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Abstract

Similar to ordinary differential equations, rough paths and rough differential equations can be formulated
in a Banach space setting. For « € (1/3, 1/2), we give criteria for when we can approximate Banach space-
valued weakly geometric «-rough paths by signatures of curves of bounded variation, given some tuning of
the Holder parameter. We show that these criteria are satisfied for weakly geometric rough paths on Hilbert
spaces. As an application, we obtain Wong-Zakai type result for function space valued martingales using
the notion of (unbounded) rough drivers.
© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
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1. Introduction

The theory of rough paths was invented by T. Lyons in his seminal article [33] and provides a
fresh look at integration and differential equations driven by rough signals. A rough path consists
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of a Holder continuous path in a vector space together with higher level information satisfying
certain algebraic and analytical properties. The algebraic identities in turn allow one to conve-
niently formulate a rough path as a path in nilpotent groups of truncated tensor series, cf. [16] for
a detailed account. Similar to the well-known theory of ordinary differential equations, it makes
sense to formulate rough paths and rough differential equations with values in a Banach space,
[31]. It is expected that the general theory carries over to this infinite-dimensional setting, yet a
number of results which are elementary cornerstones of rough path theory are still unknown in
the Banach setting.

In [6] the authors introduce the notion of a rough driver, which are vector fields with an irreg-
ular time-dependence. Rough drivers provide a somewhat generalized description of necessary
conditions for the well-posedness of a rough differential equation and the authors use this for
the construction of flows generated by these equations. The push-forward of the flow, at least
formally, satisfies a (rough) partial differential equation, and this equation is studied rigorously
in [4] where the authors introduce the notion of unbounded rough drives. This theory was further
developed in [13,22,25] in the linear setting (although [13] also tackles the kinetic formulation
of conservation laws) as well as nonlinear perturbations in [8,24,23,27,26]. Still, the unbounded
rough drivers studied in these papers assume a factorization of time and space in the sense that
the vector fields lies in the algebraic tensor of the time and space dependence.

Our main motivation for this paper is the observation in [10] that rough drivers can be
constructed from rough paths taking values in the space of sufficiently smooth functions, see
Section 3.2. Moreover, in [10] the authors needed unbounded rough drivers for which the factor-
ization of time and space was not valid, and in particular approximating the unbounded rough
driver by smooth drivers. In finite dimensions, sufficient conditions that guarantee the existence
of smooth approximations can be easily checked and leads to the so-called weakly geometric
rough paths. In [10] and ad-hoc method was introduced to tackle the lack of a similar result in
infinite dimensions. For other papers dealing with infinite-dimensional rough paths, let us also
mention [11,2,7].

In the present paper we address the characterization of weakly geometric rough paths in Ba-
nach spaces. Our aims are twofold. Firstly, we describe and develop the infinite-dimensional
geometric framework for Banach space-valued rough paths and weakly geometric rough paths.
These rough paths take their values in infinite-dimensional groups of truncated tensor products.
Some care needs to be taken in this setting, as the tensor product of two Banach spaces will
depend on choice of norm on the product. Secondly, we characterize the geometric rough paths
that take their values in an Hilbert space and their relationship to weakly geometric rough paths.
Our main result is to prove the following well-known relationship for finite dimensional rough
paths in an infinite dimensional setting. Recall that for o € (1/3, 1/2), a geometric a-rough path
is an element of the closure in signatures 52 s =14x — x5+ f; (x, — x5) ® dx, of curves x;

of bounded variation, while an «-rough path x;; = 1 4 x5 + xs(,z) is called weakly geometric if

the symmetric part of xitz) equals %xs, ® x4¢; a property that holds for all geometric rough paths
in particular by an integration by parts argument. Our main result is the following.

Theorem 1.1. For o € (1/3,1/2), let €3 ([0, T1, G*(E)) and 62,0, T1, G*(E)) denote re-
spectively geometric rough paths and weakly geometric rough paths in a Hilbert space E, defined
on the interval [0, T and relative to the Schatten p-norm, 1 < p <oo on E ® E. Then for any
B € (1/3, ), we have inclusions

% (10, T1, G*(E)) C 65y ([0, T, G*(E)) C 6L (10, T1, G*(E)).
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We emphasize that this result includes the Hilbert-Schmidt norm, projective tensor norm and
injective tensor norm as respectively p equal to 2, 1 and oo.

The structure of the paper is as follows. In Section 2 we review the infinite-dimensional frame-
work for rough paths with values in Banach spaces. In particular, we discuss good conditions for
norms on tensor products and establish that our free nilpotent groups have L'-regularity in Re-
mark 2.7. We continue with a presentation of Banach space-valued «-rough paths for o € (%, %)
in Section 3. This leads to the three prerequisite assumptions in Theorem 3.3 which states when
weakly geometric rough paths can be approximated by signatures of bounded variation path after
some tuning of the Holder parameter. In Section 3.2, we apply Theorem 1.1 to prove Wong-Zakai
type results for rough flows; a rough generalization of flows of time-dependent vector fields. This
yields a concrete application for rough paths on infinite dimensional space.

The remainder of the paper is dedicated to proving Theorem 1.1 by showing that the cri-
teria of Theorem 3.3 are indeed satisfied in the Hilbert space setting. All of these criteria
depends on considering Carnot-Carathéodory geometry or sub-Riemannian geometry of our in-
finite dimensional groups. Section 4 first establishes the necessary prerequisite results from finite
dimensional Hilbert spaces. In particular, we are concerned with formulas and results that are
dimension-independent. We then do the proof of Theorem 1.1 in several steps, including a result
in Theorem 4.6 where we prove that the Carnot-Carathéodory (CC) metric on the free step 2
nilpotent group generated by a Hilbert space becomes a geodesic distance when restricted to
the subset of finite distance from the identity. We emphasize that this is a proper subset as the
CC-metric is not Lipschitz-equivalent to the usual homogeneous distance defined by the Banach
norms for infinite dimensional spaces. We conclude the proof of Theorem 1.1 in Section 4.5.

2. The infinite-dimensional framework for rough paths
2.1. Tensor products of Banach spaces

If E and F are two Banach spaces, we write E ®, F for their algebraic tensor product. We
use the convention that E®«® = R. For any k > 0 we endow the k-fold algebraic tensor product

E®< with a family of norms |- ||x satisfying the following conditions, cf. [5].

1. Forevery a € E®k ph e E® we have
lla ®blik+e < llallk - 101l
2. For any permutation o of the integers 1,2...k and for any x1,...,x; € E,

X1 ®x2@ - @xkllk = lx61) ® - ® X i) 15

Inductively, for k, £ € N we define the spaces E®* ® E®¢ as the completion of E®* @, E®*
with respect to the norm ||-||+¢. From the inclusions

E®,,(k+€) C E®k ®q E®l C E®(k+l)

it follows that E®% @ E®t = E®*+0) 35 Banach spaces.
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Example 2.1. The projective tensor product of Banach spaces is the completion of the algebraic
tensor product with respect to the projective tensor norm

Izl s=inf {37y kil e lyillF = 2= 27y xi ® i}

It is well known that the projective tensor norm satisfies properties 1. and 2. since it is a rea-
sonable crossnorm on E ®, F (cf. [40, Section 6]). Similarly, the injective tensor norm, defined
by

Izlle = sup {| 37 0¥ )| s 9 € EX ¥ e F¥, llpll =¥l =1, z=Y]_; x: ® i},

satisfies 1. and 2. Its completion is the injective tensor product [40, Section 3].

