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This paper considers the problem of delay-dependent stability and [, -gain analysis for positive 2D systems with state delays described
by the Roesser model. Firstly, the copositive-type Lyapunov function method is used to establish the sufficient conditions for the
addressed positive 2D system to be asymptotically stable. Then, I, -gain performance for the system is also analyzed. All the obtained
results are formulated in the form of linear matrix inequalities (LMIs) which are computationally tractable. Finally, an illustrative
example is given to verify the effectiveness of the proposed results.

1. Introduction

2D systems exist in many practical applications, such as
circuits analysis, digital image processing, signal filtering,
and thermal power engineering [1-4]. Thus the analysis
and synthesis of 2D systems are interesting and challenging
problems, and they have received considerable attention; for
example, 2D state-space realization theory was researched in
[5], the stability and 2D optimal control theory was studied
in [6, 7], and H,, control and filtering problem for 2D
systems were addressed in [8-11]. In addition, linear repetitive
processes, a distinct class of 2D systems, have also been
investigated. For example, the quasi-sliding mode control
problem for linear repetitive processes with unknown input
disturbance was solved in [12].

The most popular models of two-dimensional (2D) linear
systems were introduced by Roesser [13], Fornasini and
Marchesini [5, 14], and Kurek [15]. These models have been
extended to positive systems in [16-19]. A positive system
means that its state and output are nonnegative whenever the
initial condition and input are nonnegative [19-21]. Positive
2D systems are needed in many cases such as the wave
equation in fluid dynamics and the heat equation which
describes the temperature (using thermodynamic temper-
ature scale) in a given region over time and the Poissons

equation. These facts stimulate the research on 2D positive
discrete systems. Reference [22] investigated the choice of the
forms of Lyapunov functions for positive 2D Roesser model.
The problem of stability analysis for 2D positive systems
has been investigated in [17, 23-25]. It should be noted that
although positive 2D systems have been discussed in control
engineering and mathematics literature recently, there are
still many questions which deserve further investigation.

On the other hand, the reaction of real-world systems to
exogenous signals is never instantaneous and, always infected
by certain time delays. For general systems, even nominal
stable systems when were affected by delays may inherit very
complex behaviors such as oscillations, instability, and bad
performance [26], and delayed systems have attracted many
researchers’ attention [27-32]. The reachability, minimum
energy control, and realization problem for positive 2D
discrete-time systems with delays has been analyzed in [18,
33]. And the stability analysis for 2D positive delayed systems
has been investigated in [34-36]. In addition, perturbations
and uncertainties widely exist in the practical systems. In
some cases, the perturbations and unmodeled errors can
be merged into disturbances, which can be supposed to
be bounded in the appropriate norms. It is important and
necessary to establish a criterion evaluating the disturbance
attenuation performance for the positive 2D discrete-time



systems. However, to the best of our knowledge, there has
been no literature considering the disturbance attenuation
performance for positive 2D systems, which motivates the
present study.

In this paper, we will study the problem of delay-
dependent stability and /; -gain analysis for positive 2D linear
systems with delays. The main theoretical contributions of
this paper are as follows (1) We use [;-gain to evaluate the
disturbance attenuation performance of positive 2D linear
systems. This important performance is firstly considered
for positive 2D systems, and a delay-dependent stability
criterion of these systems with state delays is developed. (2)
Copositive-type Lyapunov function method is firstly used to
analyze delay-dependent stability and /,-gain performance
for positive 2D linear systems. (3) It is significant to char-
acterize conditions under which the positive 2D delayed
system is asymptotically stable. All the developed results are
expressed in terms of feasibility testing of LMIs which is
computationally tractable.

The paper is organized as follows. In Section 2, problem
statement and some definitions concerning the positive 2D
linear systems with delays are given. In Section 3, some
theorems concerning the delay-dependent stability and ;-
gain analysis of positive 2D linear systems are presented.
In Section 4, a numerical example is given to illustrate the
effectiveness of the proposed results. Finally, concluding
remarks are provided in Section 5.

Notations. In this paper, the superscript “T” denotes the
transpose. The notation X > Y (X > Y) means that matrix
X-Y is positive definite (positive semidefinite, resp.). A >
0 (20) means that all entries of matrix A are nonnegative
(nonpositive). A > 0 (< 0) means that all entries of matrix
A are positive (negative). R™" denotes the set of 1 x m real
matrices. The set of real n x m matrices with nonnegative
entries will be denoted by R7™, R denotes the set of
vectors with nonnegative entries, and the set of nonnegative
integers will be denoted by Z,. The n x n identity matrix
will be denoted by I,,. The I; norm of a 2D signal w(i, j) =

[w, G, /), w, Gy ), ..., w,, (0, /)] is given by

|w G j)]l, = iwk (i, j).- 6)

And we say w(i, j) € I, if w(i, j)[l; < oo.

