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Abstract This article presents a thorough statistical analysis of the capacity of orthogonal
space-time block coded (OSTBC) multiple-input multiple-output (MIMO) Nakagami-
lognormal (NLN) channels. The NLN channel model allows to study the joint effects of
fast fading and shadowing on the statistical properties of the channel capacity. We have
derived exact analytical expressions for the probability density function (PDF), cumula-
tive distribution function (CDF), level-crossing rate (LCR), and average duration of fades
(ADF) of the capacity of MIMO NLN channels. It is observed that an increase in the MIMO
dimension or a decrease in the severity of fading results in an increase in the mean channel
capacity, while the variance of the channel capacity decreases. On the other hand, an increase
in the shadowing standard deviation increases the spread of the channel capacity, however
the shadowing effect has no influence on the mean channel capacity. We have also presented
approximation results for the statistical properties of the channel capacity, obtained using the
Gauss-Hermite integration method. It is observed that approximation results not only reduce
the complexity, but also have a very good fitting with the exact results. The presented results
are very useful and general because they provide the flexibility to study the impact of shad-
owing on the channel capacity under different fading conditions. Moreover, the effects of
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severity of fading on the channel capacity can also be studied. The correctness of theoretical
results is confirmed by simulations.
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Channel capacity · Shadowing effects · Level-crossing rate · Average duration of fades

1 Introduction

Multiple-input multiple-output (MIMO) systems exploit spatial diversity by utilizing multiple
antennas at the receiver and transmitter in order to increase the spectral efficiency and to
acquire a diversity gain [1]. To achieve the desired capacity in MIMO channels, space-time
coding techniques, such as space-time trellis codes (STTC) [2] or space-time block codes
(STBC) [3,4] are considered to be an effective method. Among different space-time coding
techniques, OSTBC has gained much attention in recent years due to its orthogonal structure,
which allows to use maximum likelihood decoding at the receiver [4]. Hence, it results in a
decrease in the complexity of the receiver structure. Another advantage of using OSTBC is
that it transforms MIMO fading channels into equivalent single-input single-output (SISO)
channels, which significantly simplifies the mathematical formulation of MIMO channels
[5]. Studies pertaining to the analysis of the capacity of OSTBC MIMO channels can be
found in [6,7]. The outage performance and the error probability analysis of OSTBC MIMO
systems have been studied in [8–10]. Moreover, the statistical properties of the capacity of
OSTBC MIMO Nakagami-m channels have been analyzed in [11].

The analyses presented in the aforementioned articles only consider fast fading in MIMO
channels due to multipath propagation, where the local mean of the received signal envelope
is assumed to be constant [12]. While for land mobile terrestrial channels, the local mean
fluctuates due to shadowing effects [13]. Moreover, shadowing can adequately be modelled
by a lognormal process and can be incorporated in the channel model as a multiplicative pro-
cess [13–16]. Hence, to study the joint effects of fast fading and shadowing in land mobile
terrestrial channels, the Suzuki process is considered to be a more appropriate channel model
[14]. A Suzuki process can be expressed as a product of a Rayleigh process and a lognormal
process. However, by employing a Nakagami-m process instead of the Rayleigh process in
a Suzuki process, we obtain a more general channel model referred to as the NLN channel
model [15,16], which contains the Suzuki process as a special case when the Nakagami
parameter m = 1. The generality of this model derives from the fact that the one-sided
Gaussian and Rayleigh processes are inherently included in the Nakagami-m process as spe-
cial cases, i.e., for m = 0.5 and m = 1, respectively. Moreover, it can be used to study
the scenarios where the fading is more (or less) severe as compared to Rayleigh fading
[17,18].

For MIMO channels, the authors in [19] have proposed a channel model that takes into
account the joint effects of shadowing and fast fading. This model is then employed in [20]
to study the outage performance in OSTBC MIMO channels. The analysis in [19] and [20]
is however restricted only to MIMO Rayleigh channels. While in this article, we have con-
sidered a more general channel model referred to as MIMO NLN channel model, where
the fast fading in the MIMO channel is modeled by a Nakagami-m process as compared to
the Rayleigh process in [19]. Thereafter, we have analyzed the statistical properties of the
capacity of MIMO NLN channels for the case when OSTBC is employed. To the best of
the authors’ knowledge, the statistical properties of the capacity of OSTBC MIMO NLN
channels have not been investigated so far. The MIMO NLN channel model provides the
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flexibility to study the impact of shadowing on the channel capacity under different fading
conditions. Moreover, the effects of severity of fading on the channel capacity can also be
studied.

