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Abstract— This paper investigates the tracking control of
a class of strict-feedback uncertain nonlinear systems in the
presence of unknown signs of control coefficients and unknown
time-varying parameters as well as unknown disturbances. A
robust adaptive controller and a new decoupled backstepping
approach to stability analysis are developed by constructing a
new compensation scheme. By introducing a Nussbaum function
and a new type of hyperbolic tangent function, the effects
of unknown time-varying parameters and unknown control
coefficients are effectively compensated. By using the decoupled
backstepping technique, it is proved that under the proposed
control, all closed-loop states are uniform ultimate bounded. A
numerical example is presented to demonstrate the effectiveness
of the proposed control scheme.

I. INTRODUCTION

Adaptive control of strict-feedback nonlinear systems has
received a lot of attention since the appearance of recursive
backstepping design in [1] and a great deal of work has been
done for this class of systems in the past decades, see for
examples, [2], [3], [4], [5], [6], [7], [8] and many reference
therein.

Time-variations in dynamical systems occur in many phys-
ical systems. The development of adaptive control schemes
for uncertain time-varying nonlinear systems has been a task
of major practical interest as well as theoretical significance.
Several results are available for nonlinear systems with time-
varying parameters and/or without the knowledge on the sign
of the term multiplying the control [4], [5] and the high
frequency gain in the case of linear systems [9].

When the signs of virtual control coefficients or high-
frequency gain are unknown, the adaptive control problems
are quite involved and Nussbaum-type functions are normally
adopted. In [3], the problem of adaptive control with un-
known sign of high-frequency gain for linear time invariant
systems was studied. In [4], Nussbaum gain incorporating
with the backstepping technique was used to design adaptive
output stabilizer for high order uncertain time invariant
nonlinear systems with unknown sign of high-frequency
gain in the absence of external disturbances, where the
nonlinearities considered should satisfy sector conditions.
In [10], disturbance decoupling was addressed for nonlinear
time invariant systems with known sign of the high frequency
gain. In [11], a flat zone was used to handle the problem
of nonlinear time invariant systems with unknown sign of
high frequency gain in the presence of disturbances. In [12],
an adaptive output-feedback controller for uncertain linear
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systems without knowledge of the plant high-frequency-gain
sign was proposed. Output feedback control was studied for
time-varying systems with or without the knowledge of the
sign of high-frequency gain, for examples, [13],[14] and [15].
In [5], the adaptive control was considered for uncertain
time-varying nonlinear systems with time-varying control
coefficients by using the Nussbaum function, where the time-
varying control coefficients were assumed to take value in
a bounded interval. When this condition is not satisfied, for
example, the control coefficients are time-varying functions
of the states with unknown signs, the problem was solved
recently by proposing a novel Nussbaum function in [8].
However in[8], the unknown parameters considered are con-
stants and only stabilization is achieved.

This paper investigates adaptive control for a class of
uncertain nonlinear systems in the presence of the unknown
time-varying control coefficients and unknown time-varying
parameters, as well as unknown disturbance. The control
coefficients are time-varying functions of the states with
unknown signs and unknown parameters are time-varying.
By introducing a new hyperbolic tangent function and in-
corporating a Nussbaum function, the effects of unknown
control coefficients, unknown time-varying parameters and
disturbance are effectively compensated. By proposing a
decoupled backstepping approach to stability analysis, it is
shown that the proposed controller can guarantee the whole
system uniformly stable. A numerical example is presented
to illustrate the effectiveness of the proposed control scheme.
The main contributions of this paper can be summarized as
follows.

1) A decoupled backstepping approach to stability anal-
ysis is developed which avoids to considering of the
summation of multiple Nussbaum-type functions in the
Lyapunov stability analysis.

2) A Nussbaum function is proposed to handle the un-
known signs of high frequency gains.

3) A novel hyperbolic tangent function is proposed and
used in the control strategy, which gives great conve-
nience to the stability analysis.

4) Estimation of bounds of time-varying parameters and
disturbances are developed by incorporating with the
hyperbolic tangent function.

5) Asymptotic tracking control is achieved in the pres-
ence of unknown time-varying control coefficients,



unknown time-varying parameters, and external distur-
bance.

