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This paper investigates the attitude tracking control problem for uncertain nonlinear rigid body
systems, where both inputs and states are quantized. It is common in networked control systems that
sensor and control signals are quantized before they are transmitted via a communication network. An
adaptive backstepping control algorithm is developed for a class of uncertain multiple-input multiple-
output (MIMO) systems where a class of sector bounded quantizers is considered. It is shown that all
the closed-loop signals are ensured uniformly bounded and tracking is achieved. Further, the tracking
errors are shown to converge towards a compact set containing the origin and the set can be made
small by the choice of the quantization parameters and the control parameters. For illustration of the
proposed control scheme, experiments were conducted on a 2 degrees-of-freedom (DOF) helicopter
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1. Introduction

Quantized control has gained increasing interest during the
past decades due to the use of information technology in the
development of modern engineering applications, such as digi-
tal control systems and networked control systems. A quantizer
maps a continuous signal into a set of discrete values and in-
troduces nonlinear errors that need to be handled. Quantization
is not only inevitable owing to the widespread use of digital
processors, but also useful due to the advantage of reducing
occupation rate of transmission bandwidth in the communication
of signals, see e.g. [1].

The quantized feedback stabilization problem for linear sys-
tems where the dynamics are precisely known, has been consid-
ered in [1-4]. In [1], it was shown that a logarithmic quantizer is
the coarsest one to stabilize a single input linear system, where
the number of control values is finite. This work was extended
in [3] to consider stabilization of multiple input linear systems.

Stabilization of nonlinear systems in presence of quantiza-
tion has been investigated in [5-9]. The main results in [1] was
further extended to single input nonlinear systems in [5], and
for nonlinear uncertain systems in [6-8], where two different
adaptive approaches were used in [6,7], while a robust approach
was considered in [8]. If there are uncertainties to the system,
the quantization problem would become more challenging. Since
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exact system parameters are often unknown for real systems,
adaptive control is a useful approach to deal with such uncer-
tainties, where an online estimation of the parameters can be
provided. The work in [7], where a backstepping-based adaptive
control scheme was presented, was further developed in [9] for
the same stabilization problem to consider a hysteresis quan-
tizer, that compared to a logarithmic quantizer has additional
quantization levels to avoid chattering. Tracking control in the
presence of input quantization has been considered in [10-13]
for uncertain nonlinear systems, in [14] for a group of unmanned
aerial vehicles with unknown parameters, in [15] for under-
actuated autonomous underwater vehicles (AUVs), in [16] for a
2 degrees-of-freedom (DOF) helicopter system. The developed
methods in [5-16] all focused on the input quantization problem,
while the controllers were designed by continuous measures of
the state feedback.

Control of uncertain systems with state or output quantization
has been studied in [ 17-20] using robust or adaptive approaches.
In [17], an adaptive controller was developed for uncertain linear
systems with quantized outputs. In [18], a robust controller for
a linear multiple-input multiple-output (MIMO) uncertain sys-
tem was designed with quantized output measurements. In [19],
the stabilization problem for uncertain nonlinear systems with
quantized states was investigated, and in [20], the attitude track-
ing control problem of rigid bodies with quantized states was
considered, where in [ 19,20] adaptive backstepping-based control
algorithms were designed.

Although research on quantized control has received much
attention recent years, most work focus on either input or output
quantization. In practice, the control signal sent to the actua-
tor(s) and the signals sent from sensors to the control module
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need to be quantized before transmitted due to the use of dig-
ital processors and considering the accuracy of sensors. Also,
for remotely controlled systems, the control signals and sensor
measurements are shared via a common digital network where
the bandwidth might be limited and it is natural to suppose
that both input and output signals are quantized. Some work
that considered both input and state quantization are [21-27].
In [21], the quantization effects on remotely controlled single-
input single-output (SISO) linear systems were studied, where
the stabilization problem was transformed into a robust control
problem. Sliding mode controllers were developed in [22,23]
for trajectory tracking in the presence of both input and state
quantization, of AUVs in [22], and of mechanical systems in [23].
Neural-network based adaptive tracking controllers in presence
of quantization were designed in [24] for uncertain nonholonomic
mobile robots, and in [25] for uncertain MIMO nonlinear systems.
Adaptive backstepping based control schemes were developed
in [26,27], where the attitude tracking control problem for uncer-
tain rigid bodies was investigated in [26], and a class of uncertain
nonlinear systems was considered in [27].

