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This paper is concerned with the robust quantized state-feedback controller design problem for a class of continuous-time
Markovian jump linear uncertain systems with general uncertain transition rates and input quantization. The uncertainties under
consideration emerge in both system parameters and mode transition rates. This new uncertain model is more general than the
existing ones and can be applicable to more practical situations because each transition rate can be completely unknown or only
its estimate value is known. Based on linear matrix inequalities, the quantized state-feedback controller is formulated to ensure
the closed-loop system is stable in mean square. Finally, a numerical example is presented to verify the validity of the developed

theoretical results.

1. Introduction

Markovian jump systems have been serving as popular tools
for analyzing plants subjected to random abrupt changes,
such as random component failures, abrupt environment
changes, disturbance, and changes in the interconnections
of subsystems; see [1-11] and the references therein. In
practice, transition rates are difficult to precisely estimate
the transition rates. Therefore, developing the analysis and
synthesis method for MJS with uncertain transition rates
is of great importance. Bounded uncertain transition rates
(BUTRs) are introduced when the precise values of the tran-
sition rates are unknown, but their bounds (upper bounds
and lower bounds) are known; see, for example, [12-14].
However, in some practical cases, to obtain the bound of
every TR is difficult or even impossible. Zhang et al. [15-18]
proposed another description for the uncertain TRs, which
is partly unknown TRs (PUTRs). In this description, some
of the TRs can be unknown. This model also simulates
researchers’ interests (see, e.g., [19-22]). In this PUTR model,
every transition rate is either exactly known or completely

unknown, which may be too restrictive in many practical
situations. Therefore, Guo and Wang [23] proposed generally
uncertain TRs to deal with a more practical situation where
the transition rates can be completely unknown or only its
bound is known.

On the other hand, in many modern engineering prac-
tices, information processing devices, such as analog-to-
digital and digital-to-analog converters, have been widely
used and brought about some advantages, such as lower
cost, reduced weight and power, and simple installation
and maintenance. However, server deterioration of system
performance or even system instability may also be induced.
Signal quantization should be fully considered in such cases.
Nowadays, the feedback stabilization problem is considered
by utilizing dynamic quantizers [24-26] and static quantizers
[27-36]. The stabilization problem for single-input discrete
Markov jump linear systems via mode dependent quantized
state feedback is addressed by Xiao et al. in [37], but the
transition rates are assumed to be completely known. Ye et al.
[38,39] considered H, control of Markov jump linear systems
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with unknown transition rates and input quantization. To
the best of our knowledge, no result has been presented
for control design of delayed continuous-time Markov jump
linear uncertain systems with generally unknown transition
rates and input signal quantization.

In this paper, robust quantized state-feedback stabi-
lization for delayed Markovian jump linear systems with
generally uncertain transition rates is addressed. In Section 2,
the considered systems are formulated and the purposes of
the paper are stated. In Section 3, the main results are derived
via linear matrix inequalities. The structure of the controller
consists of two parts. The nonlinear part is provided to
eliminate the effect of input quantization. The linear part is
obtained by solving LMIs to deal with model uncertainties
and unknown transition rates. Section 4 concludes the paper.

Notation. In this paper, R” and R™™ denote the n-
dimensional Euclidean space and the set of all n x m
real matrices, respectively. N* represents the set of positive
integers. The notation P > 0 (P > 0) means that P is a
real symmetric and positive-definite (semi-positive-definite)
matrix. For notation (Q, %, P), Q) represents the space, & is
the o-algebra of subsets of the sample space, and P is the
probability measure on F. E{-} stands for the mathematical
expectation. Matrices, if their dimensions are not explicitly
stated, are assumed to be compatible for algebraic operations.