This paper is organized as follows. In Section II, the problem
formulation and the preliminary result are given. In Section
III, the illustration of the design of an adaptive backstepping
control scheme is presented and the proof of the stability of
the closed-loop system is shown in Section IV. An illustrate
numerical example is shown in Section V. Finally, we draw
the conclusions in Section VI.

II. PROBLEM FORMULATION AND PRELIMINARY
RESULTS

A. Problem Formulation

Consider the following class of single-input-single-output
(SISO) nonlinear time-varying systems in the feedback form

bi (1) Bi (i, )aivr + 0;(6) i (@) + 64(Z:) + di(t)

T =

o = bn(t)Bn(z,)u(t) + 05 (D n(2) + ¢n() + dn(?)
y = m ey

where z = [x1,-,2,]T € R", u € R and y are system

states, input and output respectively, z; = [x1,---,2;]T €
R, Bi(Z;,t) # 0 and ¢;(Z;) are known smooth functions,
Vi(Z) = [WHE), ..., vP (z;)]T € RPi is known smooth
function vectors, d;(t) denotes unknown time-varying
bounded disturbances, 0;(t) = [0} (t), ..., 07" (¢)]T € RPi are
vectors of uncertain time-varying parameters belonging to
known compact sets p, with unknown bounds, b;(¢) # 0
are uncertain time-varying parameters belonging to known
compact sets (), with unknown bounds and they are
referred to as virtual control coefficients. In particular, b, (t)
is referred to as the high-frequency gain.

For the considered system in (1), the following assumptions
are imposed.

Assumption 1. The reference signal y, and its (n — 1)th
order derivatives are assumed to be known and bounded.
Assumption 2. The uncertain time-varying parameters
b;i(t) # 0 and 6;(t) € RP¢ are inside the compact sets {2,
and €y, with unknown bounds.

The control objective is to design an adaptive controller
for system (1) satisfying Assumptions 1-2 such that the
closed-loop system is stable and the system output can
asymptotically track a given reference signal y,. ().

Remark 1: Similar class of strict-feedback nonlinear sys-
tems to (1) was considered in [8]. However in [8], only
stabilization is achieved and the unknowns b; and 6; are con-
stants, which makes the control design more simple because
the derivatives of the unknown time-varying functions are
needed to be considered. In this paper, the control coefficients
and the unknown parameters considered are time-varying and
the asymptotic tracking is achieved. As far as we know,
the asymptotic tracking control of time-varying nonlinear
systems remains unsolved when the control coefficients
are time-varying functions of the states with time-varying
parameters and unknown signs.

B. Preliminary Results

In order to cope with the unknown control coefficients, the
Nussbaum-type function is exploited in this paper, which has
the following properties

1 S
limsﬁoosup—/ N(x)dx = oo 2)
s Jo
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limsgoomf—/ N(x)dx = —oo. 3)
s Jo
Commonly used Nussbaum-type functions include

X’ cos(5x), x?sin(Zx), cosh(x) cos(3x), etc.
The following Lemma will be employed in later analysis
and is presented here.

Lemma 1: Let V(¢) and x(¢) be a smooth function
defined on [0,%) with V(¢) > 0, Vt € [0,t;), and N(x)
be an even smooth Nussbaum-type function. If the following
inequality holds:

Vt) < fote Nt / (9N + 1) xelTdr (@)
0

where constant fo > 0 and f; > 0, g(r) is a time-
varying parameter which takes values in the unknown closed
intervals I; = [g7,g"] with 0 € I;, and fo represents a
suitable constant, then V'(¢), x(¢) and fot g(T)N (x)xdT must
be bounded on [0,ty).

Proof: See [6], [14].

Remark 2: In the existing papers [5], [6], [14] which
use Nussbaum-type functions to deal with unknown signs
of control coefficients, the proof of stability relies on a
single Nussbaum-type function or multiple Nussbaum-type
functions with the same control signs. In order to compen-
sate for the effects from multiple Nussbaum-type functions
with different unknown control signs,a novel Nussbaum-
type function was proposed in [8]. In this paper, we will
propose a new approach to stability analysis that the common
Nussbaum-type functions satisfying properties (3)-(4) are
able to deal with this problem.