If E is a Hilbert space, then we can identify E ®, E with finite rank operators from E to itself.
In this case, the projective and injective norm of z: E — E correspond respectively to the trace
norm and the operator norm. Moreover, this identification allows one to identify the projective
tensor as the space of nuclear operators A/ (E, E) and the injective tensor product as the space of
compact operators IC(E, E), see [40, Corollary 4.8 and Corollary 4.13] for details.

2.2. Algebra of truncated tensor series

For N € Ny, we define

N
Ay = 1_[ E®k
k=0

as the space of (truncated) formal tensor series of E.” Elements in Ay will be denoted as se-
quences (x®); <. A sequence concentrated in the k-th factor E® is called homogeneous of
degree k. The set Ay is an algebra with respect to degree wise addition and the multiplication

k<N

n+m=k

The algebras Ay turn out to be Banach algebras. We summarize the relevant results in the fol-
lowing.

Lemma 2.2. The algebra Ay is a Banach algebra for N < oo. Moreover, its group of units Ay,
is a CO-regular infinite-dimensional Lie group for any N € Ny.

We recall the notion of regularity of a Lie group G. For this it is necessary to endow the
occuring function spaces with a topology. This topology is not Banach space topology (but still
a completely metrizable topological vector space) and we have to adopt a notion of smoothness

2 One can also consider the algebra Ao arising as an infinite product, but this algebra is not a Banach space and we
have no need for this generality in the present paper (but see the arXiv version of this paper or [41, chapter 8] for more
information).
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which is called Bastiani calculus. This means that we require the existence and continuity of
directional derivatives, see [19,28] for more information. Let now 1 denote the group’s identity
element and L(G) its Lie algebra. Then G is called C"-regular, r € No U {oo}, if for each C”-
curve u: [0, 1] - L(G) the initial value problem

y@O=y@®-u@) yO=1
has a (necessarily unique) C"*1-solution Evol(u) := y: [0, 1] — G and the map
evol: C"([0, 1], L(G)) - G, u > Evol(u)(1)

is smooth. A C*°-regular Lie group G is called regular (in the sense of Milnor). Every Banach
Lie group is CO-regular (cf. [35]). Several important results in infinite-dimensional Lie theory
are only available for regular Lie groups, cf. [29].

Proof of Lemma 2.2. By construction of the algebra structure we have for elements of degree
k and ¢ that E®F . E®t ¢ E®*+D Hence the choice of tensor norms in section 2.1 shows that

Ay is a Banach algebra, its unit group Ay, is an open subset of Ay. Following [18,21] the
submanifold structure turns Ay, into a CO-regular Banach Lie group. O

Remark 2.3. The unit group Ay, of Ay is even a real analytic Lie group in the sense that the
group operations extend analytically to the complexification.

2.3. Exponential map

Define the canonical projection 7'[6\, : Ay = R = Ap and the closed ideal Z 4, := ker rrév =
[Tock<n E ®k_ Related to this ideal, we consider the following maps.

Lemma 2.4 (Exponential and logarithm). The exponential and logarithm series

x®n
expy:Zay = 1+Z4,, X Z >
0<n<N n:

yo®n
logy: 1+ Zay > ZTay. 14YH Y (=D)H—,
0<n<N n

vield mutually inverse real analytic isomorphisms.
Proof. It suffices to note that due to the truncated multiplication, the series are given by poly-
nomials (which are analytic mappings). That they are mutually invers follows via the familiar

argument for the exponential and logarithm series 0O

Remark 2.5. Due to [18, Theorem 5.6] the Lie group exponential of Ay, is

x®n

expy, i Av =L(Ay) — Ay, x+— Z

n!
neNy
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2.4. Free nilpotent groups

Using the exponential map, we are ready to define the subgroups of Ay, we are interested in.
Observe that Ay = L(Af,) is a Lie algebra with respect to the commutator bracket [x, y] :=
X ®y—y ®x. We define inductively the space P} (E) of Lie polynomials over E of degree
neN by PY(E):=E and

PIYYE) := PI(E) + span{[x, y] | x € PL(E),y € E} € Ay

The set of all Lie polynomials or Lie series is a Lie subalgebra of (Ay,[-,-]), [38, Chapter

1.2]. Since Ay is a topological Lie algebra, we see that also PNE) = PQV(E) is a closed Lie
subalgebra of (Ay,[-,-]). Due to [38, Theorem 1.4], we have PNE) C Z 4, - Hence we can
apply Lemma 2.4 and [38, Corollary 3.3] to see that the set

GN(E) :=exp 4, (PN (E)) = exp 4, (PN (E)),

forms a closed subgroup of A% . Closed subgroups of Banach Lie groups are in general not Lie
subgroups [35, Remark IV.3.17]. So indeed the next proposition is non-trivial.

Proposition 2.6. The group GN(E) is a closed submanifold of Ay and this structure turns it
into a Banach Lie group. Moreover, GN(E) is a C-regular Lie group and the exponential map
exp: PN(E) — GN(E) is a diffeomorphism.

Observe that the group GN(E) is a nilpotent group of step N generated by E.

Proof. The group GN(E) is a closed subgroup of the locally exponential Lie group Ay . Due to
Remark 2.5, the Lie group exponential of this group is exp 4, . Define

L™ = {x € T4, SL(Ay) |exp 4, (Rx) € GN(E)}.

Due to construction of the closed Lie subalgebra PN(E), we have PN(E) c LW, Conversely
as PN(E) c Iy, and GN(E)c 1+ Z 4, » we deduce from Lemma 2.4 that also L™ c PN(E)
holds, hence the two sets coincide. It follows that GN(E) is a locally exponential Lie subgroup
of Ay by [35, Theorem IV.3.3].

Since PN(E) € T. Ay s GNE)C1+T Ay and the exponential exp 4, is a diffeomorphism
between those sets (Lemma 2.4), the Lie group exponential induces a diffeomorphism between

ie algebra and Lie group as exp = exp tj\,(E) due to [35, Theorem IV.3.3]. As all Banach
Lie algebra and L Ay |§; o

Lie groups are C%-regular, so are the GN(E), cf. also Remark 2.7 below. O

Remark 2.7. The regularity of the Lie groups GN(E) can be strengthened by weakening the
requirements on the curves in the Lie algebra. This results in a notion of LP”-regularity [20]
for infinite-dimensional Lie groups. One can show that Banach Lie groups such as GN(E) are
L'-regular. Furthermore, as in the proof of Proposition 2.6, one sees that the limit G®(E) is
L'-regular. Note that L'-regularity implies all other known types of measurable regularity for
Lie groups.
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Example 2.8 (Step 2). For the remainder of the paper, we will mostly focus on the special case of
N =2. In this case P2(E) is the closure in A of sums of elements X, Y AZ=YQ®Z—-ZQY
with X, Y, Z € E and Lie brackets

[X+X,Y+Y]=XAY, X, Y€ E, X, Y e P2(E)N E®.
3. Applications to infinite dimensional rough paths
3.1. Rough paths and geometric rough paths in Banach space

Let us first recall the notion of a Banach-space valued rough path, see e.g. [7]. The definition
of a rough path involves higher level components with values in a completed tensor product.