2. Problem Formulation

Consider the following stochastic system with Markovian
jump parameters, defined on a complete probability space
(Q, F, P):

(@) =A(r)x )+ Ay(r)x(t-7)

+(B(r) + AB(r,)) q(u(t)),
xo = x(0), ro =1(0),

t>0, (€]

where x(t) € R" is the system state. The mode jumping
process {r,,t > 0} is a right-continuous Markov process on
the probability space taking values in a finite state space S =

{1,2,..., s} with the mode transition probabilities:
. . A+ 0 (D), ifi#j,
rea=jln =i {1+7r,--A+o(A), ifi=j

where A > 0, lim, _, ,(o(A)/A) =0, andrr >00,j€S,j#i)
is the TR from mode i at time ¢ to mode j at time t + A, and

S
-2 Ty 3)
j=Lj#i
for eachi € S.
The mode TR matrix IT 2 (nij) is considered to be
generally uncertain. For instance, the TR matrix for system

(1) with s operation modes may be expressed as
T+ Ay T3+ Ay - ¢

: Tz +Ags +o T+ Ay

: . (4

? Ty +Ag ? s T+ A

SS Ss
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where 7;; and A ; € [-8;;,6;;](5;; > 0) represent the estimate
value and estimate error of the uncertain TR 7;;, respectively,
where 77;; and J;; are known. “?” represents the complete
unknown TR, Wthh means its estimate value 77;; and estimate
error bound are unknown. For notational clarity, for all i €
S, the set U’ denotes U' = U, U U, with U, 2 {j

the estimate value of A;; is known for j € S}, U, 2 {j:
the estimate value of A;; is unknown for j € S}. Moreover,

if U, #Q, it is further described as U, = {k\,k},...,k },
where k! € N* represent the mth bound-known element
with the index k' in the ith row of matrix IT. According to the
properties ofthe TRs (e.g, A;; 20 (Vi,j ¢ S,i# j) and A;; =

- Zj\il j+iAij)> we assume that the known estimate values of
the TRs are well defined. That is, the following assumptions

hold.

Assumption 1. If Uy = S, then 7\ - 8] > 0(Vj €
S,j#i) Ay ==Xy i h <0, and8 =405 >0,
Assumption 2. If UL #S,and i € U}, then Xij —-0;>20(Vje
U, j#i), A;+8,; <0and ZJGU, Al] <0.

Assumption 3. If UL #S and i ¢ Uj, then 7\ij —-6;20(Vje

Up).

Remark 4. The above assumption is reasonable, since it is the
direct result from the properties of the TRs

<eg m;20(Vi,j¢S,i#j),m; =~ Z 71,»1->. (5)
j=Lj#i

The above description about uncertain TRs is more general

than either the BUTR or PUTR models. To show this, we

rewrite the two uncertain models as follows: BUTR model

(see [12-14]):

T+ Ay T +Ay 7T15+Als
T+ Ay T+ 8y o0 T+ Ay

) (6)
ﬂsl+Asl 7T32+A52 ﬂss+Ass

with7;=8; >0 (Vj €S, j#i),7; == Y, i, Tjand &;; =
ZJ Ljti 811 PUTR model (see [15-22]):

Ty oMy e ?
T My e Ty

@)
? YD) 7 Tlss

Obviously, if U,i@, Vi € S, the GUTR model (4) will reduce
to the BUTR model (6); if §; = 0,Vi € S,Vj € U, the
GUTR model (4) will reduce to the PUTR model (7). The
GUTR model (4) is more general than the other two models;
therefore, it is more practicable.
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For convenience, the system matrices A; £ A (r, = i),
Ay 2A,; (r,=1i),andB; £ B (r, =i),AB; 2 AB (r, = i),i €
S, are known matrix functions of the Markovian process.
Then system (1) can be described by

XxXt)=Axt)+Aux(t—-1)

+(B;+AB;)qu(t), t=0, (8)

x, = x(0), ro =7(0).

The following assumptions are assumed to be valid.

Assumption 5. AB; = B;M;E;(t)F; and |[M;E;(t)F|l,, < v
where M; and F; are known constant matrices with appro-
priate dimensions, E;(f) is time-varying uncertain matrix
satisfying Z;(t)E] (t) < I, and parameter y; satisfies 0 < y; <
1.

In addition, the quantizer g(-) is defined by an operator

function round (-) which rounds to the nearest integer; that
is,

9@ ®) = #.mund(§>, ©)

Lemma 6 (Petersen, 1987). Given a symmetric matrix 11
and matrices M, N with appropriate dimensions, then 11 +
MF()N + NTFL(t)M" < 0 for all F(t) satisfying F* (t)F(t) <
I, ifand only if there exists a scalar € > 0 such that the following
inequality holds:

M+eMMT +¢'NTN < 0. (11)

Lemma 7. Given any real number € and any matrix Q, the
matrix inequality

e(Q+Q") <&T+Qr'Q" 12)

holds for any matrix T > 0.

