'n
vara wilken bokstov
\ som helst, /

5
Vit N
Mohammed  Osman Leyla
X o4 3 xr=5

Osman ar 3 &r aldre &n Mohammed.|

Merknad [239]: Codes (3882-3926)
One variable

Fractions

Repetitive Weight: 1/5

Algebra as equation solving

Numeric trial

Leyla ar 5 ar yngre &n Mohammed.

27 Hur gammal &r Osman nar Mohammed é&r

a) 10 &rb) 15 &rc) 30 ar

28 Hur gammal &r Leyla nar Mohammed &r

a) 10 &r b) 15 ér c) 30 ar

Merknad [240]: Codes (4138-4272)
Task with context

Interpreting expression

One variable

Repetitive Weight: 1/5

Real life

Algebra as a language
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Merknad [241]: Codes (4272-4338)
Task with context

Interpreting expression

One variable

Repetitive Weight: 1/5

Real life

Algebra as a language




29 Mamma &r 40 &r. Hur gammal &r

138

y—=30

y=25

a) pappa
b) storasyster
c) lillebror

30 a) Vi kallar hundens alder fory.|

Merknad [242]: Codes (4338-4411)
Task with context

Interpreting expression

One variable

Repetitive Weight: 1/5

Real life

Algebra as a language

Hur kan vi da skriva kattens alder?

y-5 y-7 y-12
b) Kattens alder kallas for x.
Hur kan vi d& skriva hundens alder?

X=7 X+5 x+7

Men det
har ar en ekvation
for den har ett

likhetstecken.
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Merknad [243]: Codes (4411-4611)
Task with context

Interpreting expression

One variable

Repetitive Weight: 1/5

Real life

Algebra as a language




Skriv det uttryck som betyder

31

a) 5 merén a

b) 5 mer &n x
X-5x+5a+5a-5

82|

a) 6 mindre &n'y
b) 8 mindre &ny
y-88-y6-yy-6
33

a) 2 mer an z

b) 4 mindre &n z
€) 4 mindre &n a
z-4z+2a-4

Skriv ett uttryck som betyder

34 a) 4 mer &n x b) 8 mer &n x c) 9 mer dn 'y
35 a) 2 mindre an a b) 4 mindre &n x ¢) 5 mindre &n b)

36 LAt x vara talet 52. Hur mycket ar d&

a) x +23b) x—30c) 100 — x

|

130

Merknad [244]: Codes (5095-5180)
Interpreting expression

One variable

Repetitive Weight: 1/5

Algebra as a language

Merknad [245]: Codes (5180-5242)
Interpreting expression

One variable

Repetitive Weight: 1/5

Algebra as a language

Merknad [246]: Codes (5242-5313)
Interpreting expression

One variable

Repetitive Weight: 1/5

Algebra as a language

-
Merknad [247]: Codes (5313-5388)
One variable
Repetitive Weight: 1/5
Algebra as a language
Formulating expression

~

;
Merknad [248]: Codes (5388-5442)
Formulating expression
One variable
Repetitive Weight: 1/5
Algebra as a language

~

Merknad [249]: Codes (5442-5514)
Interpreting expression
One variable
Repetitive Weight: 1/5
kAlgebra as a language




37 Kalla mammans alder for x.\ Merknad [250]: Codes (5514-5650)
Formulating expression

One variable

Skriv ett uttryck for Task with context
Real life
o Repetitive Weight: 1/5
a) pappans alder Algebra as a language

b) storebrors alder

c) lillasysters alder 40 &r 38 ar 10 &r 7 ar
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Appendix 8: Faktor 1 document codified

6

6.1 Regn ut,

a)20+4 _7¢c)9 _7+12e)2 (5-1)

b)20-4 3d)10_(3+2)f)26-(4_3)

6.2 Regn ut,

a)4_(3+10)c)8_(24-14)e) 15 _(15-12)

b)5_ (12-4)d)10_(16+1)f)7 _(42-33)

Tall og algebra .