This paper investigates the attitude tracking control problem
for a class of uncertain rigid body systems with quantization for
both inputs and states. The system is modeled as a nonlinear
MIMO system, with challenges in controller design due to its
nonlinear behavior and uncertain parameters. A quantizer is used
for the signals in order to reduce the communication burden,
and a new adaptive backstepping based control scheme is de-
veloped to achieve tracking of a given reference signal, where
the tracking error is shown to converge towards a residual. The
proposed control scheme is implemented by experiments on a 2-
DOF helicopter system. The main contributions of this paper are
as follows.

e The attitude tracking control problem of uncertain nonlin-
ear rigid body systems is investigated where both inputs
and states are quantized. As far as we are concerned, this
is the first paper that solves this problem with uncertain
parameters and where both inputs and states are quantized
by a class of quantizers, that satisfies the sector bounded
property. A new adaptive backstepping-based controller is
developed and a new approach to stability analysis is pro-
posed. By choosing proper design parameters, all signals in
the closed-loop system are ensured bounded and tracking is
achieved.

e Note that some techniques are presented in [26] to handle
the uniform quantization, where the quantization error is
bounded by a constant. By contrast, a more general quan-
tizer is considered in this paper. Since the quantization
errors depend on the inputs of quantizers, they cannot be
ensured bounded automatically. Several difficulties are in-
troduced both in the control design and stability analysis
for MIMO uncertain systems due to the fact that the quan-
tization errors are not bounded by constants. Instead the
quantization error is linearly dependent on the input to the
quantizer, and is the main challenge to be handled. Other
challenges:

- Only the quantized states can be used to construct the
control input and the virtual controller.

- Since the virtual controllers are discontinuous after
quantization, the derivative cannot be computed as
is normally done in the standard backstepping proce-
dure. To overcome the difficulty, differentiable virtual
controls are designed by assuming that the system has
no quantization. Their partial derivatives multiplied by
the quantized signals are then utilized to complete the
design of virtual controls.
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- The effects of both input and state quantization in-
troduces several residual terms that need to be domi-
nated.

e By well establishing the relations between the input sig-
nals and error states and functions of continuous signals
and quantized signals, the stability of the closed-loop sys-
tem equilibrium can be achieved by choosing proper design
parameters.

2. Mathematical model and problem statement
2.1. Notations

Vectors are denoted by small bold letters and matrices with
capitalized bold letters. The symbol w} , denotes angular velocity
of frame a relative to frame b, expressed in frame c; R? is the
rotation matrix from frame a to frame b; the cross product op-
erator x between two vectors a and b is written as S(a)b where
S is skew-symmetric; Amax(+) and Amin(-) denotes the maximum
and minimum eigenvalue of the matrix (-), and || - || denotes
the £,-norm and induced £,-norm for vectors and matrices,
respectively.

2.2. Problem statement

For systems where data transmission are transferred through
a common communication network, quantization errors are in-
troduced due to the limited communication rate of the network.
For low resolution, these errors cannot be ignored, and must be
considered in the analysis and controller design since it will affect
the performance and stability of the system.

We consider a control system as shown in Fig. 1, where the
inputs u(t) and the states &(t), w(t) are quantized at the encoder
side to be sent over a network. The network is assumed noiseless,
so that the quantized signals u?(t), €2(t), @(t) are recovered
after transmission.

The control problem is to design a control law by utilizing only
quantized measurement of the states, so that tracking of a desired
attitude is achieved.

2.3. Rigid body model

The orientation of a rigid body in frame b, relative to an inertial
frame i, can be described by a unit quaternion [28-30], q =
[n, 61,680,631 = [n,e']T € S = {x € R* : x'x = 1} that
is a complex number, where n = cos(v/2) € R is the real part
and & = ksin(v/2) € R? is the imaginary part, where v is the
Euler angle and k is the Euler axis, and S is the non-Euclidean
three-sphere. The kinematic and dynamic equations for the rigid
body are defined as

q="T(q)w, (1)
Jo = -S(@)Jo)+ o, ») 0+ u?, (2)
where the angular velocity wﬁb = w € R? the inertia matrix
J € R3*3 is positive definite and invertible, the vector § € R"

is unknown and constant, the matrix ® € R™3 are known
nonlinear functions, and where we have

T =] 7 | ere 3)
D=5 101 +5(e) '

The matrix I denotes the identity matrix and S(-) is the skew-
symmetric matrix given by

0 —&3 &
S(e) = |: &3 0 —81:| . (4)

—& &1 0
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Fig. 1. Control system with input and state quantization over a network.

The orientation between two frames can be described by a rota-
tion matrix given as

R(q) = I + 21S(e) + 28°(e), (5)

where R € SO(3) that is a special orthogonal group of order three,
and has the property

S0(3) = {R e R¥>3:RTR =1, det(R) = 1}. (6)

The mapping R : S® — SO(3) is everywhere a local diffeomor-
phism, but globally two-to-one, where R(q) = R(—q) [31]. The
time derivative of a rotation matrix can be expressed as [30]

RS =R(S (0b,) =S («¢,) RE. 7)

Attitude and angular velocities are assumed to be measurable.