Remark 3: If a reference signal does not satisfy Assump-
tion 1, for example that a ramp function used in start up of
industrial systems, we can smooth the reference signal at first
and then apply the proposed backstepping control scheme.

III. ADAPTIVE CONTROL DESIGN

A. Design Procedure

In this section, we present the adaptive control design
using the backstepping technique in n steps. We take the
change of coordinates as follows,

Y—9Yr (5)
i=2,3,....p, ©6)

21 =

Zi = Ty — O41,

where «;_; is the virtual control at each step and will be
determined in later discussions.

We now illustrate the backstepping design procedures incor-
porating with Nussbaum function to avoid using the control
coefficients, with details given for the first step.



Step. 1
It follows from (1) and (5) that

by ()B1 (21, t) (22 + 1) + 01(t) "Y1 (21) + ¢1(21)
+d1(t) - yr (7)

Without using the sign of b, (¢), the following virtual control
law o is designed

Z =

Ni(x1)ou ®)

exp(x%) cos(gxl) 9)

oy =
Ni(x1) =

where y; is generated by
X1 = Bi(z1,t)a12 (10)

and & is designed as

1 1
ap = m [clzl + 15%(551775)21 — Ur + P1(21)
+ Djtanh (2) + éftanh(%g(xl))i/)l(zl)
(11)

and the parameter estimators are designed as

o

Iy Tanh (MQ(”“)) ¥1(21)z1 — Drk, ©(12)

bl = llzltanh(zl/g) — llkdlb (13)

where Tanh(-) is defined as a p1-Py-p1 diagonal n}}fltrix
a Tanh zl—:“) = diag [tanh (%) ,..., tanh (%)},
tanh(-) is a hyperbolic tangent function c1, l1, kg, ,and k4,
are positive constants, I'; is a positive definite matrix. Dy
is the estimate of D and D, is the bound of disturbance
di(t), such as |dy(t)] < D;. ©, denotes the estimate of
0, = [61,...,00"T, where ©],j = 1, ..., p; is the bound of
each component of the time-varying parameter vector 61 (¢),
o is a positive constant. The hyperbolic tangent function
tanh(-) has the following property.

0 < X — Xtanh(X/g) <0.27850, V X € R. (14

Remark 4: A hyperbolic tangent function is introduced
in the virtual control (11) and parameter updating laws (12)
and (13). Note that a positive constant g is introduced in the
hyperbolic tangent function,

Then from (7) and (11) we have

— Bi(z1,t)an
= bi(t)Bi(z1,t)z2 + (b1(t)Ni(x1) + 1)Br (w1, t)ay

© 0" (1) — O Tanh (1"9(“) ¥ (1)
— 121 — iﬁf(xl,t)zl =+ dl( ) DlTanh ( 0 ) (15)

where (:)1 = @1-@1, Dl =
the Lyapunov function

D;— ﬁl. To proceed, we define

1 - - 1 -
Vi=-z+0Ir'e, + —-D?

2 2l (16)

Then the derivative of V; along with (8) and (15) is given
by

Vi <

—clzf — iﬂ%(xl,t)zf
+01(t)B1 (w1, t)z122 + (b1 () N1(x1) + 1)xa

. 1 ~ =
+|21|Dy — D1z Tanh (Zl) - DiDy
0 1

—OTT0 + 2101 (1) T (1)
—éthanh (2’11#19(%1)) Y1(21)21

Using Young’s inequality, the following properties are ob-
tained and used later.

‘21|D1 - Dlzltanh (Zl)
o

A7)

< Djizitanh ( ) + 0.28750D, — ﬁlzltanh (zl>
0 0
< Dlzltanh ( ) + 0.27850D, (18)
0
and
2001 () 1 (1) < 2107 Yu (1))
< ©fTanh <le1(x1)> 2191 (21)
Y
+0.2785¢ || ©1 || (19)
and
1
bi(t)Br (w1, )220 < L7 (w1,1)27 + B2 (20)

where b; is a positive constant, such as |by(t)| < b;. Then
the derivative of V7 is derived as