Definition 3.1. Fix @ € (%, %) and a tensor product completion E ® E by a choice of a tensornorm
|l - |l satisfying the assumptions from Section 2.1. An (E, ®)-valued «-rough path consists of a
pair (x, x@)
x:[0,T1—E, xP:[0,T? - E®®*=EQE
where x is an a-Holder continuous path and x @ is “twice Holder continuous”, i.e.
_ < _ o (2) < _ 2a 3 1
llxe — xsll S 18— 517, g ll2 S 1t — 817 (3.1
In addition, we require
2 2
xs(t) - xs(i) - x;it) = (xy — x5) ® (xr — xy) (3.2)

usually called Chen’s relation. The set of rough paths equipped with the metric induced by (3.1)
is denoted € ([0, T'1, G*(E)).

To be more precise about this distance, we write Xg; = 1 + x; — x5 + xs(,z) in Ay, the two
step-truncated tensor algebra over E. Chen relation (3.2) can then be rewritten as Xg; = Xy, Xyz-
Introduce ametricdon 1 +Zy = {x=1-+x +x@ :xeExPeEQ® E}, by

1/2
x| = max{|lx|. I},

dxy) ="y =10 +x+x)7 A4y 4y,
We then define the distance between two a-rough paths (s, £) > Xy, Y5, on [0, T]? as

d Sl JS
dyxy)= sup Ssr¥st) 3.3)

0<s<t<T [t — s|*
Rephrasing these properties, we can define x; :=xo; = 1 + x; + x(()?) =1+4+x+ xt(z) and regard
t — X; as a ¢-Holder continuous path with values in A5. The relations (3.2) tell us that x;; =

x;lx, and we have the identification €% ([0, T], G2(E)) ~ C%([0, T1, 1 + Zy).
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If x; is a smooth path in E, then we can lift it to a rough path x; =1 + x; + xt(z), where

xs(,2) =/ Yt (xr — x5) ® dx,. Using integration by parts,

t
/()Cr —X;) @dx, + / dxr @ (xp — x5) = (X — X5) ® (xr — xy), (34

N

that is, the symmetric part of xs(,z) is (x; — x5) ® (x; — x5). This algebraic condition is equivalent
to x, taking values in GZ(E). We note that log, (Xs;) = x; — x5 + % f; (x, — x5) Adx,.

Definition 3.2 (Weakly geometric and geometric rough paths). We say that a-rough path x; is
weakly geometric if it takes values in G2(E). The set of weakly geometric rough paths can again
can be given the structure of a metric space (fgg([o, T1, GZ(E)) with the metric dy as in (3.3)
and can be identified with C% ([0, T], GZ(E)).

The space of geometric rough paths is defined as the closure in the rough path topology of the
set canonical lift of smooth paths and is denoted ‘5;‘ ([0, T1, GZ(E)).

Since (3.4) is stable under limits, we get that the set of geometric rough paths can be regarded
as a subspace of C* ([0, T, G2(E)). The reversed question, namely if any x € C* ([0, T], G*(E))
can be approximated by a sequence of smooth paths is answered positively modulo some tuning
of the Holder parameter « given the following conditions.

We recall the definition of the Carnot-Caratheodory metric, which we will often abbreviate
as the CC-metric. We define this metric p on G2(E) by p(y,z) = p(1, y~!'.z) and

x€C([0,T],E),xo=0, x; has bounded variation

T
1,y) =inf Xt || dt :
Py /th” y=S2()r:=l+4xr+ ] x®dx;
0

Theorem 3.3. Write
M. ={ze G*(E) : p(1,2) < o0},
and C ([0, T], M..) for the space of continuous curves in M. with respect to p.
Leta € (%, %) be given and let € (%, a) be arbitrary. Assume that the following conditions
are satisfied.
(I) For some C >0 and anyz € G2(E), we have d(1,z) < Cp(l,2).

(1) The metric space (M., p) is a complete, geodesic space.
(Ill) The set

C*(10, T1, G*(E)) N C([0, T1, Mee),
is dense in C*([0, T'], Gz(E)) relative to the metric dg.

Then for any x € C*([0, T1, GP(E)) there exists a sequence of bounded variation paths
x": [0, T] — E such that
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X" = S2(x") — x in €P ([0, T, E).
In particular, we have the inclusions
%210, T, G*(E)) C C*([0, T, G*(E)) C €/ (10, T1, E).

To explain condition (II) in more details, recall that if (M, p) is a metric space, then a curve
y 1[0, T] — M is said to have constant speed if Length(y|[5,,]) =c|t —s| forany 0 <s <t <
T and some ¢ > 0. A constant speed curve is a geodesic if Length(y|[s.)) = p(y(s), y (1)) =
[t — s|p(y(0), y(T)). The metric space (M, p) is called geodesic if any pair of points can be
connected by a geodesic.

If E is finite dimensional, the assumptions (I), (IT) and (IIT) hold as p and d are then equivalent
and we have access to the Hopf-Rinow theorem, see e.g. [16]. If E is a general Hilbert space,
the Hopf-Rinow theorem is no longer available [14]. We will also show that the metrics p and d
will not be equivalent in the infinite dimensional case, yet assumptions (I), (II) and (IIT) will be
satisfied, giving us the result in Theorem 1.1. We will prove this statement in Section 4, finishing
the proof in Section 4.5.

Proof of Theorem 3.3. We first consider the case when x € C%([0,T], G*(E))} N
C(0,T],M..). As (M, p) is a geodesic space, [17, Lemma 5.21] implies that there exists
a sequence of truncated signatures x" = S2(x"): [0, T] = M., of bounded variation paths x”
such that

sup p(x¢,x;) — 0, forn — oo,
t€[0,7T]

and we have the uniform bound sup, d(1,x},) < C|t — s|%. From (I), we conclude that X" con-
verges to x in C ([0, T], G (E)). To show the stronger convergence in CB([0, T1, G*(E)) we
perform a classical interpolation argument. Since d is left invariant we see that

A, Xgr) < d((X) X0, (x) 71X + d((x0) 7', (x0)7'xy)

St

<2 sup d(x},x;) <2C sup p(X},X),
1€[0,T] 1€[0.7]

so that there exists a sequence of real numbers &, — 0 with

d(X?tv Xgr) < &p.