This paper analyzes the statistical properties of the capacity of OSTBC MIMO NLN
channels for various levels of shadowing and for different MIMO dimensions. We have
derived exact analytical expressions for the PDF, CDF, LCR, and ADF of the capacity of
MIMO NLN channels. The mean value and spread of the channel capacity has been ana-
lyzed with the help of the PDF of the channel capacity. On the other hand, the analysis of
the LCR and ADF of the channel capacity is very helpful to study the temporal behavior of
the channel capacity. It is observed that an increase in the MIMO dimension or a decrease in
the severity of fading results in an increase in the mean channel capacity, while the variance
of the channel capacity decreases. Moreover, the shadowing effect has no influence on the
mean channel capacity, whereas an increase in the shadowing standard deviation increases
the spread of the channel capacity. It is also observed that an increase in either the shadow
standard deviation or the MIMO dimension decreases the maximum value of the LCR of
the channel capacity. Whereas, this effect decreases the ADF of the channel capacity only
at higher levels. We have also presented approximation results for the statistical properties
of the channel capacity using the Gauss-Hermite integration method [21]. It is observed that
the approximation results not only reduce the complexity, but also have a very good fitting
with the exact results.

The remainder of this paper is organized as follows. In Sect. 2, we first give a brief descrip-
tion of the MIMO NLN channel model. Thereafter, the capacity of MIMO NLN channels is
formulated for the case when OSTBC is employed. Section 3 presents the statistical proper-
ties of the capacity of OSTBC MIMO NLN channels. Section 4 deals with the analysis and
illustration of the theoretical as well as the simulation results. Finally, the conclusions are
drawn in Sect. 5.

2 The Capacity of OSTBC MIMO NLN Channels

In this article, we have considered a MIMO system with NT transmit and NR receive antennas.
The input-output relation for such a system is given by

y(t) = Ĥ(t)x(t) + n(t) (1)

where x(t) is an NT × 1 transmit signal vector, y(t) is an NR × 1 received signal vector,
Ĥ(t) is the NR × NT channel matrix, and n(t) is an NR × 1 additive white Gaussian noise
(AWGN) vector. In order to study the joint effects of fast fading and shadowing in MIMO
channels, the authors in [19] have proposed the following MIMO channel model

Ĥ(t) = λ(t)H(t) (2)

where H(t) is the NR × NT matrix with complex random independent and identically dis-
tributed (i.i.d.) entries hi, j (t), which model the fast fading in the channel between the i th
receive and j th transmit antenna. In addition to fast fading, it is assumed that the local mean
of the signal envelope fluctuates due to shadowing. Moreover, shadowing can adequately be
modelled by a lognormal process λ(t) and can be incorporated in the channel model as a
multiplicative process. Hence, the lognormal process λ(t) is multiplied to H(t) in (2). Fur-
thermore, shadowing influences the signal envelope on large spatial scales as compared to
the fast fading, thus it is assumed that a single lognormal process λ(t) equally effects all the
elements of the matrix H(t) and is independent of H(t). In [19], the authors have restricted
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the analysis to Rayleigh channels, where the envelope
∣
∣hi, j (t)

∣
∣ is Rayleigh distributed. How-

ever, in this article, we have assumed that the envelope
∣
∣hi, j (t)

∣
∣ of the complex entries hi, j (t)

follows a Nakagami-m distribution given by

p|hi, j (t)|(r) = 2m
mi, j
i, j r2mi, j −1

�
(

mi, j
)

�
mi, j
i, j

e
− mi, j r2

�i, j , r ≥ 0 (3)

where �i, j = E
{|hi, j (t)|2

}

, mi, j = �2
i, j

/

Var
{|hi, j (t)|2

}

, and � (·) represents the gamma
function [22]. Here, E {·} and Var{·} denote the mean (or the statistical expectation) and the
variance operators, respectively. Moreover, the phase of the complex entries hi, j (t) is con-
sidered to be uniformly distributed between [0, 2π). The lognormal process λ(t) in (1) can
be expressed as