3. Stochastic Stability Analysis

The goal of this section is to develop an analysis result of
stability for system (1) with general uncertain TRs.
Theorem 8. Consider that uncertain Markovian jump system
(8) with a GUTR matrix (4) is stochastically stable if there exist
matrices P, > 0 (i € S), T; > 0(i ¢ Ui, j € Up), Vi >
0(,j € U, Ul #@,1 € U)W, > 0 (i, j € Up, Ul = 0),
and Q > 0 such that the following LMIs are feasible for i =
L2,....s

Ifi ¢ Uy,

where (> 0) is called a quantizing level of the quantizer. Ty PAa Pog =B oo Py =B
In computer-based control systems, the value of y depends * Q 0 0
on the sampling accuracy and is known a priori. g(-) is the * * _Tfk‘i 0 <0 (13)
uniform quantizer with the fixed level . Definee,, = q(u(t))- " " " :
u(t); since each component of e, is bounded by the half of the s % * v —T..
quantizing level i, we have |e, [, < p1/2. o
The objective of this paper is to design a state-feedback P—P; 20, VjeUy, j#i. (14)
control law ' ' ‘
Ifi € Uy and U, + @, for one 1 € U,,,
u(t) = Kix + uy, K;=K(r,), whenr,=i (10) v _
! “ ' ! ! ©, PAy Pe—-B -+ Pu - B
£ -Q 0 - 0
such that the resulting closed-loop system is stochastically * * “Viip 0 <0 (15)
stable. The nonlinear part of the controller u;, is designed . . '
against the effect of signal quantization, and the linear :
part K;x is proposed to deal with model uncertainties and * * 0 Vi
unknown transition rates. , ,
IfieU,and U, = O,
(Y PAg Pr—F - Py —PF By —F - P— P
* * -Wy 0 0
* * *
* * * * _‘/Vi(i—l) 0 <0, (16)
* * * * Wit
L = * x* =W,




where

Iy, = A} P, + PA; + K/ B P, + PBK; + 0,P.B,M;M/ B/ P,

=1
1 52
T T —~ ij
+ — K F FK; + 2 A (P=R)+ Y ST+ Q
i jeu: jeu:
0, = A?Pi +PA; + KiTBiTPi +PBK;

1
+0;P,BM;M; B/ P, + ;KiTFiTFiKi

1

82
+ 2w (P-R)+ ) Vi +Q

jeU; jeu;

Yy, = A?Pi +PA; + KiTB;FPi + P,BiK;

=1

1
+0,P,B,M;M/ B P, + —K| F/ FK,
0;

2

+ ) m(P-B)+ ) fWif*Q-
jeS,j#i jeS,j#i
(17)

Then the controller designed as
u(t) = Kix +u,, (18)

can drive the state trajectory to the origin asymptotically, where
K, = V. X;',P. = X;',and u,, = (1 + v)u/2Q1 -

i i

v)) sign(xTP,-B,-).

Proof. Take the Lyapunov function candidate V = x” Px +
J;T x” (2)Qux(a)da; then along the system trajectory of plant

(8), the weak infinitesimal operator [-] of the process
x(t),r,,t > 0, for plant (8) at the point ¢, x, i is as follows:

N
S¥[V]=x"Px+x Px+ xTZA,-jPJ-x
=1

= [Aix +Agux(t—-1)
+(B,+AB) (Kix + 1, +¢,)] Px
+ xTB [Aix +Agux(t-1)
+(B; + AB;) (K,-x + Uy, + e#)]
N
+ xTZA,-ijx
j=1

=x' [A,TP, +PA; +P,(B;+ AB) K,
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+K/ (B, +AB) P+ Q] x
+x (t-1) A;Pix + xTPiAdix (t-1)
—xT(t—T)Qx(t—T)
N
+2x" P, (B; + AB;) (u,-c + eﬂ) + xTZA,-ijx.
=1
(19)

According to Assumption 2, u;. in Theorem 8, and Lemma 6,
one can obtain that

2x"P, (B, + AB,) (u; +¢,)
= 2xTPiBiuic + 2xTPiABi (uic + e#) + 2xT}’iBie#

= 2x" PBu,, + 2x' PB,M;E, () F; (u, +e,) + 2x" PBe,

117e

< 2x" PBu, + 2|x" P.B| [ME; (©) F|,, <|uic|m + g)

+2|x"PB, lg

~247BB, + 22| (il +
+ 'XTPiBill.”