2.4. Quantizer

In this paper, we consider a class of quantizers satisfying the
following inequality [32]

ly® —yl = Id| < 81y| + Ymin, (8)

where d is the quantization error, and 0 < § < 1 and Ypj, > 0

are quantization parameters. If § = 0, the quantization error will

only depend on ynin, and so the quantization error is bounded by

a constant. When 0 < § < 1, the quantization error also depends

on the input to the quantizer and is a sector bounded quantizer.
The quantized signals are modeled as

Q (u(t)) = u(t) 9)
Q(e(t)) = %(t), Qw(t)) = w?(t), (10)

where Q(-) is a quantizer, u(t) € R3 are the control inputs,

’
’

u?(t) = [u? u¥ u$]" are the quantized inputs, & € R> and
® € R are the measured states, and €2(t) = [¢2 &3 ¢$]17 and

w(t) = [a)‘ll wZQ wg]T are the quantized states, where each vector

element satisfies (8) and so

u® —ull = lldull < [18ull ]l + ltmin]] = Sullttll + tmin,  (11)
0% — @l = lldull < 8]l |0l + ll@minll = 8@l + Onin, (12)
le® — ell = llde | < 181l llell+ll€minll < 18- I+l €minll = ¢,

(13)

where in (13), the unity property of the unit quaternion is used.

Most practical quantizers satisfy the property in (8), such as
a uniform-, a logarithmic- and a logarithmic-uniform quantizer,
and will be presented next.

Q. 1

Y3 rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr E .——. "

slope =1

Y2

1

l l l
Yo Y1+E y2+5 y3+E

Fig. 2. Map of the uniform quantizer Q,(y) for y > 0.

2.4.1. Uniform quantizer
A uniform quantizer can be described as [33]

_ | yisen), yi—i <yl <yi+4 14
Q) { 4 Mt , (14)

where yo > 0 and y; = yo + % yi = yii1 + L withi =
2,3,..., lis the length of the quantization interval and sgn(-)
is the sign function. The uniform quantization Q,(y) is in the set
U = {0, =+ y;}. The quantization error is bounded by a positive
constant ymin = max{yg, I/2}, and satisfies (8) with § = 0. A map
of the uniform quantizer (14) for y > 0 is shown in Fig. 2. The
uniform quantizer has equal quantization levels and is optimal
for uniformly distributed signals.

2.4.2. Logarithmic quantizer
A logarithmic quantizer is defined as [33]

yisgn(y), 5 <lyl<
Q — 1+3 1-8 ]5)
Og(y) {01 |y| = Ymin, (
where ynin = 22 determines the size of the dead-zone for

1+8
Qog¥) 0 < 8 < 1,y0 > 0,y = pI7yg, withi = 1,2,...,
and parameter p = % The parameter p can be regarded as a
measure of the quantization density, where smaller values of p
implies that the quantizer is coarser. The quantized signal Qig(y)
isin the set U = {0, £y;} and satisfies the property in (8). A map
of the logarithmic quantizer (15) for y > 0 is shown in Fig. 3. The
logarithmic quantizer has unequal quantization levels, and is use-
ful where the signals are more concentrated near the equilibrium
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Fig. 3. Map of the logarithmic quantizer Qiog(y) for y > 0.
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Fig. 4. Map of the logarithmic-uniform quantizer Qy(y) for y > 0.

or have higher resolution around the equilibrium, e.g. for speech
signal compression, image processing, etc. Several remarks about
the logarithmic quantizer can be found in [7,34,35].

2.4.3. Logarithmic-uniform quantizer
A logarithmic-uniform quantizer combines a uniform quan-
tizer and a logarithmic quantizer and is defined as [32]

Qiog(Yth) + Qu v — Yn) ,
Qiog(y)

where yy, is a positive constant specified by designer denoting
the threshold to switch between the logarithmic and uniform
quantizer. The uniform quantizer, Q,, is defined in (14) and the
logarithmic quantizer, Qiog, is defined in (15). The quantizer Qi (y)
takes advantage of a logarithmic quantizer having high resolution
close to the origin, and switch to a uniform quantizer for higher
values, and satisfies (8) with § = 0 and ymin > % A map of the
logarithmic-uniform quantizer (16) for y > 0 is shown in Fig. 4.

[yl = Yn (16)

Q)= { Yl <¥m

2.5. Control objective

We want to track a given desired attitude ;4 = qq and a
desired angular velocity w;‘ 1 = @g where the kinematic equation

1 T
. d _ Ed
90 = T(40)og = 2 [ﬂdl - S(Ed)] @i (17)
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is satisfied. The tracking error e, is given by the quaternion
product

_ = o _n)_ nan + e € 3
e_ql‘d®ql’b_|:éi|_|:nd€_77€d —S(ed)s] €S ) (18)

where § = [ — &']7 is the inverse rotation given by the
complex conjugate. If q;, = q;4 then e = [+1 0]]" where
0s is the zero vector of dimension three. Since there exist two
equilibria using the quaternion representation, we conclude that
global stability cannot be achieved. Physically e and —e represent
the same attitude, only rotated 27 about an axis relative to each
other, but mathematically the two equilibria are distinct.
The relative error kinematics is

e =T(e)w,, (19)
where T(-) is defined in (3), and the angular velocity error
W = W — R?wd. (20)

The control objective is to design a control law for u(t) =
u(e?, w?) by utilizing only the quantized states ¢ and % to
drive & and @, towards zero and where all the signals in the
closed-loop system are uniformly bounded. To achieve the objec-
tive, the following assumptions are imposed.

