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Indefinite integrals for some orthogonal polynomials
obtained using integrating factors

John T. Conway
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ABSTRACT ARTICLE HISTORY
A method has been presented recently for deriving integrals of spe- Received 27 March 2020
cial functions using two kinds of integrating factor for the homo- Accepted 19 June 2020

geneous second-order linear differential equations which many KEYWORDS
special functions obey. The classical orthogonal polynomials are Differential equations;

well-suited for this method, and results are given here for the Gegen- Gegenbauer polynomials;
bauer, Hermite and Laguerre polynomials. All the integrals presented Hermite polynomials;
here appear to be new and have been checked using Mathemat- Laguerre polynomials
ica. Results for other orthogonal polynomials will be presented

separately. AMS SUBJECT

CLASSIFICATIONS
34B30; 33C45; 33C47;33C99

1. Introduction

In a recent paper [1], two integrating factors f(x) and j?(x) were considered for the
differential equation

Y'(x) 4+ p(x)y (x) + q(x)y(x) =0 (1.1)

which is obeyed by many special functions for suitable choices of the functions p(x) and
q(x). The function f (x) is identical to the Lagrangian factor introduced in [2,3] and is given
by

f(x) =exp </p(x) dx> (1.2)
and in [2,3] an integration involving f (x) was derived
/f(x)(h”(x) + p)H (x) + q(0)h(x)) dx = f(x) (W (x)y(x) — h(x)y (x)). (1.3)

where h(x) is an arbitrary twice differentiable function. The function f(x) is also the
integrating factor for the first two terms of Equation (1.1), such that

FE) G () +px)y () = (F(0)y %) (1.4)
and hence from Equation (1.1)
f09x)y(x) = —[f(x)y' (0] (1.5)
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2 J.T. CONWAY

Multiplying both sides of Equation (1.5) by m(f(x)y’(x))"~! and integrating gives [1] the
general integration formula

@y @ 6
m

/ qEOf™ )y (x)y(x) dx =

which applies to all solutions y(x) of Equation (1.1).
The function f (x) introduced in [1] is the integrating factor for the second two terms of
Equation (1.1), such that [1]

fe ()/ + %y(x)) = (f@yx) (1.7)
and this factor can only be introduced for p(x) # 0, as f‘ (x) is given by
o — o [ [ 49
f(x) =exp (/ ) dx) . (1.8)
Employing Equation (1.8) in Equation (1.1) gives
foy' @ ,
o —f()y()] (1.9)

and multiplying both sides of Equation (1.9) by m(f (x)y(x))"™~1 gives on integration the
general (for p(x) # 0) integration formula [1]

M@y (1.10)
m

/ I%ﬁ'" (Y™ )y (x) dx =

Equations (1.6) and (1.10) were used in [1] to derive integrals of various special functions,
with Equation (1.10) giving integrals of a type which seem to have been little explored
previously. However, in [1] Equations (1.6) and (1.10) were not applied to the classical
orthogonal polynomials, which are some of the promising cases for these formulas, and
these functions are examined in Section 2 below. Section 3 examines some additional func-
tions which were also not covered in [1]. All integrals presented have been checked with
Mathematica [4].

2. Gegenbauer polynomials

The Gegenbauer polynomials y(x) = Cﬁ (x) for n € Ny obey the differential equation [5]

/1 (22 + Dx nQ2A + n)
Y@ - O+ 5@ =0 (2.1)
for which
) == fo) = x50, 2.2)

The derivatives of these polynomials are [5]
Y (x) = 24C (%) (2.3)
Y (x) = 4L + DC (%) (2.4)
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and substituting these results into Equations (1.6) and (1.10) gives the respective integrals

5 . 21(1 = )"0 (] ()™
[a=arerhtctoiciw dr = - T (25)
—mp2Atn m
T I R R (D))
1 —xH)x ™ua !t (C L2 () dx # 2.6
/( x°)x 1 ( n(x)) (x) 2.0+ Dm (2.6)
The Gegenbauer polynomials also obey the recurrences [5]
(n4+20)x n+1
(Chx) — I—CN 0= =1 ——Ch () (2.7)
n+2n—
(Ch) + 153G = _—x Cr_y (x) (2.8)
and these equations can be integrated with integrating factors to give, respectively
[(1 - xz)*%cﬁ(x)] (n+2x—1)(1 -1 () (2.9)
n ! n
[(1 - xz)f“cﬁ(x)] = —(n+ 11— DI (). (2.10)

The differential equation obeyed by a function of the form w(x) = a(x)y(x) where y(x)
obeys Equation (1.1) is