6.3 Regn ut,

a) 3(4 + 5) ¢) 10(23 — 14) e) 100(34 — 29)

b) 4(6 + 7) d) 7(35 - 27) f ) 50(34 — 33)

6.4 Regn ut,

a) 34 + (12 + 4) b) 45— (50 — 20) ) (4 + 4) + (23 - 8)

6.5 Regn ut,

a) 2(6 + 3) — 9 b) 56 + 6(21 — 19) ¢) 4(5 + 2) — 2(10 - 7)

6.6 Regn ut,

132
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Merknad [251]: Codes (1583-1686)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

—

Merknad [252]: Codes (1687-1802)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

Merknad [253]: Codes (1820-1919)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

—

Merknad [254]: Codes (1919-1989)
Introductory tasks

sequence of operations

Repetitive Weight: 1/5

—

Merknad [255]: Codes (1990-2062)
Introductory tasks

sequence of operations

Repetitive Weight: 1/5

Merknad [256]: Codes (2063-2078)
Introductory tasks

sequence of operations

Fractions

Repetitive Weight: 1/5




24 24 - 12 21
a— -6 by — -3 c](7—1)+2-3

6].7 Sara kjgper 3 liter brus til 9,90 per liter, 2 poser potetgull til 14,90 per Merknad [257]: Codes (2079-2269)
Introductory tasks
B sequence of operations
stk. og 3 hg sma°godt til 16 kr per hg. Tasmim context
Real life

Sett opp og regn ut tallutrykket som viser hvor mye hun ma° betale.

!6.8 En gruppe pa° 27 elever skal pa° tur til Galdhgpiggen. De skal reise med\ Merknad [258]: Codes (2269-2550)
Introductory tasks
< sequence of operations
buss og overnatte to dagn. Overnatting koster 80 kr per dagn per Tasmim context
Real life

person og bussen koster 75 kr per person tur/retur.
Sett opp og regn ut tallutrykket som viser hvor mye turen kommer pa®

for hele gruppen.

Utsikt fra
Galdhgpiggen
Tekstfarge plate (185,1)

Tall og algebra 185

?

Jeg er tre a° r eldre

enn deg.

Jeg er x a° r gammel.

Uttrykk med variabler

Hvis Bent er 10 a°r, hvor gammel er Hanna da?

Hanna er tre a°r eldre enn Bent.

Huvis vi tenker oss at x er et tall som sta°r for alderen til Bent, sa° er alderen til
Hanna

X+3
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Oppgaver

6.9 Skriv et uttrykk for

a) summen av X og 3 ¢) 10 mer enn 'y

b) differansen mellom x og 5 d) 12 mindre enn y

6.10 Lotte er x a°r. Skriv et uttrykk som viser hvor gammel

a) hun var for 5 a°r siden b) hun blir om 3 a°r

6.11 Martin kjaper x kg epler i butikken. Eplene koster 20 kr per kilogram,|

Lag et uttrykk som viser hvor mye Martin ma® betale.

a9 a
ol

a e
a g a
g d

6.12 Lag et uttrykk for innholdet

i sirkelen.

6!.13 Bestemoren til Herman Kkjgrer bil med en fart pa® 80 km i timen.\

Lag et uttrykk som viser hvor langt hun kjgrer pa® x timer.
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Merknad [259]: Codes (3965-4075)
Formulating expression

Repetitive Weight: 1/5

Matematical language

One variable

Algebra as a language

Merknad [260]: Codes (4075-4183)
Task with context

Repetitive Weight: 1/5

One variable

Real life

Algebra as a language

Formulating expression

Merknad [261]: Codes (4184-4313)
Formulating expression

One variable

Task with context

Real life

L Algebra as a language

-
Merknad [262]: Codes (4313-4363)

Formulating expression

One variable

Task with context

Geometry

L Algebra as a language

~

p
Merknad [263]: Codes (4364-4493)

Formulating expression

Task with context

One variable

Real life

Algebra as a language

~




6!.14 Simen vil kjagpe x kg bananer til 12 kr per kilogram og en pose epler\

til 28 kr.

Lag et uttrykk for hvor mye Simen ma® betale i alt.