Assumption 1. The desired attitude, angular velocity and an-
gular acceleration, q4(t), wq(t) and @4(t) are known, piecewise
continuous and bounded, where || wq(t)ll < ko, and || @q(t)] <
ky, Yt > to where k,,, ky, > 0.

Assumption 2. The unknown parameter vector # is bounded by
I10]] < ko, where kg is a positive constant. Also 8 € Cy, where Cy
is a known compact convex set.

Assumption 3. The function ® satisfy a locally Lipschitz condi-
tion such that

(%1, ¥1) — 2(X2, o)l < Lill%1 — X2l + L2[ly1 — ¥2 1l (21)

where L; and L, are positive constants, and x(,, y, € R? are real
vectors.
Assumption 4. sgn(#(ty)) = sgn(y(t)) Vt > to.

Remark 1. These assumptions are reasonable for most practi-
cal systems. Assumption 1 ensures that the reference signal is
bounded in t, and is a standard condition for attitude tracking
control problems, see e.g [36-38]. Since the vector 6 has constant
vector elements, Assumption 2 holds, knowing the bounds for
each vector element. Assumption 3 is a fairly mild assumption to
ensure the existence and uniqueness of solutions for the system
(2) and applies for a broad class of practical systems, where
similar assumptions are made in e.g [19,27]. By Assumption 4,
the equilibrium point that initially are closest is chosen and kept
throughout the tracking maneuver.

3. Controller design

In this section we will design adaptive feedback control laws
for the rigid body using backstepping technique in [39]. Since the
design of an adaptive controller with quantized signals is based
on the design with continuous measurement of the signals, we
start by the case of continuous signals before proceeding to the
case of quantized signals.
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3.1. Continuous signals

We here consider the case that the signals are not quantized.
First, introducing a change of coordinates

Z1x = |:1 :g ﬁ:| ) (22)

Z =W — 0, (23)

where zq. is an error vector, which shifts the equilibria to the
origin [40], where z, is for the positive equilibrium point when
n(tp) > 0, and z,_ is for the negative equilibrium point when
n(to) < 0, and where « is a virtual controller chosen as

o =—CGzyL € R®, (24)
where C; € R3*3 is a positive definite matrix and
+&" 4x3
Ge) = |. o | e RS, 25
(e) |:nl +S(€)i| (25)

Remark 2. By introducing the change of coordinates z;. we
are avoiding that one of the mathematical representations of a
given attitude is left unstable. The initial condition of 7 given by
Assumption 4 is also helpful in the control strategy, where we
choose a target equilibrium point before we start the maneuver.
If we were considering that only one of the equilibria was stable,
the other would be unstable. Then, if we initially were close to
the unstable equilibrium point, we would need a large rotation
to reach the stable equilibrium point. We are thus avoiding the
problem of unwinding since we now are regulating towards the
closest equilibrium point, i.e the equilibrium point which requires
the shortest rotation and thus minimizing the path length.

Remark 3. By choosing a target equilibrium point prior to the
maneuver we will minimize the path length, but not necessarily
the input energy. If there is an initial velocity in the opposite
direction to the desired rotation it might be more efficient to
converge towards the equilibrium that is further away to save
energy [40].

For ease of notation we now denote z; = z+. The derivative
of (22)-(23), inserting the dynamics from (2) is given as

1 1 1

21 =-6G'we = —=G'C1Gz; + =G z,, 26
175 ®e 5 1621 + 3 2 (26)

Jis = —S(@)Jw)+ @0 +u +] (S(@)R)wg — Rl>g — &) ,
(27)

where the derivative of (24) is
. 1 - -

o= JFEQ (71 + S(&)] @e, (28)

where we have used that Gz; = =&. Since the inputs are not
quantized, we have u¢ = wu, and an adaptive controller and
parameter update law can be designed as

U=—Gz, —Cyz;, — & 0+ SR wy)(Jw)
+ S()Jw) — J (S(@)R'wg — Rl — &), (29)
b =roz,, (30)

where C; € R**3, T € R™" are positive definite matrices, and
the vector @ is the estimated value of #. A Lyapunov function
candidate is chosen as

8 10, (31)

i 1 1
V(z1,22,0. 0 =2{z1 + 52,)72 + 5
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where & = 0 — 6 is the unknown parameter error. By inserting
(29)-(30) in the derivative of (31) yields

V=-2{6"C6z;+2{GC 'z, + 2, [-S(@)Jo)+ & 0 +u
~T 2
+J (S(@)R?wg — Rl@wg —&)] —6 T7'6
=—2{G'C6z; — 7, [S(w — & — Rlwg)Jw)] — 2; C225
=—2/G'C,Gz, — 2] Cy2,, (32)

where we have used the fact that zZTS(zz) = 0. Then it fol-
lows that asymptotic tracking is achieved and all signals in the
closed-loop system are uniformly bounded.

3.2. Quantized signals

Now we consider the case that both the inputs and the states
are quantized, and satisfy the sector bounded property in (8).
Since only the quantized states ¢, ¢ are measured, the quan-
tized value of n is calculated as

n® =£y/1—(e2)7eC, (33)

where the quantized attitude is given by g% = [, (¢2)T].