Vi < (bi(t)Ni(x1) + 1)x1 — ci2f + 0222

1 - .
+ M1Q+ ] D1 <llleanh (2) — D1>
1

+ (:){Fl_l (Tanh (Fl Z1¢1Q($1)) 2191 (1) — é1>

(ba(t )N1(X1) + )% + b3 (1) + My
o e, et

< —oVi + (bi(H)N1(x1) + D)Xy + 0222 + My (21)

76121

where
dl 242 (22)
1)} (23)

Remark 5: In the cancellation based backstepping de-
sign, the coupling term by (¢)581(z1,t)z122 in (17) will be
compensated for in the next step by augmenting the Lya-
punov candidate then. In decoupled backstepping design, we
use the Young’s inequality to transform this coupling term
to two terms as in (20). Thus there is only the decoupled
term b22z3 is left in (21), where the boundedness of zy will
be proved in the next step. According to Lemma 1, if we

M; = 0.27850(D1+ || O |)) 4 koo || o1 | +

o1 = min{2¢y, kdl k1, kg, mm(



could prove that z5 is bounded, then the stability of z; is
apparent and easy. It is this fundamental change that makes
control system design for this problem solvable.

Multiplying of (21) by ef? and integrating both sides over
the interval [0, ] gives

t
/VledeT = /(bl() (x1) + 1)x1e/7dr
0
t
/0’1V1 2 deT-i—/ Myeldr
0 0

7)2elTdr (24)

+
o\(\F

This yields

Vi(t) < Vl(())+eft/ot(bl(t)N(Xl)+1))'(16de7'

i t
n Ml/ e—f(t—T)dT+/ b2~ =gr
0 0
(25)

Since fo 7)dr is bounded and therefore M, =
1(0) + le 0e~f=7)dr is bounded. If there is no
extra term fo b325(7)%e~f=7)dr in the inequality (25),
together with Lemma 1, we can conclude that Vi (t) and
x1(t), hence z1, ©1, and D; are bounded.

Step.i (i=2,...,n)
The virtual control ¢; is designed as

a; = Ni(xi)a (26)
™
Ni(xi) = exp(x7)cos (5)@) 27
Xi = Bi(@it)aiz (28)
1 1 5 -
X, = - % + =07 (Tist)zi + ¢4
a = g (st 3B 05+ 6
+n; + ﬁ;‘FTanh (zlhl> h;
o
+6T Tan h< zits >¢) (29)
and the parameter estimation laws are designed as
O, — T;Tanh <Z”/“) sibi — Dike 0, (30)
o
5 zih; A
o

where ¢;, l;, kq, and kg, are positive definite constants, I';
is a diagnal positive matrix, ©, is the estimate of ©;

[6},...,0%]T, ©] which is the bound of ¢/, j = 1,...,,
D is the estimate of D; — [D}, ..., DT, Dg which is the
bound of J{, 7 = 1,...,4, Tanh (%) and Tanh (%)

are p;-by-p; and i-by-i diagonal matrices, respectively, p; =

(3i_1pj)+i—1, and

0; = [0i,0;—1,....,00,bi—1,....01]T € RP"  (32)
- 3oz2 Oay;_
'()/}i = [Qpla lwz 1a"'7T1w17
1
80&1_1 60&,‘_1 T 5.
— Gy ey T A RPi 33
&Ei,lx 8x1 1‘2] < ( )
di = |di,di-1,....d1]" € R’ (34)
Oai_q Oaj—1,p ;
hi = |[1,— vy — € R 35
[ 8171'_1 8901 ] ( )
i1 54
I o . i—1
%= G T (36)
Jj=1
0 _ 728041 1A2 aaz 1 7
j=1 j=1 Z
daii
_Z 0(4] 1 (7) (37)
j=1 Oy
The final adaptive controller u(t) is given by
u(t) Ny (Xn) @i, (38)
The control Lyapunov function is chosen as
V = (2;/;1 + @Tr 19, + ZDTD> (39)

Following the similar procedure in step 1, the derivative of
Lyapunov function V; satisfies

Vi < —aiV2 4+ (0i(O)Ni(xi) + 1) X + bi i + M;
i=1, ., n—1 (40)
where b; is the unknown bound of bi(t) and
k
My = 0.27850(Di+ || ©; ||) + —= \| 0 [* +5- % D2 (41)
P — mln{Qkad kmkﬂ mzn( )} (42)

Remark 6: Unlike the normal stability analysis for back-
stepping control design, the decoupled backstepping tech-
nique will do the backward stability analysis for the single
Lyapunov function V; at each step. It is the fundamental
change to solve the multiple Nussbaum-type functions with
different signs of control coefficients.