A a/ (x) /
W' (x) + (p(x) —2 S ) W (x)

dx\ a'x (%) -
" <2<a(x)> T ax) a(x) ) w(x) = 0. (2.11)

Therefore if we define

Y@ =1-)"2CHm =y, =n+22—1)1—-x)"27'C_(x) (212

then y; (x) obeys the differential equation

, 20424 +1 + 24
Y1 (x) — (nl_—)x 1) + %}’1(@ =0 (2.13)

for which
Flx) = (1 =2y, (2.14)

Similarly, defining
Y = (1 =) Chx) = ph(0) = —(n+ DA — 23 ICk, () (2.15)

then y,(x) obeys the differential equation

(2n+2/\ 1)x (n+ 1)(n + 2))

e TP RO R (2.16)

Yy (x) +
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for which
fG) = (1 =2~ (2.17)

Substituting these results for y;(x) and y,(x) into Equation (1.6) gives the respective
integrals

(1— xz)m(’%lﬂ) (Cﬁ_l(x))m

/(1 — AT ()" Ol dx = —

mn
(2.18)
(1) - (1 =) (G 0)"
/(1—x2) ()1 (G )" Chix) dx = m(n+2(/\) +1®) (2.19)

2.1. Additional relations

Six additional relations are given sequentially in [6] involving the functions C} (/) and
C3,,.1(¥/x), which can be used to obtain 6 pairs of general integrals from Equations (1.6)
and (1.10). On grounds of space, only four of these are considered here. The first of the
relations, in notation somewhat different from [6], is

dr

TG, = 0 TG (V) (2.20)

which gives the derivatives

y5(x) = [ TCh (V)] = T (V) (2:21)
Vi) = AT (V) = A0+ DT (V). (2.22)

The first step in obtaining the differential equations obeyed by y3(x) and y4(x) is to first
obtain the differential equation obeyed by y(x) = C%(/x). Transforming the independent
variable in Equation (2.1) gives this differential equation as

1-2(A+ Dx , n2A + n)

x)+ ——yx) =0 (2.23)

y @+ 2x(1 — x) J 4x(1 — x)

and for n — 2n this becomes

” 1-20+ Dx , n(A + n) _
Y (%) + m}’ (x) + my(x) =0 (2.24)
and forn — 2n +1
Y 1-2(A+Dx , Cn+1)Rr+2n+1) _
yi(x) + m)’ (%) + (1l — %) y(x) = 0. (2.25)

From Equations (2.11) and (2.24), y3(x) obeys the differential equation

l1—-4r+n)+2(A+2n—1Dx , A+nRr+2n+1)

30+ 2x(1 — x) Yo

y3(x) =0
(2.26)
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for which
flx) = x27272(1] — x)2+h (2.27)

and y4(x) obeys the differential equation

2 +2n+Dx—3—-4(n+2) ,

/!
Y4 (x) + 71— ) Y4(%)
(2)\—|—3+2n)()»+n+ 1) —2(A+2n+ Dx
2220 %) Y4(x) =0 (2.28)
for which
R _ Gent D@A+2n43) (Ot @420+ 1)
fx) =x WA 2Q2n4+ A4+ 1Dx—3 —4(n+A)] O, (2.29)

Applying Equations (2.26) and (2.27) to Equation (1.6) gives the integral
‘/‘Xm(n+k+;)l(1 _ x)m()wl*%)*l (ngl(\/,)_c))m_l C%n(ﬁ) dx

2 +1) (1 — xym(3) (C)H_l(\/_))
- . (2.30)
mA+n)QRrL+2n+1)
Changing the dependent variable in the integral (2.30) such that t = \/x and then
relabelling such that t — x in the transformed integral gives the integral

fxm(2n+zx+1)l(1 — 2O DA ()1 Ch () die

— |
_ _)»X m(2n+2k+1)(1 _ xZ)m()\-i-z)(Cz: (x))m. (2.31)
mA+n)Q2A +2n+1)

Applying Equations (2.28) and (2.29) to Equation (1.10) gives the integral
[ - entipziin
p Gem @ikt

X [2Qn+ A+ Dx—3 —4(n+ )] vrimes L (Ch (V)T ICH (V) dx

(Atn+1)(A+n) (4n) 2r+2n4+1)

XM B 220+ A+ Dx— 3 —4(n40)]" 0 (Ch (Jx)™
2mAQ. + 1)

(2.32)

and changing the dependent variable such that t = /x and relabelling as above gives the
integral