Remark 4. The value of 72 can be calculated based on the value
of €2 and knowledge of the sign of 5(t;) and the assumption of
sign continuity of n(t) based on derivative. If we are close to, or
at n = 0, we might end up with (e2)"e? > 1, and a scaling is
needed to ensure we have a unit quaternion.

The quantization error of the quaternion can be expressed as

_ d, e +ele?
di=q;, ®qiq = [d;] = [ﬂé‘Q — % — S(e)e? |’

where d; is bounded by ||d;| < k.6, from (13) and where k., > 1
is a positive constant, and d,, is bounded from the unity property
of unit quaternion. If g2 = q and there is no quantization error,
thend; =[100 0]T. The tracking error with the quantized value
of the unit quaternion is given by

(34)

7 Q4 oTeQ
Q n nan €, €
ec=|.0|= , 35
|:€Q] [Udé‘Q —n%eq — S(Sd)é‘Q] (33)

and can also be described by

=Q
Q _ _ Al M
e —qd,b®qb,Q—E®dq—|:é+dgi|, (36)
where the value of d; depends on the quantization error that is
bounded by (13), and if there is no quantization error, d; = 0.
The adaptive controller and parameter update law are designed
as

ul(t) = u(t) + dy(t), (37)
u=—6%2% -z} — (8%)70 + S(Rwy)Jw?)

+ S(@¥)Jo?) - J (SR ws — RPwg — &%),  (38)

0 = Proj{r®222), (39)

where Proj{-} is the projection operator given in [39] and where

1 »Q
20— [ i } , (40)
zg :wS—aQ, (41)
:t(E‘Q )T

Ge?)' = : 42

(€% [77‘11 +5(%) (42)

a? = - €16%% = 7¢,8%, (43)

32 = (e, 0?), (44)
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i} 1. - By

al = F5 [0 +S(E)]wg, (45)
wg =w? - RiQa)d, (46)
R? = RIR?, (47)

where Rl? is the rotation due to the quantization error. The
projection operator is ensuring that the estimates are nonzero
and within known bounds, that is [|8]| < ks. A function @2 is used
in (45), which is designed as if the states were not quantized. See
e.g. [remark 7] in [19] for a note about this design.

4. Stability analysis

To analyze the closed-loop stability, we first establish some
preliminary results as stated in the following Lemmas, and with
proofs provided in Appendix A-Appendix D, respectively. The re-
sults in this section are applicable for the quantizers satisfying the
sector bounded property in (8), including the uniform quantizer
in Section 2.4.1, the logarithmic quantizer in Section 2.4.2, and
the logarithmic-uniform quantizer in Section 2.4.3.

Lemma 1. The virtual control law «, the output @ and angular
velocity error w, are bounded by the following inequalities:

lleell < Amax(C1), (48)
lwell < Amax(C1) + iz, (49)
ol < ko + 121, (50)

wherez = [z],2]]", and

Ko = max(€1) + Ko (51)

Lemma 2. The effects of state quantization are bounded by the
following inequalities:

(i) IRE — RY|| < 8ckg, (52)
(ii) 6%} — Gzl < 8:k., (53)
(iii) [l® — et|| < 8ok (54)
(iv) 02 — @Il < 8,ky + Omin + 80121, (55)
(V) 02 — @ell < 8ekkuy + S0k + Omin + 80121, (56)
(i) 122 — 25| < 8ckyy + Sk 4+ Omin + 80121, (57)
(vii) ”&Q_d‘” = 35"&1 + 8wk&2 + wmink&3 + }\max(cl)z

+()Lmax(cl) + 8(4))”2”! (58)
(viii) |82 — ®|| < 8:Lq + Sulake + wminla + Sula |z, (59)
where

ke = 2k, + 2k?5,, (60)

ke = Amax(C1)ke, (61)

kzy = kKo, + ke, (62)
1

ka, = ~ hmax( € kikiy (63)
1

ka, = ~max( €1 ko, (64)
1

ki, = ~max(C1) (65)

are positive constants.

Lemma 3. The effect of input quantization is bounded by the
following inequality:

”uQ —ull <4y (8£ku1 +5wku2 +U)minku3 +ku4)+umin

Systems & Control Letters 175 (2023) 105513

+8u (8ckus + Swkug+kuy ) 121, (66)

where
ki, ke + Amax(C2)kz, + koLt 4 Amax( ke 3ok + @rmin + ko)

+ Amax( ks, (67)
Kuy =hmax(C2)ky, + Lok, kg

+ Amax() (2kogko + Amax(C1)ke + K, ) » (68)
Kuy Zhmax(€2)+Lako + Amax() (Zkoy +Amax(C1)+Kss ) (69)
kuy =14 ko (1+ ko) + Amax() (ZKogko + Amax(€ 1)k + Koy)

+ 2 a1 (70)
Kus =max( ke, (71)

kg Z hmax(€2)+Loko +Amax(J) (2kwg +8eka+Amax(€1)+1),  (72)
kiy Zhmax(€2)+ko +Amax(J) <2kwd + %)\max(cl )) ; (73)
are positive constants.