λ(t) = 10[σLν(t)+mL ]/20 (4)

where σL represents the shadowing standard deviation, mL denotes the area mean, and ν(t)
is a zero-mean real-valued Gaussian process with unit variance. The PDF pλ(z) of the log-
normal process λ(t) can be written as

pλ(z) = 20

zσL
√

2π ln(10)
e
− (10 log(z)−mL )2

2σ2
L , z ≥ 0. (5)

There exist numerous models in the literature for the spectral shape of the Gaussian process
ν(t) in (4). In this article, we have assumed a Gaussian power spectral density (PSD) for the
Gaussian process ν(t) given by [14,23]

Sνν( f ) = 1√
2πσc

e
− f 2

2σ2
c (6)

where the parameter σc controls the spread of the PSD Sνν( f ) and can be expressed in terms
of the 3 dB cutoff frequency fc as σc = fc/

√
2 ln(2). We have assumed that the value of fc

is much smaller than the maximum Doppler frequency fmax, i.e., fmax/ fc � 1. By taking
the inverse Fourier transform of Sνν( f ), the ACF rνν(τ ) of the process ν(t) can be expressed
as

rνν(τ ) = e−2(πσcτ)2
. (7)

The capacity of OSTBC MIMO systems can be expressed as [24]

C(t) = log2

(

1 + γs

NT
λ2(t)hH (t)h(t)

)

(bits/s/Hz) (8)

where h(t) represents the NR NT ×1 vector formed by stacking the columns of the NR × NT

matrix H(t) one below the other. For simplicity, we will represent the entries of the vector
h(t) as hi (t) (i = 1, 2, . . . , NR NT ). It can clearly be seen that the envelopes |hi (t)| are i.i.d.
following the Nakagami-m distribution in (3) with the parameters mi and �i . In (8), (·)H

denotes the Hermitian operator, and γs is the signal-to-noise ratio (SNR). In order to generate
Nakagami-m processes |hi (t)|, the following relation can be employed [18]

|hi (t)| =
√
√
√
√

2mi∑

n=1

μ2
n,i (t) (9)
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where μn,i (t) (n = 1, 2, . . . , 2mi ) are the underlying i.i.d. Gaussian processes, and mi is
the parameter of the Nakagami-m distribution associated with the i th channel hi (t). The
parameter mi controls the severity of the fading. Increasing the value of mi decreases the
severity of fading associated with the i th channel hi (t) and vice versa. In this article, we have
assumed that �i = 2miσ

2
0 for the sake of simplicity. Here, σ 2

0 denotes the variance of the
underlying Gaussian processes μn,i (t) in |hi (t)|. The channel capacity C(t) given by (8) can
be written as

C(t) = log2

(

1 + γ ′
sλ

2(t)
NR NT∑

i=1

χ2
i (t)

)

(bits/s/Hz) (10)

= log2
(

1 + γ ′
s�(t)

)

where γ ′
s = γs

/

NT , �(t) = λ2(t)
∑NR NT

i=1 χ2
i (t), and χ2

i (t) = |hi (t)|2 (i = 1, 2, . . . ,

NR NT ). Due to the assumption that the envelope |hi (t)| is Nakagami-m distributed, the
squared envelopeχ2

i (t) follows the gamma distribution [25, Eq. (1)]. Let Y (t)= ∑NR NT
i=1 χ2

i (t),
then the PDF p�(z) of �(t) can be expressed using [25, Eq. (2)], (5), and by employing the
relationship p�(z) = ∫ ∞

−∞ 1
/|y| pY (z/y)pλ2(y)dy [26] as

p�(z) = 10zά−1β−ά

√
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0
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1

y

)ά+1

e
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2σ2
L e− z

yβ , z ≥ 0 (11)

where ά = ∑NR NT
i=1 αi and β = �i

/

mi = 2σ 2
0 . In order to derive the expressions for the

LCR of the OSTBC MIMO NLN channel capacity, we require the joint PDF p��̇(z, ż) of
�(t) and �̇(t) at the same time t . In this article, the time derivative of a process is denoted
by an overdot. The joint PDF p��̇(z, ż) can be expressed using [14, Eq. (40)], [27, Eq.
(35)], and with the help of the relationship p��̇(z, ż) = ∫ ∞