+n+1)(A+n)
/(1 — xz)x4m Dtanis L
At Q@itant) 4

x [2@n+ 1+ Dx* =3 —am+0)]" FE T (Ch )" O () dx

4 (tn+1) (h+n) (A+n)(2A+2n+1)

Bty [2Q2n4+ A+ Dx? =3 —4(n+A)]" EE (G (x0)™
ami(A + 1) '

(2.33)
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Three other relations of this type given in [6] which will be considered here are

dl" 1 1
[T (W] = G (V) (2334)
dr
3 TG 0] = 0TI (V) (2.35)
dr 3 3
TG W] = G L . (2.36)

Equation (2.34) gives two functions y5(x) and ys(x) for which the first and second deriva-
tives, respectively, are simple. The functions, the differential equations they obey, f (x), f (x)
and the final resulting integrals in the form where /x — x are given by

1 ! -1
V() = [x“"ﬂ ct +1(ﬁ)] = AL (V) (2.37)
@n+rx— (2n+2x+ 1) (m+r+1) (n+r+1)
" 2/ 7 2
=0 (238
5+ x(1 — x) > x(1 —x) y5(%) (2.38)
flx) = x 22 0(1 — x)hts (2.39)
1\ _ m—1
/ X2 = 20T (G (0) T G () d
Ax—zm(fl-l-)u—&—l)(l _ xZ)m()»-i-%) <C§:—&l(x))m
- (2.40)
2m(n+A+1) (n+ A1+ 3)
3 " 1
Y (x) = [x““ﬁ ch +1(\/?c)] = A0+ DI (V) (2.41)
2n+ A +2)x— (2n+ 2%+ 3)
Z 2) ./
Y6 (%) + x(1 — x) V(%)
A3 A+2)—@Qn4r+2
Lt +z)(n+2(l+ )) Gnidt2x o 42
X — X
(n4+A+1) 2n+2A+1)
~ (n+A+2)2n+2143) 5 n+4r+5
fo) =x awias [(2n +A+2)x— (2n +20+ 5)} (2.43)

(A @nt2041) g

(2n42043)2n+21+1) 5 m An+4r+5
/(1 — XXM deads L [(Zn +A+2)x> —2n—21— E]

-1
X (G (0)™ ChrE (x) dx

m Q2n+21+43)2n+21+1) m (n+2+1)(2n+21+41)

XS [@n4 A4 2)x% —2n — 20 — 3] RS (C L 0)”
2mri(h + 1) '

(2.44)

Equation (2.35) gives two functions y7(x) and ys(x) where

Y = [x"Ch (V0] = A L (V) (2.45)
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Y 1+4n—(4n+2A+2)x , n2n —1) _
Y7 (x) + 2x(1 — x) )/7(X) + m)ﬁ(x) =0 (2.46)
fx) = 21 — 02 (2.47)

m—1
/xm@n_n_l(l =2 (L @) 00 dx

)\.Xm(zn_l)(l _ xZ)m()L-i-%) (Cér_:__lz(x))m

-— (2.48)
mn(2n — 1)
Yo = [ "G, (V)] = A0+ Dx IO (V) (2.49)
m—2—Q2n+r—1x (m—1(n—3)+Q@n+xr—Dx
/" 2 / 2
=0
yg(x) + 10— ys(x) 21— y8(x)
(2.50)
n(l—2n)
~ (n=1)(2n—3) 3 4n—3
fx) =x" 23 |:2n -5~ Qn+ 1 — l)x] (2.51)
n(1—2n)
n(n— 3 M3 —1
/(1 — xZ)x—4m infé)_l |:2T’l — 5 —Q2n+Ar— 1)x2:|
X (C5, ()" 2, (x) dx
4 n(n—1) 3 mM
xR [2n— 3 — @n+ A — DR (G (0™ (2.52)
N 2mi(h + 1) ’ ’
Equation (2.36) gives two functions yo(x) and y;0(x) such that
1 / 3
Yo) =[x ICh, L (V)| =T TICH (V) (2.53)
2432 —Qn+r+2)x n(n+1)
Z 2 / 2
— 2/ =0 2.54
)’9(x)+ x(1— ) yg(x)+ x2(1 _x))’9(x) ( )
fx) = 21 — )2 (2.55)
-1
/men—l(l _ xZ)m()\-i-%)—l <C%:,r_ll(x))m C%‘n_H (x) dx
kamn(l _ x2)m(k+%) (C%;:__ll(x)>m
_ 1 (2.56)
2mn (n + 5)
" il " —n—3 42
o) = [x 1k +1(ﬁ)] = A+ Dx "2 (V) (2.57)
Y dn—1-22n+ Ax , n2n—3)+14+2Q2n+ A)x
=0 (2.58
)’10(3‘) + 2x(1 — x) ym(X) + 2x2(1 e )’lo(x) ( )
(n—D)(2n—1) n(2n+1)

f)y=x =1 [4n—1—20Qn+r)x]” i1 (2.59)