Lemma 4. The following inequality holds:

%Amm(a)ﬁn <z/G'CGz,. (74)

By using the properties of Lemmas 1 and 2, we can show the
following inequalities,
S(@)Jo) - SR 0a)Jo®) - S(@®)Jo?)
< S(w)Jw) — S(RYwg)J o) — S()Jw)
+ dmax () [(8ekrkoy + 8eka)| @] + (Koy + lleel)ldo ]
< 8(22)J @)+ 2max) [ (Kaog +Amax(€1)) 8wk + @min+801211)
+ (8:krky + 8eke )(Suke + wmin + 8ullzll + ko + [121)]

= S(25)J @) +8ckr, +8ukok, +ominkr, + (8ckr, +8,kn, ) 1211,

(75)
where
kr, = hmax() (kekuy + ko) (ke + 80key + Ormin) | (76)
kr, = dmax(J) (g + Amax(C1)) , (77)
kry 2 AmaxU) (Knkoy + ko) (148,,) , (78)
and
IS(@)R} —S(0)RY |
< l@lldckr + lldo |l
< 8ckokr+80ky + Omin + (8:kr + 80) [12]]. (79)

We now state our main result in the following theorem.

Theorem 1. Consider the closed-loop adaptive system consisting
of the plant (26)-(27), the quantized inputs and states (9)-(10) sat-
isfying (11)-(13), the adaptive controller (37)-(38), the parameter
update law (39) and Assumptions 1-4. If the gain matrices C1 and
C, and quantization parameters are chosen to satisfy

C
50 — 8y, > k>0, (80)

where ¢y = min{%kmm(ﬁ), Amin(C2)}, k is a positive constant, and

vy = Sekv,+8ukvy 8 (8kus +8ukug +kuy ) HAmax(N)Amax(C1), (81)
where

ky, = K, + Amax(J krKoy» (82)
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kv, = Amax(C2) + kr, + AmaxU) (Kug + 1) + Ko, (83)

then, all signals in the closed-loop system are ensured to be uniformly
bounded. The £,-norm of the error states is ultimately bounded by

200 =2, (84)

where

8o = 2%0551 + 8y, (85)

8y, =8:ke, + Sukuke, + wminke,, (86)

Svy = Sckv; +8uky, +wminkvs + 8u (8eku, +80ku, +Ominku; + Ku,)
+min + AmaxDAmax(C1)°, (87)

kV3 é)Hnax(cz )kzz +ke +kT1+)LmaxU) (kkakwd+ kRk(bd “l‘k&l) +k<1>3 s

(88)
kV4 ékw ()Lmax(CZ) + sz + )\max(’)kwd) + )Lmaxu)k&z + ktb5 5 (89)
kvs =hmax(€2) + kr, + Amax(NKag + Amax( Kz, + ko, (90)

Tracking of a given reference signal is achieved, with a bounded
error.

Proof. We choose a Lyapunov function candidate
~ 1 1-7 ~
V(z1,25,0,t) =2z, + izzT]zz + 50 r'e. (91)

By following the control design in (37)-(39), the derivative of (91)
is given as

V=-2{6"C6z,+2{GC 'z, + 2] [-S(w)Jw) + &0 + u’

+ ] (S(@)R"@q — Rbog — )] — 8 T8
= ~2{67Ci621 — 2] C:2f +2] (621 — 6%

+z] [—S(w)(lw) +S(R%wq)Jo?) + S(aQ)uwQ)]
2] [S(w)Rf’ - S(wQ)R?] wd
+2,J(RE — R)ooq + 2, J(@% — &)
+zld, +[2] (70— (32)70) — 6 °22]. (92)

The last terms in (92) satisfy

2] (70— (®2)76) — (§T11>Qz§
=0Tz, — 07 8%z, + 0 ¥z, — 5’T<I>Qz‘22
<101l 1@ — @2l llz2ll + 161 122 22 — 23|
<ksll® — 22| 1z]|+ko(1 + ]|+ ]| @ — 2212, — 25 |
<8:ke, + Sukoko, + Ominks,

+ (8:kay + Sukas + minka, ) 121l + 8uko, 212, (93)
where the properties from Lemmas 1-2 are used, and where
ko, = KoLy (8:kzy + 8ok + @min) + (ko + koko) Kzy, (94)
ko, = koLa (8ckzy + 8ukey + wmin) + (ko + koks) , (95)
ke, = koLt (14 8,) + koks,, (96)
ko, = ko (14 Lo + L28,) , (97)
kos = Ko, + Koka,. (98)

(79)

By using the properties from Lemmas 1-4 together with (75),
and (93) and using Young'’s inequality, we have

V < —collzll® + 8y, + dv, l1zll + 8y, Il
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Fig. 5. Quanser Aero helicopter system connected with computer.