< 2x"PBu + (1+y) |x"PB| p

1

2R

- pg) (14 9) 17

1
+w( +w)#|xT

Y BB =o.

(20)
It follows from (19) and (20) that
Si (V] <x' [A]P +PA, +P,(B,+AB)K,

+ KiT(B,- + ABi)TP,- + Q] x
+x' (t—7) AEiP,-x + xTPiAdix (t-1) @1
N
—xT t-1)Qx(t—1)+ xTZAiijx.
=1
Since AB; = B;M,E,(t)F;, we introduce
o, = x' [A?Pi +PA; + KiTBiTPi +PBK;
+ PB,ME, (t) FK; +K] F/8] (t) M{ B/ P, + Q] x
+x (t—T) AEiP,-x + xTP,»Ad,»x (t-1)

—xTt-1)Qx(t-1).
(22)
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Then, the above inequality can be rewritten as

N
SrVI< o +x" [Z)Lijpj] x. (23)
j=1

Three cases should be considered.

Case I (i ¢ Uy). In this case, note that Y jeur,
2jevi Mjand ;2 0, j € U.,, j #i; then from (23), we have

g#i T = T

32[V]S<D,-+x

Zn,JP + ;P + Z T ,}

| jeUi JeUL L j#i
1
[ /€U

+ _”ii_zﬂij P |x
jeuj,

=0, +x | Y m;(P;- R.)]x

| jeU;

T
=0 +x Z ﬂiij + ;P

| 5 (ﬁ,.jw,,.)(pj_pi)]x

=0 +x' | Y A;(P-B)+ ZAU(PJ‘P:')]’C
L j€U; jeU;
(24)

There, note that T = 71 + A for] € Uk
On the other hand, 1n Vlew of Lemma 7, we have

2. 8 (P; = P)

v,

1 1
> |58 (P-R)+ 34, (Pj‘Pi)]

jeu; -

> F<%Aij>2Tij +(P=R)T; (P - Pi)]

jeu, -

o
> | 5 T+ (B=R) T3 (P —R)] :

jeui L

(25)

IN

IN

5
From (24) and (25), we have
FEV]I< D +x"
x ‘| . #; (P~ P)
j€U;
+y ”T i+ (P - P)T; (P - P)]
]EU’
(26)
Hence, > [V] < 0 holds if
‘dll PAdz
H = [ . “qQ ] 0, (27)

where

= A;TPI' +PA; + KiTBiTPi + P,B,K; + P,B;M;E,; (t) FK;

+K/F'8/ ()M B{P,+Q+ Y 7, (P,-P,)

jeul

’ZJT i+ (P -P)T; (P-P)|.

€U
(28)
Let
— T T T
Ay = AP+ PA; + K B P, + BBK; +Q
+ ) (P - P)
jEU;( (29)
+Z i+ (P =R)T; (P -R) |5
]GU’
then we have
dn PAg |, |BBM;| o
H = [ . 0 0 g; (t) [FK; 0]
(30)

+[EK; 0]'E] ()

T
KA
O bl

which is equivalent to (13) by Schur complement.

Casell (i € U,’; and Ulik #+@). There mustbean | € U;k such
that P(I) — P(j) > 0, Vj € U, . We define

SV <D, +x
]EU’ JEU’

T
=0 +x' | Y- Yo |B|x
| jeU; jeuL

Y NPG)+ YA P(l)]




=0, + x! Z
L j€Ug

m; (P -B) | x

=®,-+xT Z(T[ + A, )(P]—
| jeUl

IANE:

=@+ x| D (- R)+ ) Ay (P - R) | %
| j€U; j€U;
(31
By using Lemma 7 again, we have
> Ay (P-R)
=)
=) :%Aif(Pj‘Pl)+%Aij(Pj‘Pl)]
jeut
L (32)
<) (5%’) Vi + (P = B) V' (P - Pl)]
jeog ¢
r 2
< 3 | v (r- 1) ).
jeui L