0

∫ ∞
−∞ 1

/

y2 pY Ẏ (z/y, ż/y −
ẏz/y2)p

λ2λ̇2(y, ẏ)d ẏdy [28] as

p��̇(z, ż) =
(

5
/

2π
)

zά−3/2β−ά

ln(10)
√

βN σL�(ά)
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0

y−ά−3/2 e− z
yβ

K (z, y)
e
− (10 log y−mL )2

2σ2
L e

− ż2

8βN zyK 2(z,y) ,

z ≥ 0, |ż| < ∞ (12a)

where

K (z, y) =
√

1 + zγ σ 2
L

yβN (20/ ln(10))2 (12b)

and

γ = − r̈νν(τ )|τ=0 = (2πσc)
2 . (12c)

In (12a), βN = 2(πσ0 fmax)
2 for isotropic scattering conditions [27]. In the next section,

we will derive the expressions for the PDF, CDF, LCR, and ADF of the capacity of OSTBC
MIMO NLN channels.
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3 Statistical Properties of the Capacity of OSTBC MIMO NLN Channels

The expression in (11) can be considered as a mapping of the random process �(t) to another
random process C(t). Hence, the statistical properties of the process �(t) can be used to find
the statistical properties of the channel capacity. By applying the concept of transformation
of random variables [26, Eq. (7–8)], the PDF pC (r) of the channel capacity C(t) is obtained
as follows

pC (r) = 2r ln(2)

γ ′
s

p�

(
2r − 1

γ ′
s

)

= 10 ln(2)2r (2r − 1)ά−1

(γ ′
sβ)ά

√
2π ln(10)σL�(ά)

∞∫

0

(
1

y

)ά+1

e
− 2r −1

γ ′
s yβ e

− (10 log y−mL )2

2σ2
L (13)

for r ≥ 0. The CDF FC (r) of the channel capacity C(t) can be found using the relation-
ship FC (r) = ∫ r

0 pC (x)dx [26]. After solving the integral, the CDF FC (r) of C(t) can be
expressed as

FC (r) = 1 − 10/ ln(10)√
2πσLβά�(ά)

∞∫

0

(
1

y

)ά+1

e
− (10 log y−mL )2

2σ2
L �

(

ά,
2r − 1

yγ ′
sβ

)

, r ≥ 0 (14)

where �(·, ·) represents the incomplete gamma function [22, Eq. (8.350–2)].
The LCR of the channel capacity defines the average rate of up-crossings (or down-

crossings) of the channel capacity through a certain threshold level [29]. In the literature,
there exist numerous articles dealing with the analysis of the LCR of the received signal enve-
lope and the channel capacity (see, e.g., [13,29–31], and the references therein). The analysis
pertaining to the LCR of the received signal envelope has applications in the finite-state Mar-
kov modelling (FSMM) of fading channels [32], the analysis of handoff algorithms [33], and
estimation of packet error rates [34]. In a similar fashion, using FSMM for the instantaneous
capacity evolving process C(t) and feeding the predicted capacity to the transmitter allows
it to adapt the transmission rate according to the instantaneous channel capacity to minimize
the probability of errors. For single-input single-output (SISO) channels, the LCR NC (r) of
the channel capacity C(t) can be expressed in terms of the LCR NX (r) of the received signal
envelop X (t) as NC (r) = NX

(√

(2r − 1) /γ ′
s

)

(see Appendix A for the proof). However in
order to find the LCR NC (r) of the capacity C(t) of MIMO channels, we first need to find
the joint PDF pCĊ (z, ż) of the channel capacity C(t) and its time derivative Ċ(t). The joint
PDF pCĊ (z, ż) can be obtained as

pCĊ (z, ż) =
(

2z ln(2)

γ ′
s

)2

p��̇

(
2z − 1

γ ′
s

,
2z ż ln(2)

γ ′
s

)

= 10 (2z ln(2))2 (2z − 1)ά−3/2

√

γ ′
sβN 4πσLβ−ά�(ά)

∞∫

0

y−ά−3/2 e
− 2z−1

γ ′
s yβ

K
(

2z−1
γ ′

s
, y

) e
− (10 log y−mL )2

2σ2
L

× e

− (2z ln(2)ż)2

8βN (2z−1)γ ′
s yK 2

(

2z−1
γ ′

s
,y

)

dy (15)

for z ≥ 0 and |ż| < ∞. The LCR NC (r) can now be obtained by solving the integral in
NC (r) = ∫ ∞

0 ż pCĊ (r, ż)dż. After some algebraic manipulations, the LCR NC (r) can finally
be expressed as
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NC (r) = 10 (2r − 1)ά−1/2 √