From the construction of x" we have d(1,x},),d(1,xy) < C|t — s|*. Using the interpolation
min{a, b} < a’b' = for every a,b >0 and 6 € [0, 1] we have

d(X', Xg) < eq AC|t —s|* <l 0|1 — 52170

and by choosing 6 such that (1 — 8) = 8 we get convergence

dg(x",x)=sup
5,0€[0,T]
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Finally, from the density of C“([0, T], G*(E)) N C([0, T, M) by (III) it follows that
if xX™ e C*([0, 1], G2(E)) N C([0,T], M..) is a sequence converging to an arbitrary X €
CY([0, T1, G*(E)) with respect to dg, and X" is a sequence of truncated signatures of bounded
variation curves converging to X, then x”*”* converge to X. This completes the proof. 0O

3.2. Wong-Zakai for stochastic flows

As an application of Theorem 3.3 and Theorem 1.1 we prove an approximation result for
martingales with values in a Banach space of sufficiently smooth functions, as systematically ex-
plored in [30]. We note that the approximation is in general not of Wong-Zakai type since we are
not constructing piecewise linear interpolation of the noise. Rather, existence of the approxima-
tion follows from our general result Theorem 1.1. Let (f¢) 1§=0 be a collection of time-dependent
vector fields fi : [0, 7] x R? — R? of class C}(R?,RY) in the x-variable for some p to be
determined later, and let (;);c[0,7] be a K -dimensional Brownian motion on some filtered prob-
ability space (€2, F, IP). The study of the Stratonovich equation (for notational convenience we
write 0 =1)

K
dy, =Y felt. ) odo} (3.5)

k=0

is by now classical. The book [30] stresses the importance of considering the C 5 (R4, R¥)-valued
semi-martingale

rM&—Z/ﬂv&m (3.6)

k=0

which allows for a one-to-one characterization of stochastic flows (see [30] for precise statement
and result). Equation (3.5) is then understood as dy; = moq; (yt).
Consider now the tensor product on C g (R?, RY),

(f®8)E )= fE)OT,

which allows us to identify C If (R, R9)®? with a subspace of C f (R4 x RY, R9%4) et us define
the iterated integral

t

<%so—/wrwm®wm@o 37

N

_22//ﬁWQﬂUdeo@%

k=07

as a C,f R? x R¢, R4*?)_valued random field. Checking the symmetry condition then boils
down to checking (3.4) for this tensor product. We have, for u, v e {1,...,d}
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m? " E ) +m @ E)
t t
= [ = i) ami(©)+ [k - mie) odmt @)
s s

=(my () —m{ (§))(m[ (&) —mJ (£)) (3.8)

by the well-known integration by parts formula for the Stratonovich integral. We note that the
particular decomposition of (3.6) and (3.7) in terms of the vector fields f and w are not important
for this property; only the choice of Stratonovich integration in the definition of m® plays a role.

The thread of [30] was picked up in the rough path setting in [6] where the authors introduce
so-called “rough drivers”, which are vector field analogues of rough paths. Rough drivers consist
of a family of differential operators (X, Xgs)o<s<r<7 such that X, (respectively X, ) are first-
(respectively second-) order differential operators for all 0 < s <t < T and the following Chen’s
relation holds true;

X5t = Xou + Xus, Xstzxsu +Xut+Xquut-

A rough driver is called weakly geometric provided the second order derivative operator
1
Wxt = Xst - EX.Y[XSI

is actually a first order derivative operator, i.e. a vector field. Additionally, we require the follow-
ing regularity:

2
1 Xstllzep ey S 12— s1%, I Warll xep-1ray S It — 517

where X7 (R?) denotes the set of vector fields of spatial regularity C”.

It was noted in [10] that rough drivers can be canonically defined from infinite-dimensional,
ie. C If (R4, R?), valued rough paths. In fact, the set of C”-vector fields X7” (RY) is canonically
identified with C} (R, RY) via

C/RI,RY — XP(RY)
f > V=Y, e

Moreover, define by linearity on the algebraic tensor

Cl(RI,RH®aZ XP=I(RY)
f ® g = (f V(g V)) - Z'u v f 35” 35"

and denote by ng the extension to le (R4 x R, R?*4y Moreover, for a matrix a we let aV? :=
Y@ 5t %2, ([0, T], G*(CJ (RY, RY))), if we let

Xo(§) i=x () -V, X&) :=VExTP (€ &) +x7 €,V (3.9)
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then X := (X, X) is a weakly geometric rough driver in the sense of [6].

In [6] the authors prove Wong-Zakai approximations of dy, = mq;(y;) by using linear in-
terpolation of the Banach-space martingale m, showing that the corresponding iterated integral
converges to m® in the appropriate sense and using continuity of the Itd-Lyons map, see [6] for
details. As such, the Wong-Zakai approximation is constructed by hand. Our proposition below
is also proved using continuity of the It6-Lyons map and the continuity of the mapping x — X.
However, let us emphasize that we do not construct the Wong-Zakai approximation by hand, but
instead use Theorem 1.1 which guarantees the existence of a smooth approximation of the rough
driver.

Theorem 3.4. Let x € G2, (10, T1, G*(H* (R4, R?))) for k > 4+ p+1 for some p >3 and

suppose y solves dy, = X4;(yy) where X; = (X;, X;) is the rough driver built from x. Then there
exists a sequence of functions x" : [0, T] x R¢ — R¢ of bounded variation of t such that the
solution y" of

i =x{ ()
converges to y in Cﬂ([O, T], Cp(Rd, Rd))for any B € (%, o).
Proof. Since x is weakly geometric we have

x PV E )+ x P, ) = (e E) — xFE) (X () — xX (D)) (3.10)

forall su, v € {1,...,d} which gives {7’ V2 = L (x, — x,) (x; — x,)7 V2. It follows that

1 1
Xor(§) = 3 Xt (Xe)(§) = V5 (xi? — ®xﬁ) (H3)

is actually a vector field (so it is a weakly geometric rough driver in the sense of [0]). From
Theorem 1.1 we get can approximate the infinite dimensional rough path (x,x®) by a se-
quence of smooth paths. The result now follows from [6, Theorem 2.6] since the embedding
HF(RY,RY) C,f(Rd, R?) is continuous. [J

Notice that we use the Sobolev embedding in the above proof to put ourselves in a Hilbert-
space setting and it is the reason for requiring the high spatial regularity, k > % +p+1

4. Geometric rough paths on Hilbert spaces
4.1. Free nilpotent groups of step 2 in finite dimensions

We will first consider Carnot-Carathéodory geometry for finite dimensional, with the aim of
proving result that are valid in the infinite-dimensional setting as well.

Let E be a finite dimensional inner product space and use the notation X* = (X, -) for any
X € E. In the notation of Section 2.4, define a Lie algebra g(E) = P>(E). By Example 2.8, we
can identify g(E) with E @ A2E equipped with a Lie bracket structure

[X+X,Y+Y]=XAY, X,Y€E,X,Y e A’E. 4.1)
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We identify A%E with the space of skew-symmetric endomorphisms so(E) by writing
XAY=X"QY-Y"®X. “4.2)

Consider the corresponding simply connected Lie group G*(E). For the rest of this section, we
will use the fact that exp : g(E) — G*(E) is a diffeomorphism to identify these as spaces. Using
group exponential coordinates G2(E) is then the space E @ so(E) with multiplication

1
G+x®) YD) =x 4y +x@ 43+ x Ay, 43)

x,y€E, x?, y® e so(E). With this identification, the identity is 0 and inverses are given by
(x +x@) = —x —x@_ Recall Lemma 2.4 for relating the presentation of G2(E) as a subset
of A and its representation in exponential coordinates.