Co ) 1 2
<= (3 o) 12l + 5+ 8
< —KlzI? +8q <0, Viizll > v/3q/k. (99)

This shows that the ultimate bound for z(t) satisfies (84) un-
der condition (80). Since z is bounded, then by Lemma 2, z¢
is bounded. Then the estimated parameter vector @ is ensured
bounded by the projection operator (39). Since z is bounded, then
by Lemmas 1-3 and the property of unity of the unit quaternion,
all signals in the closed loop are ensured bounded. O

Remark 5. The quantization parameters should be chosen to
guarantee the stability and control performances of the attitude
tracking control system, and (80) give some insight to this. Since
both the control signals and the states are shown to be bounded,
the required number of quantization levels are finite and only
a finite number of quantization levels are required to stabilize
the system. It can be observed from (85)-(87) that the upper
bound of the errors in the sense of (84) can be decreased if
the quantization parameters &), ®min and upi, are decreased,
while all design parameters C.) are kept unchanged. The choice of
quantization parameters will depend on the application and the
available data-rate for the communication network.

Remark 6. A logarithmic quantizer has a better resolution close
to zero. Since we are considering a tracking problem where the
states are quantized and not the error states, this would also
imply that the error from quantization will be larger if the ref-
erence signal is far from the origin. For tracking of a reference
signal further away from the equilibrium, one option is to use
a logarithmic-uniform quantizer, described in Section 2.4.3, for
the state signals. For the stability analysis, this only imply that
8, = 0, and the value of §, is smaller, which again implies that
the error signals will converge towards a smaller compact set.

Remark 7. Time-delays in the communication channels have
significant effects in networked control systems, where the pres-
ence of delays may result in a poor performance and can also
lead to instability, see e.g. [4,34]. Extending present results to
handle both quantization and time-delay is nontrivial, and is an
interesting problem to investigate further.
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Table 1

Helicopter parameters.
Symbol Value Units
J diag(0.0218, 0.0217, 0.0218) kgm?
m 1.075 kg
g 9.81 m/s?
RS [0 0 —0.0038]" m

5. Experimental results

To illustrate the presented adaptive control scheme, we im-
plemented the controller on the Quanser Aero helicopter system,
shown in Fig. 5. This is a two-rotor laboratory equipment for
flight control-based experiments. With a horizontal position of
the main thruster and a vertical position of the tail thruster, this
resembles a helicopter with two propellers driven by two DC
motors. The helicopter is a MIMO system with 2 DOF, and can
rotate around two axes where each input affects both rotational
directions. The dynamic equation for the helicopter model is
defined as

Jo = -S(@)Jo)+ o, o) 0+u? —g(q)+ 14, (100)

where g(q) = —S(r5)R}f} € R® rb = [xg y, z,]" is the distance
from the origin to the center of mass, f; =[0 0 —mg]", mis
the mass of the rigid body, and g is the gravitational acceleration.
The torque g(q) is caused by the gravitational force, because
the rotation of the helicopter is not about the center of mass.
We assume that this torque can be compensated for directly by
measurements of q, where 7, = g(q), and is not sent over the
network. The mathematical model is then described by (1)-(2),
and the system receives the driving toques 7 = u? + 7g. The
parameters used for simulation and experiments are shown in
Table 1, where ® = diag(—w), the initial states and estimated
parameters were chosen as q(to) = [1000]", &(to) = [0 0 0]"
and 6(t;) = [0 0.0070 0.0095]7, where t, defines the start of
experiment, and the design parameters were set to C; = 0.3I,
C, = 0.15I and T = 0.02I. The quantization parameters were
chosen as §,; = 8,, = 0.02, &g, = wp, = 0.005 i =1, 2, 3 for the
states, and §,;, = 0.05, up; = 0.0055 i = 1, 2, 3 for the inputs.
For the chosen values, Eq. (80) holds. The term &(w)'# in the
dynamical model of the practical setup relates to viscous damping
in the system. The true values of the damping coefficients @ are
not known, and the update law (39) for the estimated values does
not provide convergence towards the true values. The objective
in the experiment was to track a given sinusoidal signal for
the attitude, where r; = 0, pg = 207 /180sin(0.1xt + 7/2),
ya = 207 /180sin(0.057t + 7 /2), given in Euler angles, that
was converted to a quaternion, and also to track the angular
velocities as given in (17), while the inputs sent to the helicopter
and the measured states sent to the controller were quantized.
The initial value for the desired attitude was q,(ty) = [0.9698, —
0.0302, 0.1710, 0.1710]T and so initially we have a tracking er-
ror e%(ty) = [0.9698, 0.0302, —0.1710, —0, 1710]", see Eq. (35).
Since sgn(7%(ty)) > 0, we choose the positive equilibrium point
(40) for our maneuver.

Figs. 6-10 show the attitude &2, the angular velocity w2,
the error in attitude &2, the error in angular velocity (ug, and
the inputs u?, respectively. The dotted lines show the desired
reference signals, while measured values from experiments on
the helicopter system are shown with a solid line. The same
experiment was also conducted with continuous measurements
of the inputs and the states with results given in Figs. 11-13
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showing the error in attitude &, the error in angular velocity .,
and the inputs u, respectively.