IV. STABILITY ANALYSIS

Theorem 1: Consider the time-varying nonlinear system
(1) satisfying Assumptions 1-2, with the application of the
controller (38), virtual control laws (8)-(11) and (26)-(29),
the parameter updating laws (12), (13), (30), (31). All signals
contained in the closed-loop systems are uniformly bounded.

Proof: In the decoupled backstepping stability analysis,
we will do the backward analysis. From the last step n, the
derivative of Lyapunov function V;, satisfies

Vn < _UnVnZ + (bn(t)Nn(Xn) + 1) Xn + M, (43)



Multiplying of (43) by ef* and taking the integration on both
sided gives

t
Vn(t) < e_ft/ (bn(t)Nn(Xn)"’l)XnedeT
0 t
+V,(0) + M, / oe I=7)dr
) 0
—/ on Ve FEdr
0
t
< e*ft/ (bn(t)Nn(Xn)+1))'<nef7d7'—|—]\7fn
0
(44)
where
t
M, = V,(0) +Mn/ e T dr (45)
0

Since M, is bounded. Together with Lemma 1, we can
conclude that V,,(¢) and x,(t), hence z,, ©,,, and D,, are
bounded.

Applying Lemma 1 for (n — 1) times backward, it can be
seen from the above mentioned design procedures that V;(¢),
2z;(t), and hence x;(t) are bounded. Thus the solution of the
closed-loop is bounded. The results established is concluded
in Theorem 1. [ ]

Remark 7: The difficulty to achieve the control objective
is to handle the effects of unknown time-varying parameters,
unknown signs of control coefficients and unknown distur-
bances. By applying the decoupled backstepping technique
and introducing a hyperbolic tangent function, a Nussbaum-
type function, and a new estimation of parameter bound, this
new control strategy achieves the goals of stabilization and
asymptotic tracking for the uncertain time-varying nonlinear
systems (1).

Remark 8: To compensate for the effects of unknown
time-varying parameters and disturbance, new estimation
methods are developed to estimate the bounds of time-
varying parameters in (12) and (30) and the bounds of
disturbance in (13) and (31).

Remark 9: A Nussbaum-type function is used in virtual
control laws «; (8) and final control law u (38) to deal
with unknown time-varying parameter with unknown signs
of control coefficients.

V. AN ILLUSTRATIVE EXAMPLE

For illustration of the proposed scheme, an example is
considered. The results of simulation will verify that our
adaptive controller makes the system stable. We consider the
following second-order system

by (8)Br (1) 22 + 01 (1)}

ba(t)Ba(z1, 2)u + O2(t) (22 + 21) + d(t)
y = I

where 01 (t) = 0.5+ cos(t); 02(t) = 1 4 cos(t), by = by =

1.5 + 0.2cos(t), d(t) = 0.1sin(27t), f1(z1) = 1,52 =
10.22% + 22 actually these parameters and disturbances are

Ty =
Ty =

(46)

not needed to be known in controller design. The objective
is to control the system output y(t) to follow a desired
trajectory y,. = 0.2 — 0.2 cos(3t).

In the simulation, the design parameters were set as ¢; =
co = 2, ki = ko = 1,14 = Iy = 1.5. The simulation
results are shown in Figures 1-3. Figure 1 shows the sys-
tem states x; and zs. Figure 2 shows the tracking error
y(t) — y,(t) converges to 0. Figure 3 shows the control input
u(t). Clearly, simulation results verify the effectiveness of
proposed scheme.

. . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10

t(sec)
Fig. 1. System states 1 and x2.

Tracking error

t(sec)

Fig. 2.