An absolutely continuous curve I'(¢) in G2(E) with an L!-derivative is called horizontal if
for almost every ¢,

r@)~!'-r@eekE.
In other words, if we write T'(r) = y (1) + y @ (t) with (1) € E and y @ (¢) € A2E, then for

some L!-function u(t) € E, we have

. _ .(2) _ 1
y (1) =u(), v =5y @ Au).

Since E is a generating subspace of g(E), it follows from the Chow-Rashevskii Theorem
[9,37] that any pair of points in G2(E) can be connected by a horizontal curve. For any pair of
points in X,y € G%(E), define the Carnot-Carathéodory metric (CC-metric) by

I':[0, 1] — G2(E) horizontal,

1
— -1 [ .
p(X,y) = /Ill"(t) -L@O)Egdr: ro)=x,r)=y
0

Note that if I'(z) is horizontal, then so is x - I'(¢). It follows that the distance p is left invariant.
From e.g. [1, Section 7.3], length minimizers of p are all on the form,

t t

1
y(t) =x0+ / e Dugds, y D) = xéz) + 3 / y(s) A e Pugds, 4.4)

0 0

for some constant element A € so(H) and ug € E.
Example 4.1 (Heisenberg group). When E is two-dimensional, the group G2(E) is known as

the Heisenberg group. For any choice of orthogonal frame X, Y, define Z = %(X —iY). This
means that we can represent any elementy =aX 4+ bY +cX A Y as

y=(a+ib)Z+ (a—ib)Z+cX AY.
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We will use a similar notation in the rest of the paper. B
IfA=AXAY, up=uoZ + itoZ, y(t) = z2(t)Z + 7(t)Z and yP(t) = o (1)X A Y with
z(t),up € C and o (¢), A € R, then (4.4) becomes

t

. i _q 2sin(At/2)
2(t) =z0 + / e ugds = z0+ ° ——uo=20+ #e”\/z’uo,
l

0

t
1 .
o(t)=o0+ E/Im(i(s)e’“uo) ds
0

2sin(Az/2) . 1 |uol? sin(Ar)
=0+ S (o) 5 ),
oo + . m|e ZoUo > .

where we interpret S“’;—m as ¢ if A = 0. If the initial point is the identity 0, we have

_28in(A/2) 10 ~ Juol? sin(Ar)
z(t) = . e up, o(t)= ™ t - .

If the above geodesic is defined on the interval [0, 1], then it has length |ug|. In particular, we
observe the following.

(a) A minimizing geodesic defined on [0, 1] from 0 to zZ + ZZ is given by the choice A = 0. It
follows that

0(0,2Z+372) =|z|.

(b) A minimizing geodesic defined on [0, 1] from O to 0 X A Y is given by the choice . = £2x
depending on the sign of 0. Hence, we have that

_ p(0,0X AY)?

lo| )
4

(c) Note that since

1 1
2(1)] = |2] = /u(r)dz S/Iu(l)ldt=|uol,
0 0

we have |z| < p(0,zZ +ZZ 4+ o X A Y). It then also follows that

2V7lo |2 = p0,0 X AY)
<p0,—2Z+7Z)+p(—2Z —ZZ, 0 X A Y)
=1zl +p0,2Z+ZZ+0X ANY)<2p(0,2Z+ZZ+0X AY).
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Using this fact along with the upper bound from the triangle inequality and left invariance,
we have

max{|z|, V7|0 |2} < p(0,2Z +ZZ +0X A Y) < |z] + 27 |0 |2, (4.5)

We want to generalize the inequality (4.5) to free nilpotent groups of step 2 of arbitrary dimen-
sions, but without having any dimension-dependent constants. The inequality can be concluded
from formulas of the CC-distance to the vertical space in [39, Appendix A], but we include some
more details here for the sake of completion and for applications to infinite dimensional vector
spaces in Section 4.2.

Consider the case of a Hilbert space E of arbitrary finite dimension n > 2. We want to intro-
duce a class of norms and quasi-norms on s0(E). Any element X € so(E) will have non-zero
eigenvalues

{£io1, ..., xiox} (4.6)
or some k > 0. We order them in such a way that

o1 >--->0r>0.
These are also the singular values of X as |X| = +/—X2 has exactly these non-zero eigenvalues,

with each o appearing twice. Define a sequence o (X) = (o j)‘;":1 of non-negative numbers such
that o; =0 for j > k. For 0 < p < oo, we define '

IXlIsehe = 2P lo (X) e -

For p > 1, these are norms called the Schatten p-norms [34, 16]. We will also introduce the
following map

o0
IXlee = llo )l rny = Y oy
j=1

It is simple to see that || - || iS not a norm when dim £ > 2. However, we will show that it is
a quasi-norm. Recall that a quasi-norm is a map satisfying the norm axioms except the triangle
inequality which is assumed in the form ||x + y|| < K(||x|| + ||¥|]) for some K > 1, [12, Section
1.9]. From the definition of || - ||.c, we note that

1 1
S llsent = M1Xllee = 11X lgep1/2- 4.7

The latter follows from the fact that for any k > 0, v/a + kb < /a+ Jbifb >0anda > @b.
Hence

\/01+...+kak§\/al 4o+ (k— I)Gk—1+\/o_,
since o1 + -+ (k — Dog_1 > k<k2—1)gk.
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Define a homogeneous norm
I + 2@l = max {xlg, VI @ 1L

We then have the following result.

Theorem 4.2. Let E be an arbitrary finite dimensional Hilbert space. If p is the Carnot-
Carathéodory distance on G2(E), then

Il +x@ < p(0, x +xP) <3Jlx +x .

We emphasize that the above inequality holds independent of dimension. If we allow con-
stants depending on dimension, then any homogeneous gauge will be equivalent, see e.g. [32,
Proposition 10].

Proof. The minimal geodesic from 0 to x € E is just a straight line in E, and hence
Ixlle = p(0, x).
We will show that we also have
PO, x®) =2/ |x@ |2, x? eso(E). (4.8)
The result then follows from similar steps as in Example 4.1.

We will use the geodesic equations in (4.4). Consider a general solution I'(t) = y (t) + y @)

on G*(E) with I'(0) = 0 and I'(1) = x®. Consider arbitrary initial values A 0 and ug % 0 for

the geodesic equation as in (4.4). Choose an orthonormal basis X1, ..., Xg, Y1,..., Yk, T1, ...,
T,—k such that we can write

k
AZZ)»/'XJ'/\Y/', Aj>0.
j=1

Introduce again complex notation Z; = %(X j —1Y;) and write

k k n—k
uo:ijZj+ZlZ)ij+ZCjTj, ij(C,CjGR.
Jj=1 Jj=1 Jj=1

We will then have
k k n—k
u(t)y = e™'w;Z;j+Y e M Z;+ Y cjT;,  w;eC.cjeR.
j=I j=I j=1

We make the following simplifications. If w; = 0, then the value of A; has no effect on u(t).
We may hence set it to zero and reduce the value of k. Without any loss of generality, we can
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hence assume that every w; is non-zero. Next, if we have A; = A; for some 1 < j,/ < k then
e”‘f[ijj + My Zy = e”‘f"(ijj + wi Zy) =: e”f’%(Xﬂ — iY;;) for some orthonormal
pair of vectors X j;, Y;;. Hence we again obtain the same u(¢) if we replace A ; X ; AY; +A X A Y
with ;X j; A Y. By repeating such replacements, we may assume that all values of A1, ..., Ax
are different.