γ ′
sβN

(γ ′
sβ)άπ ln(10)σL�(ά)

∞∫

0

(
1

y

)ά+1/2

e
− 2r −1

γ ′
s yβ K

(
2z − 1

γ ′
s

, y

)

×e
− (10 log y−mL )2

2σ2
L , r ≥ 0. (16)

The ADF of the channel capacity denotes the average duration of time over which the
channel capacity is below a certain threshold level [29]. The ADF TC (r) of the channel
capacity C(t) can be obtained using [12]

TC (r) = FC (r)

NC (r)
(17)

where FC (r) and NC (r) are given by (11) and (13), respectively.

3.1 Approximation of the Statistical Properties of the Channel Capacity Using
Gauss-Hermite Integration Method

By letting (10 log y − mL)2 = 2σ 2
L x2, we can express the Eqs. (13), (14), and (16) as

pC (r) = 2r ln(2) (2r − 1)ά−1

(γ ′
sβ)ά

√
π�(ά)

∞∫

−∞
e−x2

f1(r, x)dx, r ≥ 0 (18)

FC (r) = 1√
πβά�(ά)

∞∫

−∞
e−x2

f2(r, x)dx, r ≥ 0 (19)

NC (r) = (2r − 1)ά− 1
2
√

2γ ′
s

(γ ′
sβ)άπ�(ά)

/ √
βN

∞∫

−∞
e−x2

f3(r, x)dx, r ≥ 0 (20)

respectively, where f1(r, x), f2(r, x), and f3(r, x) are given by

f1(r, x) = e

(

− 2r −1
γ ′

s β

)

10−
√

2σL x+mL
10

10
−ά

( √
2σL x+mL

10

)

(21)

f2(r, x) = �

(

ά,
(2r − 1)

/

γ ′
sβ

10
√

2σL x+mL
10

)

10
−ά

( √
2σL x+mL

10

)

(22)

f3(r, x) = e

(

− 2r −1
γ ′

s β

)

10−
√

2σL x+mL
10

10
−

(

ά− 1
2

)( √
2σL x+mL

10

)

×K

(
2r − 1

γ ′
s

, 10
√

2σL x+mL
10

)

(23)

respectively. The integrals Ii = ∫ ∞
−∞ e−x2

fi (r, x)dx (i = 1, 2, and 3) in (18)–(20) can now
be approximated using the Gauss-Hermite integration method [21] as

Ii =
∞∫

−∞
e−x2

fi (r, x)dx ≈
M

∑

m=1

Wm fi (r, ωm) (24)

where ωm, Wm , and M are the roots, weighting factors, and the order, respectively, of the Her-

mite polynomials HM (x) = (−1)N ex2
d M

/

dx M
(

e−x2
)

. Here d M/dx M represents the M th
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order differentiation of the exponential function e−x2
with respect to x . The approximation

in (24) yields many advantages. Firstly, it allows to get rid of the cumbersome integrals in
(18)–(20), which reduces the complexity of the results. Secondly, it is observed that using
only a small number of the terms M in (24) provides a very good fitting with the exact
results, specifically for Rayleigh-lognormal MIMO channels (i.e., for mi = 1) with smaller
dimensions (e.g., 2×2). Moreover, the values of the roots (ωm) and weighting factors (Wm)

for a given M are constant irrespective of the integrand e−x2
fi (r, x) (i = 1, 2, and 3). The

tables containing the values of ωm and Wm can easily be found in literature (see, e.g., [35]),
or can be obtained numerically using numerical computation softwares, such as MATLAB
and MATHEMATICA.

4 Numerical Results

In this section, we will discuss the analytical results obtained in the previous section and
their validity will be tested by simulations. In order to investigate the influence of shad-
owing on the capacity of OSTBC MIMO NLN channels, we have studied the results for
different values of the shadowing standard deviation σL , ranging from 1 dB to 10 dB. Spe-
cifically, the results for σL = 4.3 dB (urban environment [36]) and σL = 7.5 dB (suburban
environment [36]) are shown. For comparison purposes, we have included a special case,
namely the OSTBC MIMO Nakagami-m channels (σL → 0 dB). Moreover, we have also
presented the approximation results for the statistical properties of the channel capacity given
by (18)–(20) and (24). It is observed in all cases that the approximation results match the
exact theoretical results very closely. Furthermore, we have also studied the impact of the
MIMO dimension on the statistical properties of the channel capacity for both σL = 4.3 dB
and σL = 7.5 dB.