8 (& J.T.CONWAY

n(2n+1) -1

Mm=g—1

/(1 — )y men-DE5 - an—1-202n+ 0]
X (Chrn @) ChiZs () e

) _ @t
x—men=D i [4n —1-22n+ V2] " T (C,p ()"

- _ . (2.60)
4mr (A + 1)
3. Hermite polynomials
The Hermite polynomials H, (x) obey the differential equation [5]
¥ (x) — 2xy/(x) + 2ny(x) = 0 (3.1)

and the four recurrence relations for these polynomials given in [5] are equivalent to the
two relations

H, (x) = 2nH,_1(x) (3.2)
H;,(x) — 2xHy(x) = —Hpq1 (%). (3.3)

Equation (3.3) can be integrated with an integrating factor to give

(€ Hy(x) = —e* Hy 1 (x) (3.4)

and Equations (3.2) and (3.4) can be differentiated any number of times with the derivatives
remaining simple. Defining

u1(x) = Hy(x) (3.5)

then
) (x) = 2nHy—1(x) (3.6)
u] (x) = 4n(n — 1)Hy—2(x) (3.7)

and as u; (x) obeys Equation (3.1) we have

fx) = e (3.8)
f(x) =x" (3.9)

Applying Equations (3.5), (3.6) and (3.8) to Equation (1.6) gives the integral

/ = () Hy (x) dx = —im’“(x) (3.10)

and applying Equations (3.5), (3.7) and (3.9) to Equation (1.10) gives the integral

—mn—1gym—1 _ 2x~ ™" Hy' (x)
/x H" (x)Hy—>2(x)dx = —4mn(n 0 (3.11)
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Defining
(%) = €% Hy(x) (3.12)
then
() = —¢* Hyy1 (x) (3.13)
() = e Hypa (x) (3.14)

where the function u; (x) obeys the equation
uh (x) + 2xu5(x) + 2(n+ Duy(x) =0 (3.15)
for which
flx) = exz; f(x) = x"*1, (3.16)
Applying these results to Equations (1.6) and (1.10) gives the respective integrals

Hy' (%)

/ H' 2 (x) Hy(x) dx = min 1) (3.17)
/ e DT I (1) Hy 4 () die = 2 H ) (3.18)
m
The relation
& () = s V) Izl (39

dx" 2n — 2r)!

is given along with some similar relations in [6] and these can be used to derive integrals
similar to some of those derived for Gegenbauer polynomials in the previous section. Here
only Equation (3.19) will be employed. Defining

u3(x) = x~"Hau(v/x) (3.20)
then Equation (3.19) gives
uy(x) = 2n2n — D)x~ " Hap2(v/%) (3.21)
and defining
us(x) = x " Hau (V%) (322)
then Equation (3.19) gives
uy(x) = 2n2n — 1)2n — 2)(2n — 3)x " Hyp_4 (V). (3.23)

When the independent variable is changed to +/x in Equation (3.1) and n — 2n, this
equation becomes

1
Y () + (5 - 1>y/(x) + gy(x) =0 (3.24)
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with a solution y(x) = Ha,(+/x). The function u3(x) obeys the equation

an+1
ué’(x)+( ot

2x

) uy(x) + M u3(x) =0 (3.25)

for which
flx) = PP (3.26)
and the function u4(x) obeys the equation

L+ <4n -3 1> () + (M x) Uug(x) = 0 (3.27)

2x 2x2

for which

N (n—1)(2n—3) _ n@n=1)
f(x)=x" %3 (4n—3 —2x)" 43

(3.28)

Substituting these results into Equations (1.6) and (1.10) gives the respective integrals

2 m@2n—1) ,—mx> H,, m
/ D ()" () d = — ¢ A2 @ 5
m

n(n—1) n2n—1)
/ x4 A — 3 — 260 T a3 T (Han(6)) ™ Hypea (%) dx

n(n—1) _,,n@2n=1)
xS (4n — 3 = 2x%) TS (Hap(x)™

= . (3.30)
8mn(2n — 1)(2n — 2)(2n — 3)
4. Laguerre polynomials
The Laguerre polynomials L (x) for n € Ny obey the differential equation
a+1 n
Y (x) + <T - 1> Y () + ;}’(X) =0. (4.1)
The recurrences given in [5] are equivalent to the four relations
(@] = -1 (4.2)
[L20] - L%x) = —L%T (%) (4.3)
n+a
[Lrea] = ZLie = ———Li, @ (4.4)
n+a+l1—x n+1
[L2(0] + ———Li®= L%, (%) (4.5)
and Equations (4.3)-(4.5) can be integrated with integrating factors to give
[e*L%(x0)] = —e L% (%) (4.6)
[x_”Lfl‘ (x)]/ = —(n+a)x "Y (%) (4.7)