IfT(t) =y (t) + y®(¢) is the corresponding geodesic, then

n—k

k .
2sin(Ait/2) 2sin(A;t/2) _ _
V(t)=27/\_’/ e”/’/zw,-zj+2—% [2) mirjisg iZi+ Y te;T;.
J J

Jj=1 j=1 j=1

From the condition y (1) = 0, it follows that cy, ..., c,—¢ all vanish for every 1 < j <n — k.
Furthermore, since we assume that w; # 0, it follows that A ; = 27 ; for some positive integers
nj.

Computing x® and using that the integers np, . .., ny are all different, we obtain

k k
1 |w 1 |w;
@ _ - § :Im Lt AN / 1— 21nnjt dt X A Y J
* 4 o ( )

in; i o n;j
It follows that the endpoint x® has 2k non-zero eigenvalues {%io1, ..., +ioy} with

2
|w;l|”.

Gj:
4nj7t

In other words, any local length minimizer I'(¢) from 0 to the point x® has length

k k
Length(l')2 = Z ij|2 = Z4nnj0j.

j=1 =1

In order to obtain the minimal value, we use n; =1 if o is the /-th largest eigenvalue. The result
follows. O

Using the identity (4.8) we also obtain the following result.

Corollary 4.3. || - ||cc is a quasi-norm on s0(E), even a 1/2-norm [12, Section 1.9], in that it
satisfies
1/2 1/2 1/2
X+ VIl < UKDl + 0 0el, 1K+ Vllee < 20X llee + 1Y lec)-

4.2. Free nilpotent groups on step 2 from infinite dimensional Hilbert spaces

Let E be a real Hilbert space. We will not assume that E is finite dimensional or even sep-
arable, but our result and notation from the previous section will still be essential. We choose
and fix a tensor norm || - || on the algebraic tensor product E ®, E which is assumed to satisfy
properties 1. and 2. from Section 2.1. Moreover, we assume that || - ||g lies (pointwise) between

167



E. Grong, T. Nilssen and A. Schmeding Journal of Differential Equations 340 (2022) 151-178

the injective and projective tensor norms (cf. e.g. [40]). As mentioned in Example 2.1, we can
identity E ®, E with finite rank operators, and we can consider E ® E as the closure of finite
rank operators with respect to || - || g-

In describing g(E) = P*(E) = E @& A>E, through (4.2) we identify the algebraic wedge prod-
uct /\5E with the space of all finite rank skew-symmetric operators, which we denote by so,(E).
We identify g(E) with E @ sog(E) where sog(E) are the skew-symmetric operators on E that
are in the closure of so, (E) with respect to || - || and with brackets as in (4.1). If we give g(E)
a norm

9 2
I +x® g = max {1 1x @l |

then it has the structure of a Banach Lie algebra.

For any compact skew-symmetric map X : E — E, define a sequence o (X) = (o j)‘l’.‘; | such
that |X| = +/—X2 has eigenvalues in non-increasing order 0y =01 > 03 =0, > ---. For p €

(0, 0], let s0,(E) denote the space of compact skew-symmetric operators X with finite Schatten
p-norm || X|lsenr =27l (X)|l¢r. As p = o0 and p = 1 correspond to respectively the injective
norm and the projective norm, we have

501(E) S s0g(E) S 5000(E).

Introduce the space so..(E) as the subspace of s0,(E) of elements X such that || X]. :=
Z?‘;l Jjoj is finite. Since all compact operators are limits of finite rank operators ([34, Corollary
16.4]), all the previously mentioned inequalities from Section 4.1 still hold. In particular, we get
that || - || is a quasi-norm and that the inequality (4.7) holds for any X € so,(E). It then follows
that

501/2(E) S50, (E) Cs01(E).

We emphasize here that for soj(E), the completion of so, (E) is with respect to the norm || - ||,
while for s01,2(E) and so..(E), we are considering the completion with respect to the respective
1/2 1/2

induced distances (X, Y) — || X — Y||1/2 and (X, V)~ X =Y.

The group G*(E) corresponding to g(E) can be considered in exponential coordinates as
the set g(E) with group operation as in (4.3). We define the distance d on G*(E) by d(x,y) =
||x’1y||g(E). Let 7 — u(t) be any function in L' ([0, 1], E), and let T, be the solution of

L@~ Tu@®=u@,  Tu0)=0.
Recall that O is the identity, since we are using exponential coordinates. This curve always exists

from the L'-regularity property of the Banach Lie group G?(E) (see [20] and also Remark 2.7).
For any x,y € GZ(E), we define p(x,y) € [0, oo] by

p(x,y)=p0,x""-y),
0(0,x) :inf{||u||L1 TuE€ Ll([O, 1], E), T, (1) =x} .
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4.3. Properties of projections

Let F be a closed subspace of E. Let Prr : E — F be the corresponding orthonormal projec-
tion. We then write the map pry : G>(E) — G2(F) for the corresponding map

prp(x +xP) =Prp +PrrxPPrr),  x € E, x? esog(E).
We then emphasize the following properties.
Lemma 4.4.
(a) prp is a group homomorphism from G*(E) and G*(F).

(b) Let pr denote the Carnot-Carathéodory distance defined on G*(F). For any X,y € G*(E),
we have

PF(PrEX,prpy) = p(PreX,prry) < p(X,y).

In particular, if there is a geodesic from X to 'y in F with respect to pr, then this is also the
geodesic in G*(E) with respect p.

Proof. (a) follows from the definition of the definition of the group operation. Using (a), we only
need to prove that p (0, prp x) < p(0, x) to prove (b). We observe that if I'(¢) is a horizontal curve
from O to X, then pry I'(¢) is a horizontal curve of less or equal length with endpoint prpx. O
Lemma 4.5.If || - |l = || - | p is the Schatten p-norm, the following properties hold.
(a) For any closed subspace F of E and X,y € G*(E), we have

d(prp X, prpy) <d(X,y).

(b) Foranyx = x +x@, there is a sequence of finite dimensional subspaces F{ C F» C - -- such
that

x € F, for any n, lim d(x, prp x) =0.
n_>0 n

Proof. (a) Again itis sufficient to prove that d (0, prp x) <d(0, x) forany x = x +x@ e G*(E).
We see that | Prg x||g < ||x|| g and furthermore,

2 2
IPrr x P Pr Ischr < 1x® llsehe
since

0j+1(Prpx®PPrp) = max min  [[Prpx@Prpyllg
rank(E)=2j+1 yeE|yllg=1
. 2 2
< max min  xPylg =041 G?).
rank(E)=2j+1 yeE|yllg=1
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We remark that we have here used the skew-symmetry of Prz x® Prp and the relationship
between the singular values and the eigenvalues given in (4.6).
(b) Write x = x + x® and give the singular value decomposition

o
x(z)ZZUJ'Xj/\Yj, o1>03>---, 4.9)
j=1
with X1, Y1, X», Ya, ... all orthogonal unit vector fields. We define
I:"nzspan{Xj,Yj cj=1,...,n}, F, = span{x, F,}.