The Nakagami-m distributed waveforms |hi (t)| (i = 1, 2, . . . , NR NT ) are generated
using (9). In order to simulate Gaussian processes μn,i (t) (n = 1, 2, . . . , 2mi ) and ν(t) in
(9) and (4), respectively, we have employed the sum-of-sinusoids (SOS) model [30,38,39].
The motivation behind choosing an SOS-based channel simulator is that it is widely acknowl-
edged for its simplicity in implementation, accuracy, and flexibility to simulate nearly all kinds
of fading channels under isotropic scattering conditions [30]. The SOS model is based on
the superposition principle stating that a superposition of infinitely large number of weighted
harmonic wave forms results in a stochastic Gaussian process. The harmonic waveforms
(sinusoids) are describe with the help of model parameters, namely the gains, frequencies,
and phases. The performance of the SOS model is strongly dependent on the parameters
computation method. We have employed an SOS model with constant gains, constant fre-
quencies and random phases uniformly distributed over the interval (0, 2π]. To calculate the
suitable values for the gains and frequencies, we have used the generalized method of exact
Doppler spread (GMEDS1) [37]. The GMEDS is considered to be an extremely efficient
method for the generation of an unlimited number of uncorrelated Gaussian waveforms [37].
The number of sinusoids used for the generation of the Gaussian distributed waveforms was
selected to be N = 21. The maximum Doppler frequency fmax was 91 Hz, the SNR γs was
chosen to be 15 dB, and σ 2

0 = 1. Finally, using (2), (4), and (8), the simulation results for the
statistical properties of the capacity C(t) of OSTBC MIMO NLN channels were obtained
using MATLAB.

Figures 1 and 2 present the PDF of the capacity of OSTBC MIMO NLN channels for dif-
ferent values of the shadowing standard deviation σL and for different MIMO dimensions,
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Fig. 1 The PDF pC (r) of the capacity C(t) of OSTBC MIMO NLN channels for different values of the
shadowing standard deviation σL

Fig. 2 The PDF pC (r) of the capacity C(t) of OSTBC MIMO NLN channels for different MIMO dimensions

respectively. It is observed that an increase in the shadowing standard deviation σL increases
the spread of the channel capacity, while it has no influence on the mean channel capacity.
Moreover, an increase in the MIMO dimension results in an increase in the mean channel
capacity, whereas the spread of the channel capacity decreases. This fact is specifically high-
lighted in Figs. 3 and 4, where the mean channel capacity and the variance of the channel
capacity, respectively, are studied for different values of the shadowing standard deviation σL

and for different MIMO dimensions. It can be observed that there is approximately a unit
increase in the channel capacity when the MIMO dimension is increased from 2 × 2 to 4 × 4
(or from 4 × 4 to 6 × 6). In addition, the variance of the capacity of 2 × 2 MIMO systems
with σL = 10 dB is almost 38 times the variance of the ones with σL = 0 dB. We have also
analyzed the influence of severity of fading on the mean channel capacity and the variance
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Fig. 3 The mean channel capacity E{C(t)} of OSTBC MIMO NLN channels
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Fig. 4 The variance Var{C(t)} of the capacity of OSTBC MIMO NLN channels

of the channel capacity. The results show that as the fading severity increases, the mean
channel capacity decreases. However, this effect has an opposite influence on the variance
of the channel capacity. For the sake of completeness, we have also illustrated the CDF of
the capacity of OSTBC MIMO NLN channels for different values of the shadowing standard
deviation σL and for different MIMO dimensions in Figs. 5 and 6, respectively. The results
presented in Figs. 5 and 6 can be studied to draw similar conclusions regarding the influence
of shadowing standard deviation σL as well as the MIMO dimensions on the mean channel
capacity and the variance of the channel capacity as from Figs. 1 and 2.