Tracking error y — yr

VI. CONCLUSION

In this paper, an adaptive backstepping control scheme
is proposed for uncertain time-varying nonlinear systems in
presence of unknown control coefficients which are functions
of states and unknown time-varying parameters with un-
known signs and functions, unknown time-varying parame-
ters as well as unknown bounded disturbances. The proposed



30

Input u

20 H ]

30 ! ! ! ! ! ! ! ! !

t(sec)

Fig. 3. System input u.

robust adaptive controller is designed by incorporating new
hyperbolic tangent functions, Nussbaum-type functions, and
new estimations of parameter bounds. Two adaptation laws
are developed for estimation of bounds of unknown time-
varying parameters and unknown disturbances. A decoupled
backstepping approach to stability analysis is proposed. By
using the decoupled backstepping technique, it is proved
that under the proposed control, all closed-loop states are
uniform ultimate bounded.Simulation results illustrate the
effectiveness of the proposed adaptive control scheme. The
future work may be the output feedback control of nonlinear
systems with unknown control coefficients.

REFERENCES

[11 M. Kirstic, I. Kanellakopoulos, and P. V. Kokotovic, Nonlinear and
Adaptive Control Design. New York: Wiley, 1995.

[2] M. Krstic and P. V. Kokotovic, “Adaptive nonlinear design with

controller-identifier separation and swapping,” IEEE Transaction on

Automatic Control, pp. 426440, 1995.

Y. Zhang, C. Wen, and Y. C. Soh, “Adaptive backstepping control

design for systems with unknown high-frequency gain,” IEEE Trans-

actions on Automatic Control, vol. 45, pp. 2350-2354, 2000.

[4] Z. Ding, “Global adaptive output feedback stabilization of nonlinear
system of any relative degree with unknown high frequence gains,”
IEEE Transactions on Automatic Control, vol. 43, pp. 1442-1446,
1998.

[5]1 S.S. Ge and J. Wang, “Robust adaptive stabilization for time-varying
uncertain nonlinear systems with unknown control coefficients,” in
Proceedings of the IEEE Conference on Decision and Control, 2002,
pp. 3952-3957.

[6] C. Wen, J. Zhou, Z. Liu, and H. Su, “Robust adaptive control
of uncertain nonlinear systems in the presence of input saturation
and external disturbance,” IEEE Transactions on Automatic Control,
vol. 56, pp. 1672-1678, 2011.

[71 J. Zhou, C. Wen, and W. Wang, “Adaptive control of uncertain
nonlinear systems with quantized input signal,” Automatica, vol. 95,
pp. 152-162, 2018.

[8] J. Huang, W. Wang, C. Wen, and J. Zhou, “Adaptive control of a
class of strict-feedback time-varying nonlinear systems with unknown
control coefficients,” Automatica, vol. 93, pp. 98-105, 2018.

[9]1 R. Gessing, “Using the relative degree, high gain and saturation con-
straints to the controller design,” in 2016 American Control Conference
(ACC), July 2016, pp. 6024-6029.

—
(98]
[t

[10] Z. Ding, “Adaptive asymptotic tracking of nonlinear output feedback
systems under unknown bounded disturbances,” System and Science,
vol. 24, pp. 47-59, 1998.

[11] ——, “A flat-zone modification for robust adaptive control of nonlinear
output feedback systems with unknown high-frequency gains,” IEEE
Transactions on Automatic Control, vol. 47, pp. 358-363, 2002.

[12] T. Oliveira, A. Peixoto, and E. Nunes, “Binary robust adaptive control
with monitoring functions for systems under unknown high-frequency-
gain sign, parametric uncertainties and unmodeled dynamics,” Inter-
national Journal of Adaptive Control and Signal Processing, vol. 30,
p. 1184-1202, 2016.

[13] R. Marino and P. Tomei, “Adaptive control of linear time-varying
systems,” Automatica, vol. 39, pp. 651-659, 2003.

[14] J. Zhou, C. Wen, and Y. Zhang, “Adaptive output control of a class
of time-varying uncertain nonlinear systems,” Journal of Nonlinear
Dynamics and System Theory, vol. 3, pp. 285-298, 2005.

[15] J. Zhou and C. Wen, Adaptive Backstepping Control of Uncertain
Systems: Nonsmooth Nonlinearities, Interactions or Time-Variations.
Springer-Verlag, 2008.