For both cases, the inputs and the states are shown to be
bounded, and tracking is achieved with a bounded tracking error.
The total tracking error was defined as

i
Zoace = / (897 &%r,

to

(101)
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Table 2
Tracking error with and without quantization.
Zirack X 1074 State
Continuous Quantized
Input Continuous 311 315
p Quantized 318 320

where tp and ¢ define start and end of experiment, respectively.
The experiments were run for 50 s and results are provided in
Table 2, and is an average of three runs for each case. The tracking
error is increased by introducing quantization as expected. As the
results show, a good performance can be maintained by intro-
ducing quantization, while at the same time the communication
burden over a network can be decreased.

6. Conclusion

An adaptive backstepping control design has been developed
for attitude tracking of rigid body systems with uncertain param-
eters and with quantization of both inputs and states. Since there
exist two equilibria using unit quaternions, a target equilibrium
point is chosen before starting the maneuver, and thus one is
regulated to the closest equilibrium point. This will avoid the
problem of unwinding. A class of sector bounded quantizers has
been considered, which introduce quantization errors that are
linearly dependent on the inputs to the quantizers. All signals
in the closed loop system are shown to be uniformly bounded
and tracking of a given reference signal is achieved. The tracking
performance is also established and can be improved by appro-
priately adjusting design parameters. The choice of quantization
parameters directly affects the size of the equilibrium set, and
this relationship is shown in the analysis. Experiments on a 2-DOF
helicopter system illustrate the proposed control scheme.
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Appendix A. Proof of Lemma 1

From (24) we have
lell < Amax(C1)lIEN < Amax(C1), (A1)

where ||&|| < 1. From (20), (23) and Assumption 1, the angular
velocity error and angular velocity satisfy

well < l|z2 + el < Amax(C1) + lIz[l, (A2)
loll < ll0e + RY@all < Amax(C1) + kuyy + 121l = ko + 121, (A3)

where z = [z],z,;]T. O
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Appendix B. Proof of Lemma 2

By using (34) and (47) and the property of (5) and (6), we have
IR® — R|l = IRZR? — R| = [I((RY — DRY||
| —2d,S(dz)+25%(d:)" || IRl

IA

< 8. (2k; +2K%8.) = 8.k (B.1)
From the definition in (36) and the fact that Gz; = =& and
G%z% = +&9, it is shown that
16223 — Gzy|| = I|(£&%) — (£&)]| < ldz || < 5,ke. (B2)

From (24), (43) and (53) we have

loe? =l = (—€16%27) — (—€1621)| < Amax(C1)keSs = Seke.

(B.3)
From (12) and (50) we have
0% — @l < 8ull@ll + Omin < Suko + Omin + 80 l12]l. (B.4)
With the use of (46), (47) and (55) we have
lof — @ell = llo® — RPwg — (@ — Riwa)
< 8skpkyy 4 8wke + Omin + 80 llZ]. (B.5)
Using (23), (41), (54) and (56), we have
125 — z2]| < 0 — a® — (@, — @)
< 8e(krkeyy + ko) + 80ke + @min + 80121
= 8:kzy + 8wk + Wmin + 80121 (B.6)

By using (28), (45), (49) and (56), we have
-0 . 1 - N - N
lal—a| = ||5c1[¢[n‘11 + SEDWE — [FLHI + SE)]lwe ]
1
< 5 hmax(C1) (2ll@ell + Sckrkey + Suke + wmin + Sullz])

2 Scka, + Suka, + Ominkas 4+ Amax(C1)?
+()¥max(cl) + 8w)||z||- (B-7)

From Assumption 3, the unity property of unit quaternion and
from (55) we have

|82 —@| < Li]e?—e| + Lo -

< 8Ly + S0loky, + wminlz + 8,L2|z)|. O (B.8)

Appendix C. Proof of Lemma 3
The norm of the control input u in (38) satisfies the following
inequality
lull =l — 6%23 — €223 — ()76 + S(RPws)J0?)
+ S(@®)Je?) ~J (SR ws — RYos — ) |
< 14 8:ke + Amax(€2) (8ckzy 80 ko +@min+380 2]+ 12211)
+ ko (8cL1 + d0loky + wminly + SuLalIZ]l + el + ll@lD)
+ hmax() (2o, + llell + 8:ke ) 0%
+ Amax() (Ko + 1]l
éégkul +80wku, +Ominku; +ku, +08:kus 1211 8, kg 12| +ky; N2l
(C.1)
where we have used the properties from Lemmas 1 and 2. Then
[u® — ul| <8,)lull + min
<8u (8ekuy +8kuy +@minkus +Kuy ) + Umin
+38u (8ckus + Swkug+ky,) 2]l O

10
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Appendix D. Proof of Lemma 4

We use the property

0<(AFaf<(-71+7)=5&"z, (D.1)
that holds by Assumption 4. Then
AFpP+e'e<2e'e (D.2)
1
5zIz1 <&'s (D3)
1
5Amm(cl)zIz1 <&'€#=2/G"C6z,. D (D.4)
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