From (31) and (32), we have

FEVI<D, +x"

x 1 2 7 (P - R)
jeul
+ Z z]l + (P Pl) Vul (P Pl)] X
JEU7
(33)
Hence, > [V] < 0 holds if
A = [Qi“ P_‘g”'] 0, (34)

where
Ay, = A[P,+ PA; + K{ B/ P, + PBK; + PB,M,E; (t) FK,

7 (P~ )

T T=T T T
+K/F'8/ () M/B{P,+Q+ )
€U

>

]eU’

UV11+(P Pl)VtJl (PJ Pl)

(35)
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Let
ﬁ11 = A?Pz +PA; + K;TB;TIDI +PBK; +Q

+ ) 7y (P~ R)

JjeUy (36)

A by

]EU’

,]l+(P Pl)Vlﬂ (P, - PZ)]

then we have

_ [, PALT, [PBM] -
o B 7 s o

(37)

T
PiBiMi] <0
0 bl

¢ [EK, o€l 0|

which is equivalent to (14) by Schur complement.

Case III (i € U,i and U;k = ). In this case,

SIVI<®+x | Y AP()+AP3) | x
| =t #i
T
=0, +x ZnijPJ erij P | x
| jeU; jeu;

=@+ x| ) 7 (P=R)+ ) 4, (P-R) |

| jeU: jeul
(38)
In view of Lemma 7, we have
S
> 8;(P-PR)
j=1,j#i
s 1 1
= Z EAij(Pj_Pi)*'EAij(Pj_Pi)]
j=Lj#i -
s (/1 2 (39)
< Z (EAU) M]ij"’(Pj_Pi)VViJ_‘I(PJ'_Pi)]
Ltk
s [82
< X [ W+ (B -R)wy (P~ R)
j=1,j#i
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From (38) and (39), we have

FEV]I< D, +x"

j=1j#i
s [62
ij
) ZWU*(PJ‘Pi)
j=Lj#i
-1
x Wit (B=R) |
(40)
Hence, > [V] < 0 holds if
— '%11 PiAdi
2= | | <o (4n

where
R, = ATP, + PA; + K] B/ P, + PBK; + P.B;ME; (t) FK,

+K/F'&] ()M B{P,+Q+ Y ,;(P,-P,)

jeu,
8,.2]. .
+ ) ZWU*(PJ“PI')WU (P =) |-
jeul
(42)
Let
%, =A"P.+PA,+K'B'P.+ PBK, +Q
11 it ithi i it [t
+ Z 7 (P~ P)
8?2
ij -1 .
) [zmﬁ(l’j—ﬂ)% (Pj‘Pi)]’
jeul
then we have
R = [‘%;11 Pf_“gi] + [EBéM"] & (1) [FK; 0]
(44)

T
+[FK; 0]"2" () [RB(;M"] <0,

which is equivalent to (15) by Schur complement. The proof
is completed. O

Remark 9. As mentioned in Section 2, if, U, = Q Vi € S,
then GUTR matrix reduces to BUTR one. Similarly, if, &;; =
0vj € U,i,Vi € S, GUTR matrix reduces to PUTR one.
Therefore, Theorem 8 can also be applicable to the MJSs with
BUTRs or PUTRs. Because the BUTR methods require the
estimate of every rate to be known, such methods cannot be

applied to the GUTR model. By replacing the uncertain TRs
with unknown ones, the generally uncertain TR matrix can
become partly known TR matrix, so that the PUTR methods
can be applied to GUTR model. However, such methods are
inevitably conservative for GUTRs since the information of
the TRs’ estimates cannot be utilized.

4. Conclusions

The stability problems for a class of Markovian jump linear
systems with generally uncertain transition rates are investi-
gated in this paper. The considered systems are more general
than the systems with bounded uncertain transition rates or
partly unknown transition rates, which can be viewed as two
special cases of the systems we tackled here. The LMI-based
stochastic stability condition for the underlying systems is
derived. There are some possible directions to extend the
proposed model and method. Tracking control and fault-
tolerant control are two important research areas due to their
wide application in the practical systems [40-46]. However,
for the tracking control and fault-tolerant control, no research
has focused on the case of general uncertain transition rates.
Therefore, it is worth further extending the proposed method
to deal with these problems.
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