[x”+°‘+1e_foj(x)]/ = (n+ Dx"% —XLZ‘+1(x)_ (4.8)
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Equations (4.2) and (4.6) give simple derivatives on differentiation any number of times,
but Equations (4.7) and (4.8) do not. The relation

dr !
o (x"‘e_xL‘,’j(x)) = #xa_re_xﬂz;:(x) (4.9)
is given in [6] and will also be used here.
For
vi(x) = Ly (x) (4.10)
then
Vi(x) = —L% (%) (4.11)
Vi (x) = L7 (x) (4.12)
and v; (x) obeys Equation (4.1) for which
flx) = x*Tle™; ]A‘(x) =(a+1—-x)"" (4.13)

Applying Equations (4.1) and (4.10)-(4.13) to Equations (1.6) and (1.10) gives the
respective integrals

B xm(etD) p—mx (patl o)™
/xm(a-i-l)—le—mx (L(nxill (X))m 1L(Z (X) dx = m’f 71*1( )) (414)
_ +1— %) (L% (x))"
[ st 1= ) e a = - L) (415)
Defining
va(x) = e LY (x) (4.16)
then
vh(x) = —e L% (x) (4.17)
V(%) = e L% (x) (4.18)
and v, (x) obeys the differential equation
1 1
vy (x) + <i + 1) vy (x) + Mvz(x) =0 (4.19)
x x
for which
) = xS Fx) = (@ + 14 x)" et (4.20)
Applying these results to Equations (1.6) and (1.10) gives the respective integrals
_ m(a+1) (Lot-‘rl(x))m
m(O(-‘rl)—l L(X+1 m ILDI dx — x n 4.21
/x ( " (x)) n (%) mn-+o-+1) (4.21)
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/x(oz 41 +x)m(n+a+1)—le—mx (L(n)[(x))m_l L(rJ:+2(x) dx

B (¢ +1+ x)m(n-‘ra-‘rl)e—mx (Lz (x))m

m

Defining
v3(x) = x~ "Ly (x)
then
Vy(x) = —(n+a)x "L (%)

and v3(x) obeys the differential equation
2n+a+1 nn+ o
Vi (x) + <T — 1) vi(x) + %m(x)

for which
f(x) — xZVH-Ol-‘rle—x‘

Applying these results to Equation (1.6) gives the integral

_ m
xm(n-i—oz)e mx (LZ[—I (x))

/ ) =lemmx (1 (0)™ ' L2 (x) dx =

mn
Defining
va(x) = "R (x)
then
Vy(x) = (n+ Dx""¥e*LY, | (%)

and v4(x) obeys the differential equation

2n+0£—|-1>

(n+1)(n+a+1)v
4

for which
fx) = x~ @ntotD) x
Applying these results to Equation (1.6) gives the integral

x—mnt+1) (L%_H (x)) m

mn+o+1)

/ xMOHDT (12 (0)" ! L () d = —

Defining
vs(x) = x¥e L (x)
then from Equation (4.9) we have

ve(x) = (n+ l)x"‘_le_"L‘;fJ:l1 (%)

Vi) = (n+ 1) (n + D22 L3 (x)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)
(4.35)
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and v5(x) obeys the differential equation

n+1

v5(x) (4.36)
X

/7 l -« /
VS(X) + <1 + T) VS(X) +
for which
fo) =279 f) =1 —a+x" (4.37)

Applying these results to Equations (1.6) and (1.10) gives the respective integrals

a—1 m
/ (L,’;‘;ll(x))m_1 L% (x)dx = ——(L”Jrin(x)) (4.38)
/x”‘"‘_le_”‘x(l — o 4 x)m D=L (12 (x))m_1 L33 (x) dx
B _xm“e_mx(l — o + x)mtD) (L (x))m (4.39)

mn+1)(n+2)

As L%(x) is the derivative of —LZ:_II (x), Equation (4.38) can be considered to be an
elementary integral.

5. Comments and conclusions

All the integrals presented here appear to be new and have been checked by differentiation
using Mathematica [4]. Many more integrals of this type can be derived using this method
for these three polynomials. Results for other orthogonal polynomials will be presented
separately.
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