Figures 7 and 8 highlight the influence of shadowing and MIMO dimensions on the LCR
of the channel capacity. It is observed that an increase in the shadowing standard deviation
σL or the MIMO dimension results in a decrease in the maximum value of the LCR of the
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Fig. 5 The CDF FC (r) of the capacity C(t) of OSTBC MIMO NLN channels for different values of the
shadowing standard deviation σL

Fig. 6 The CDF FC (r) of the capacity C(t) of OSTBC MIMO NLN channels for different MIMO dimensions

channel capacity, while the spread of the LCR increases. For example, for 2 × 2 MIMO
systems with mi = 2, an increase in the shadowing standard deviation σL from 0 to 10 dB
decreases the maximum value of the LCR by a factor of 4.3. The results also show that
at low and medium signal levels r , the channel capacity of systems with smaller MIMO
dimensions has a higher LCR as compared to the ones with larger MIMO dimensions. The
ADF of the channel capacity for different values of the shadowing standard deviation σL and
for different MIMO dimensions is presented in Figs. 9 and 10, respectively. It is observed
that at higher signal levels r , an increase in the shadowing standard deviation σL decreases
the ADF of the channel capacity. However, the converse statement is true for lower signal
levels. Moreover, an increase in the MIMO dimension has a similar influence on the ADF

123



G. Rafiq, M. Pätzold

Fig. 7 The normalized LCR NC (r)/ fmax of the capacity C(t) of OSTBC MIMO NLN channels for different
values of the shadowing standard deviation σL

Fig. 8 The normalized LCR NC (r)/ fmax of the capacity C(t) of OSTBC MIMO NLN channels for different
MIMO dimensions

of the channel capacity as the shadowing standard deviation σL . Specifically, at a level of
5 bits/s/Hz, the ADF of the capacity of 2 × 2 MIMO systems with σL = 10 dB is 21 times
higher than that of the systems with σL = 0 dB. The analytical expressions are verified using
simulations, whereby an excellent fitting is observed.

5 Conclusion

This paper studies the statistical properties of the capacity of OSTBC MIMO NLN chan-
nels for various levels of shadowing and for different MIMO dimensions. We have derived
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Fig. 9 The normalized ADF TC (r) · fmax of the capacity C(t) of OSTBC MIMO NLN channels for different
values of the shadowing standard deviation σL

Fig. 10 The normalized ADF TC (r)· fmax of the capacity C(t) of OSTBC MIMO NLN channels for different
MIMO dimensions

exact analytical expressions for the PDF, CDF, LCR, and ADF of the capacity of MIMO
NLN channels. It is observed that an increase in the MIMO dimension or a decrease in the
severity of fading results in an increase in the mean channel capacity, while the variance of
the channel capacity decreases. On the other hand, the shadowing effect has no influence
on the mean channel capacity; however an increase in the shadowing standard deviation
increases the spread of the channel capacity. It is also observed that an increase in either the
shadow standard deviation or the MIMO dimension decreases the maximum value of the
LCR of the channel capacity. Whereas, this effect decreases the ADF of the channel capacity
only at higher signal levels. We have also presented approximation results for the statistical
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properties of the channel capacity obtained using the Gauss-Hermite integration method. It
is observed that the approximation results reduce the complexity as well as fit very closely
to the exact results. The correctness of the analytical results is confirmed by simulations.

A Appendix

Consider the received signal envelop in a SISO system denoted by X (t). The correspond-
ing channel capacity can be expressed as C(t) = log2

(

1 + γs X2(t)
)

, where γs denotes the
average received SNR. The LCR NC (r) of the channel capacity C(t) is defined as [29]

NC (r) =
∞∫

0

ż pCĊ (r, ż) dż, r ≥ 0 (5.1)

where pCĊ (z, ż) denotes the joint PDF of C(t) and Ċ(t). By applying the concept of transfor-
mation of random variables [26, Eqs. (7–8)], the joint PDF pCĊ (z, ż) can be obtained using

pCĊ (z, ż) = (

2z ln(2)
/

γs
)2

pX2 Ẋ2

(

(2z − 1)
/

γs, (2z ż ln(2))
/

γs
)

, where pX2 Ẋ2(z, ż) =
(

1
/

(4z)
)

pX Ẋ

(√
z, ż

/

(2
√

z)
)

.
By substituting pCĊ (z, ż) in (5.1) and letting ẇ = (2z ż ln(2)

√
γs)

/

(2
√

2z − 1), the LCR
NC (r) can be finally expressed as

NC (r) =
∞∫

0

ẇ pX Ẋ

(√

2r − 1

γs
, ẇ

)

dẇ = NX

(√

2r − 1

γs

)

(5.2)

where NX (r) is the LCR of the received signal envelope X (t) [38,39].
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