6.15 Sara ga°r x km til skolen og x km fra skolen hver dag.

Lag et uttrykk som viser hvor mange kilometer Sara ga°r til og fra

skolen pa°®

a) e'ndag b) e'n uke

Oppgaver

6.16 Regn ut 12 _ x na°r

a)x=4b)x=5c)x=6

6.17 Regn ut 15x na°r

a)x=2b)x=5¢c)x=1

6.18 Prisen for x liter bensin er 10x,

a) Hva sta°r tallet 10 for i formelen 10x?
Regn ut hvor mye x liter bensin koster na°r
b)x=3c)x=4

6.19 Formelen for omkretsen av et rektangel er O = 2a + 2b)

der O sta°r for omkretsen, a for lengden og b for bredden
av rektangelet.

Regn ut omkretsen av rektangelet na°r
a)a=8cmoghb=6cm

b)a=12cmogb=75cm
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Merknad [264]: Codes (4495-4633)
Formulating expression

One variable

Task with context

Real life

Algebra as a language

Merknad [265]: Codes (4633-4793)
Formulating expression

One variable

Multistep

Task with context

Real life

Algebra as a language

-
Merknad [266]: Codes (5681-5734)
Interpreting expression
One variable
Repetitive Weight: 1/5
Algebra as a language

Merknad [267]: Codes (5734-5783)
Interpreting expression
One variable
Repetitive Weight: 1/5
L Algebra as a language

J

p
Merknad [268]: Codes (5783-5927)
Task with context
Real life
Algebra as a language
Interpreting expression

L One variable

~

Merknad [269]: Codes (5927-6150)
Two or more variables

Matematical language

Task with context

Geometry

Repetitive Weight: 1/5

Algebra as a language

Interpreting formula




Oppgaver

6.20 Trekk sammen.|

AX+tX+X+X+XA)Yy+y+y+y+y+y
b)ata+ae)x+x+Xx
c)b+b+b+bf)n+n+n+n+n+n+n

6.21 Trekk sammen.|

a) 2a +ba
b) 4x + 2x
c) by +y

d) 8n-2n
€) 5m —-3m
f) 5x — 4x

6.22 Trekk sammen.|

a)3a+4b+2a+3b
b) 3x + 2y + x + 4y
c)4m+2n-3m+n
d) 8k + 51 - 7k - 3l

Tekstfarge plate (192,1)

Tall og algebra i

6.23 Skriv talluttrykk for omkretsen av figurene.)

136

Merknad [270]: Codes (7291-7429)
One variable

Repetitive Weight: 1/5

Algebra as symbolic manipulation
Simplifying

Merknad [271]: Codes (7429-7514)
One variable

Repetitive Weight: 2/5

Algebra as symbolic manipulation
Simplifying

Merknad [272]: Codes (7514-7615)
Two or more variables

Repetitive Weight: 1/5

Algebra as symbolic manipulation
Simplifying

Merknad [273]: Codes (7660-7712)
Formulating expression

Two or more variables

Task with context

Geometry

Repetitive Weight: 1/5

Matematical language

Algebra as a language

Algebra as symbolic manipulation

L Simplifying




6.24 Trekk sammen|

a) 3x + 4y -- 3x

b) --4a--2b--2a--Db
€)3n--3n+2m --2m
d) 12x + 14x + 24x

6.25 Skriv talluttrykk for omkretsen av figurene.|

Merknad [274]: Codes (7713-7816)
Two or more variables

Repetitive Weight: 1/5

Negative numbers

Algebra as symbolic manipulation
Simplifying
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Merknad [275]: Codes (7816-7868)
Formulating expression

Two or more variables

Task with context

Geometry

Repetitive Weight: 1/5

Matematical language

Algebra as a language

Algebra as symbolic manipulation

Simplifying




al

b
]
b ¥
X X
X X
X X
<) 3a
(v}
ia
e
o
6.26 Trekk sammen|

Q) 4X -2y —4X +y +2x C) 4Xx +y—5x -y + 2y

b)2a-b-a+2b+ad)-2x+y+3x-2y+Xx

Oppgaver

6.27 Hvilke tall passer i rutene?

Merknad [276]: Codes (7869-7984)
Algebra as symbolic manipulation
Simplifying

Two or more variables

Negative numbers

Repetitive Weight: 1/5

a)[1-5=15 c}3+[L1=13
b) L1-7 =21 df3g: L =58

6.28 Hvilket tall sta°r x for i hver likning?)

Merknad [277]: Codes (9052-9088)
One variable

Figure or emty box

Repetitive Weight: 2/5

Algebra as equation solving

Numeric trial
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Merknad [278]: Codes (9089-9137)
One variable