Then by left invariance

1/p
@) >
d(x, Pre, x) =d (0, prl x(z)) % d(o, Prit x(z)) =2l/r Z oj (x(z))p
j=n+1

which converge to zero by definition. O
4.4. Geodesic completeness

One of the main steps in completing Theorem 1.1 will be to establish that p makes a subset
into a geodesic space.

Theorem 4.6. Let E be a Hilbert space and define G*(E) relative to a tensor norm || - e satisfy-
ing 1. and 2. from Section 2.1 and bounded from below by the injective tensor product || - ||scn<-
If we define G*(E) := exp(E @ s0..(E)), then

G2.(E)={xe G*(E) : p(0,x) < oo}.

Furthermore, the metric space (G%C(E ), p) is a complete, geodesic space and if we define

1/2
I+ x @) = max { e, VT I3}
then
lIxlll < p(0,x) < 3Ix|l. (4.10)
We will do the proof of this theorem in two parts. In the first part, we will show that G%C(E )
is indeed exactly the set with finite p-distance and that the inequality (4.10) holds. In the second
part, we show that it is a geodesic space.
Proof of Theorem 4.6, Part I. We will begin by introducing the following notation, which we
will use in both parts of the proof. Recall the definition of pry : G2*(E) - G*(F) C G*(E) for

some closed subspace F' from Section 4.3. Write pry | = pry1 and write a projection operator

170



E. Grong, T. Nilssen and A. Schmeding Journal of Differential Equations 340 (2022) 151-178
PreapL(X) = PI'FX(2)PI'FL + PI'FLX(Z)PI'F =X—PprpX—prp | X, x=x+x®.

We have already shown the result for finite dimensional spaces, so we assume that E is infinite
dimensional.

Step 1: The CC-distance is finite on algebraic elements. Let G,(E) = exp(E @ so0,(E) and
consider an arbitrary element x = x + x@® ¢ Gg(E) with x@? = Z?:lUij A Y; being
the singular value decomposition as in (4.9). Define the finite dimensional subspace F =
span{x, X1, Y1, ..., X», Y,}. We then observe that since x € G2(F), p(0,x) < oo and there is
a minimizing geodesic from O to x. Also, any element in Gﬁ(E ) satisfies the inequality (4.10).

Step 2: Vertical elements. Consider an element x = x@ € s0..(E) with o(x@) = (o). Let
x@ = Zf’;l 0 X j A Y be the singular value decomposition and define Z; = %(Xj —Y;).Con-
sider the curve

o
u(t)=2ﬁZ(JUJ)1/2(€—2ﬂjlzj+€27T]IZJ)
j=1

We see that |lu(t)| g = |lull 1 = 2y/7[|x@||¢c. Furthermore, if F, is the span of X1, Y1, ..., X,,
Yy, then by the proof of Theorem 4.2, it follows that pry T, is a minimizing geodesic from 0 to
X' = Z;'.:l 0jX; AY;. Since prg u converges to u in L'([0, 1], E) and x" converges to X in

the norm || - ||g(k), it follows that T',, is a minimizing geodesic from O to X, and in particular,

p(0,%) = Length(T,,) = 2v/7 [|x @[/

Step 3: The CC-distance is exactly finite on G%c(E ). For any element x = x +x® e GEC(E ), we
can construct a horizontal curve I" from O to x by a concatenation of the straight line from O to x
with a minimizing geodesic from 0 to x® left translated by x. The result is that

1/2
p(0,%) < Length(T) = [lx|| + 2v/7 [lx@ 1% < 3JIx]| < oc.

Conversely if x € GZ(E) and ||x|| = oo, then using (4.10) and any sequence x" in Gﬁ(E) con-
verging to xin || - || 4(£), we see that p(0, x) = co. ch(E) is complete with the distance p as it

is complete with respect to || - || by definition. O

In order for us to complete Part II of the proof of Theorem 4.6 and show that (G..(E), p) is a
geodesic space, we will need the following lemma.

Lemma4.7. Letx =x +x? € GZC(E) be a fixed arbitrary element with singular value decom-
position x® = Zj’il 0;jXjNY;asin(4.9). Define subspaces Fo C F1 C F, C--- by

Fo=span{x},  Fup1=span(Fy U (Xpi1, Yas1). @.11)

For any n > 0, define pr, = Prg, P, 1 =PreL and Py A =PI, Art
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(a) The set

Foranyn >0,

5 p(0,pr,y) </2p(0,x)p(0, pr, X)
KX)=1y<€Ge(E): p0.pr, y) </2p0.x00.pr, X (- 4.12)

19,0 ¥lle < 4,/20(0,3(0, pr,, 1 %)

is relatively compact in G*(E).
(b) Any minimizing geodesic from 0 to X is contained in K (X).

Proof. To simplify notation in the proof, we write p(x) := p (0, x).

(a) Define Fo, = span{x, X1, Y1, X2, Y>,...}. From the definition of K(x) it follows that
prg,y =0 forany y € K (x). Considering the limit of pr,,, we also have that

I¥llace) < p(¥) < V2p(x)
so K (x) is bounded in both GgC(E) and G2(E). Recall (e.g. from [15, Theorem 4.3.29]) that
for a complete metric space, a set is relatively compact if and only if it is totally bounded,
i.e. for every € > 0 there is a finite set of balls of radius ¢ > 0 covering the set. Let B(z, r)

be the ball of radius r centered at z € g(E) with respect to the || - | g(g)-norm. We observe
that for any y € K (x), we have

Ipr, Yllgce) < p(pr, ¥) < vV2p (%),

I pr, 1 Yllge) < p(pr,y, 1Y) < /20(X)p(pr,, | X),
1
I pr, A ¥llgE) = 5” pr, A Valle <44/20(x)3p(pr, | X).

Hence, for a given ¢ > 0, we can choose n sufficiently large such that

max {\/2p<x)p<prn,L %.2,/20®)3p(pr, | x)} < g

Choose a finite set of points zi, ..., Zy such that ijzl B(z;, %) covers the relatively compact
set F,, N B(0, p(x)). By our choice of n, we then have that Uj\;l B(z;j, €) covers all of K (x).
(b) We observe first that since pr, | X is in the center of G2(E), then by left invariance

IO(X) = P((Prn X) : (prn,J_ X)) = P(Prn X) + p(prn,J_ X)
LetI' =T, =y +y?: [0, 1] = G*(E) be any minimizing geodesic with left logarithmic
derivative u and write u, = pr, u and u, , = pr,, | u. Since u is a minimizing geodesic, then

by reparametrization, we may assume that
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lu@llz =y lun @12 + g O3 = p(),  and note (4.13)
1

p(pr,, . X) < Length(pr, | T)= / lun, LD g d1 < p(x). (4.14)
0

This leads to the following sequence of inequalities

p(X)p(pr, X) > p(x) (p(x) — p(pr, | X))

1
(4.13)+(4.14)
> p® f <\/ lln (O + lltn, L (1 — ||un,l<t)||E> dr
0

1
2
) t
(ga)p(x)/ llun (DI % dt
0 \/”“n(t)”%+”“n,L(I)”%“‘||un,L(t)”E
1 ] 1 : ’ 1
(4.14) Jensen
=72 [ @ias "E S| [ lnizdr | = Lengtncor, T2,
0 0

It follows that any point y on the curve I" will have p(pr, y) < /2p(x)p(pr, X). By a similar

calculation, we have that p(pr, | y) <.,/20(x)p(pr, | X).
We also see that pr,, , I'(f) =pr, , y @ (¢) with

t
1
pr, A v P(0) = 5 / ((pr, ¥ () Aty L(8) + (Pr, 1 ¥ ($)) Attn(s))ds.
0

Length(pr, I'). Since we have similar relation applying pr,. We finally use that

lIlpr, @ ()l < Length(pr, T'(t)) Length(pr, | T(1)) < /20(X)3p(pr, | X).