Repetitive Weight: 2/5

Fractions

Algebra as equation solving

Numeric trial




a)2-x=12 Cl==15 e) =
4 4
36 2x
b)4-x=16 d)—=29 £} =3
4

6.29 Hvilket tall sta°r a for i hver likning? Merknad [279]: Codes (9138-9269)
One variable
Repetitive Weight: 2/5

a) 4 _a= 20 Algebra as equation solving
Numeric trial

b) 4a=24

c)a+12=21

d)yda+2=14

e)15-a=8

f)3a-2=10

]6.30 Hvilket tall sta°r x fod Merknad [280]: Codes (9269-9317)
One variable
Repetitive Weight: 2/5

i hver Iikning? Fractions
Algebra as equation solving
Numeric trial

al X3 =5

b} 32:x=28

X 36 X+ 1 2X
=4 f)=—=4

ngz‘q d}?:‘q- e)

6].31 Herman tenker pa° et tall. Han multipliserer tallet med 4.\ Merknad [281]: Codes (9318-9467)
Matematical language
Algebra as problem solving

Deretter adderer han med 3. Da fa°r han 23 til svar.

Hvilket tall tenker Herman pa°?

Oppgaver

s Merknad [282]: Codes (10489-10597)
6.32 Las likningene,| One variable
Repetitive Weight: 2/5
Algebra as equation solving
doing/undoing
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a)x+13=31¢c)x-50=25¢e)x +10=8

b)14+x=23d)x-7=1f)x-15=0

6.33 Lgs likningene.

a)x+50=120c)x+40=30e)x-125=1

b) 75 + x = 105 d) x — 100 = 175 f ) x — 20 = 30

6.34 Lgs likningene.

a)x-35=75¢c)39+x=41le)x+7=4+9

b)x+23=81d)x+3+4=13f)x+7-3=6+4

Oppgaver

6.35 Las likningene.

Merknad [283]: Codes (10597-10714)
One variable

Negative numbers

Repetitive Weight: 2/5

Algebra as equation solving
doing/undoing

Merknad [284]: Codes (10714-10843)
One variable

Decimal numbers

Repetitive Weight: 2/5

Algebra as equation solving
doing/undoing

a) 7x=42c)9Ix=72¢) 12x =60
b) 4x =36 d) 15x =45f) 5x =15

6.36 Las likningene.

a)i-—B
=

X
b)ﬁ—ﬁ

6.37 Lgs likningene|

0,
I
Il

o~

vy

a) 30x = 60

b) 9x = 108
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e DY
Merknad [285]: Codes (11448-11538)

One variable

Repetitive Weight: 2/5

Algebra as equation solving

L doing/undoing

e DY
Merknad [286]: Codes (11538-11561)
One variable
Fractions
Repetitive Weight: 2/5
Algebra as equation solving

L doing/undoing

Merknad [287]: Codes (11562-11585)
One variable

Fractions

Repetitive Weight: 2/5

Algebra as equation solving
doing/undoing




6.38 Lgs likningene|

a)15-8=x-3
b)20-x=13

1
c)—x=3

4
d) 27

Il
I8
I
e

Tall og algebra 2 1

Kategori 2

Talluttrykk

6.201 Regn ut,

Merknad [288]: Codes (11586-11644)
One variable

Repetitive Weight: 1/5

Algebra as equation solving
doing/undoing

Merknad [289]: Codes (18796-18813)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

Merknad [290]: Codes (18814-18832)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5

a)34+5-7 c)8-8-12 e)5-(2+10)
b) 45 -4-6 do-7+1 fy18-(14 - 6)
6.202 Regn ut|

a)5+(4-3) c) 25 +(1-5) e) 20 -(3-3)
b) 12 +(5- 2) d) 24 - (3 -5) £) 30 - (5 2)
6.203 Regn ut,

a) 5(12 + 2) ¢) 7(10 + 1) e) 6(12 - 3)
b) 5(10 + 3) d) 5(12 - 2) £) 10(11 - 2)
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Merknad [291]: Codes (18832-18849)
Introductory tasks

sequence of operations

Repetitive Weight: 2/5
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