Hence the geodesic satisfies the pointwise bounds from the definition of K (x) and the result
follows. O

We note that fot llun(s)lldt < Length(pr,I'), while |pr,y@®I| < p(pr,y®) =<

Lemma 4.8. For any r > 0 and xq € G2(E), we have that the set
B,(x0,r) ={x : p(x0,X) <r}
is closed in G2(E ), that is, with respect to the metric d.

Proof. By left invariance, we only consider xo = 0. Assume that y" = y" + y™@ is a sequence
contained in B, (0, r) converging in G?(E) to some element y = y + y®. We then have that

173



E. Grong, T. Nilssen and A. Schmeding Journal of Differential Equations 340 (2022) 151-178

ly—y"le—0,  [y®—y"@|g— 0.

In particular, we will have [[y® — y"® g — 0 implying that if o(y®) = (o;) and
o(y»@) = (crj’?), then 07 — 0. It follows that

o0 m

L n . . . n

Iyl < Iyl + \/E_leo] = lim |)y"|lz + /7 lim_ ,,1520211% <2r
j= j=

Since [|y|| < oo, we can conclude the following.

If y® =3%2,0;X; A Y; is defined with all vectors orthonormal, we define F,, =
span{y, X1, Y1, ..., Xm, Yim}. Then

lim p(prg, y,y) <3 lim [y —prg yl|=0.
m—00 m— 00
Using that p(0, prg, y) < p(0,y) < p(0, prg, ¥) + p(prg, ¥,Y), it follows that
m— 00
Furthermore, since

Iprg, Y =¥ llsche < 1Y =¥ llsche < Iy —¥' o,

we have that lim,— o | prg, (¥ — ¥")llschee = 0. Since all left invariant homogeneous norms
are equivalent on a finite dimensional space [32, Proposition 10], we have convergence
lim,— 00 p(prg, ¥, prg, y) — O for any fixed m. Finally

p0,y) = lim p(0,prg y)= lim lim p(0,prp y") <r,
m—0oQ m—00 n— o0
soyeBp(O,r). O

Proof of Theorem 4.6, Part II. We are now ready to complete the proof.

Step 5: Every point has a midpoint. Let x = x + x® = x + 2311 ojXjANYj€ GgC(E) be
arbitrary and define F, as in (4.11). If we write X" = prj; X, then by the definition in (4.12), we

have that K (x"*) C K (x). Since X" € Gg(E ), there exists a length minimizing geodesic I'" from
0 to x", which we know is in K (x) by Lemma 4.7.
Let s” denote the midpoint of each geodesic I'". This satisfies

1 1
p(0,8") = p(x",s") = 5/0(0, x") < Ep(O, X) i=r.
Write §,, = p (X, X), and define balls

Bo=1{yeG*(E) : p(0,y) <r},
By=1{yeG*E): p(X,y) <7 +8n).
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By the definition of x", we have " € By N B,, for any n > m with §,, — 0.

Since every s™ is contained in K (x), by compactness, there is a subsequence s"* converging
to a point s in G2(E). This element hence has to be contained in By N B,, for any m > 1 by
Lemma 4.8. It follows that

1
10(07 S) = p(Xv S) = Ep(ovx)s

i.e., s is a midpoint of x. Since (ch(E), p) is a complete length space, it follows from left-
invariance of the metric together with [3, Theorem 2.4.16] that existence of such midpoint for
any element is equivalent to the space being a geodesic space. This completes the proof. O

4.5. Proof of Theorem 1.1

We now come to the proof of our main result. Namely, if E is a Hilbert space and we define
a-weak geometric rough path relative to the tensor norm || - ||sch?, 1 < p < 0o on the tensor
product, then for 8 € (1/3, o)

%3 ([0, T1. G*(E)) C €5, ([0. T, G*(E)) C €F ([0. T1. G*(E)).

We can prove this by showing that the conditions (I), (IT) and (II) in Theorem 3.3 are satisfied.
By Theorem 4.6 it follows that (I) and (II) are satisfied for Hilbert spaces. Hence, we only need
to prove that condition (III) holds.

Recall the results of Lemma 4.5. Let x = x + x® e C%([0, T], GZ(E)) be an arbitrary
weakly geometric -rough path. For any fixed 7, define a sequence of increasing finite subspaces
{Fi.n},2 > such that

1
xt € Fr p d(x;, Pre, X)) =d (O, prpL x(z)) <-.
N t,n n

Consider a partition [T ={tp =0 <1t <t <--- <ty = T} of the interval [0, T']. Write
Fn,, =span{F; , : t € II}.

Define xln " =pr Frp., Xe- Since p and d are equivalent on the finite dimensional Fry », it follows

that x{[’" is a continuous function in GEC(E ) with respect to p.
Since x; is uniformly continuous, we can for each » > 0 find a number o, such that

or =0sc(x;;7) = sup d(Xs,X;),
O0<s<t<Tt—s<r

with o, approaching 0 as » — 0. We now see that for every ¢ € [#;, ti+1],

dx""x) <dxi" L x ) +d g X))+ d (X, %)

<2d(%;, %) +d(0,prs x)

1
<2d (% x,) +d(O,prs x7) < 2o +
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Defining x} = x;l’n" where I1, is a partition with |IT,| = %, we have that d(x}, x;) converges

uniformly to 0. Note that by Lemma 4.5 (a), the sequence X} consist of «-Holder curves, so by
using this property of x” and x and an interpolation argument as in the proof of Theorem 3.3, we
obtain that dg(x,x") — 0 forany B € (%, o). This completes the proof.

Remark 4.9 (Other cross-norms). As one can see from the proof in Section 4.5, what is needed
for our result is the properties of Lemma 4.5 and Theorem 4.6. Hence, for any norm on the tensor
product which satisfy these two results, the result in Theorem 1.1 holds.

4.6. Generalizing the result to Banach spaces

One of the central tools in our proof for geometric rough paths when E is a Hilbert space,
is that we can use orthogonal projections Prr : E — F, which all shorten lengths and hence
have norm 1. Such contractive projections are in general rare in Banach spaces as we have the
following characterization from [36, Theorem 3.1].

Theorem 4.10. For a Banach space E with dim E > 3, the following statements are equivalent:

(i) E is isometrically isomorphic to a Hilbert space,
(ii) every 2-dimensional subspace of E is the range of a projection of norm 1,
(iii) every subspace of E is the range of a projection of norm 1.
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