2. Problem Formulation and Preliminaries

Consider the positive 2D Roesser model with state delays
[25]:

[x*‘ (i+ Lj)] A [xh (i,j)] VA, [x“ (i = d, (i>,j)]

x* (i j+1) x* (i, j) x* (i j=d, (7))
+ Bw (i, j),
(1a)
z (i, j) = Hx (i, j) + Lw (i, j) (1b)
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where i and j are integers in Z,, x"(i, j) is the horizontal state
in R}, x"(i, j) is the vertical state in R}?, x(i, j) is the whole
state in R, w(i, j) € R}" is the I; norm bounded disturbance
input, z(i, j) € R}" is the controlled output, and A, A, B, H,
L > 0 are system matrices with compatible dimensions. The
matrices are

A, A A A
A= |21 12] , A, = [ dil dlz] , B
[AZI Ay 47 Ad Aan

Il
oy &
=

d,(i) and d,(j) are delays along horizontal and vertical
directions, respectively. We assume that d, (i) and d,, () satisfy

dy, < d, (i) < dyy, dy <d,(j) <dyp (3)

whered,,;,d;,;; and d,;, d,;; denote the lower and upper delay
bounds along horizontal and vertical directions, respectively.
The boundary conditions are defined by

(i j)=hy YOS j<z), —dy i<,
x"(i,j)=0, Vj>z, -dy <i<0,

x"(i,j)=vj VO<i<zy -dy<j<O, (4)
x"(i,j)=0, Vi>z, -d,y<j<0,

hgy = Vo

where z; < coand z, < co are positive integers, h;; € R} and

v € R'? are given vectors.

Definition 1. The 2D positive system (la) and (1b) with

w(i, j) = 0is said to be asymptotically stable iflim; _, ., X; =0
for all bounded boundary conditions (4), where

Xy =sup{|x (i )| :i+j=0Lij>1}. (5)
Definition 2. For y > 0, the system (1a) and (1b) is said to be

asymptotically stable with the [, -gain index y, if the following
conditions hold.

(1) The system (la) and (1b) with w(i,j) = 0 is
asymptotically stable.
(2) Under zero boundary conditions, that is, hij =0, v =
0 in (4), it holds that
S Yzt pll <y St e vorw(ij) el
i=0 j=0 i=0 j=0
(6)

Remark 3. From (6), we see that y can characterize the
disturbance attenuation performance of the system (la)
and (1b). The smaller the y is, the better the disturbance
attenuation performance is.
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3. Main Results

3.1. Stability Analysis. In this subsection, we focus on the
problem of delay-dependent asymptotically stability analysis
for the positive 2D discrete linear systems with state delays.

Theorem 4. For given positive constants dy,;, dypy, dyp, dyps
the positive 2D system (la) and (1b) with w(i, j) = 0 is
asymptotically stable if there exist vectors p, q, G, G,, { € RY,
such that

® = diag {®,,D,,..., D, D}, D},..., D, 0}, @Y., D)

" n "
o, 0),..., 0"} <0,

7)
where
(al —Eo) p+(af +(dpy —dip) Ex)q
T
+Ei G + (diH (“k - Ek) B thEk) 62 1<k<ny,
+dleEkq1,
q)k: <
(ag - Ek) p+ (a,f + (duH - de) Ek) q
2 (T
+Ekc+(de (“k Ek) deEk) 62 n+1<k<n,
+d12;HEkC1’
4 T T T
| GaP T (a3~ Be)a+ dinager 1<k <m,
O, =<
k
agp+(an - E)q+diyans, m+1<ks<n,
'_EkC +dpuEi (6 -61), 1<ks<mn,
O =
{_Ek(Jr doEr (6, -61), m+1<k<n,
-dyEG, 1<k<n,
q>III=
T l-dpEg, m+l<ks<n,
(8)
k-1 n—k
Wlth k € n = {1,2,...,1’1}, Ek = [0""’0’ 1’0’“"0]’ and

ai(ay.) represents the kth column vector of matrix A(A ).

Proof. Choose the following copositive Lyapunov-Krasovskii
functional candidate:

V@i, i) =V"G i) +V°(,j), )

where
h > h
V(i j) = YV (),
k=1
Vi (i, ) = %" (i, ) P,
i)=Y e
r=i—dy (i)
h S h
V3 (I’J) = Z X (7’,])( >
r=i~dpy
h R = h
Vi)=Y YxT(rnid,
s=—dj,+1r=its
h < O oar h
Vi) =duy Y. Y 7" (rj)d"
s=—djpp r=its
5
V(i) = YV (i),
k=1
vy () = % (i, j) p*s (10)
j
v, (i, j) = Z <" (i, 5) ¢,
s:j—du(j)
j-1
Vi)=Y TG0,
t=j-d,q
—-d,, -1
Vi)=Y Y xTGng,

s==d,y+1t=j+s

-1 j—l

Vi) =du ) Y 0" 1),

s=—dvy t=j+s
hy. . . ~1T
' (nj) = [T (rj) " (rj)]
v, oT ;- oT . T
' G,t) = [xT G,t) 8T )]
8" (r.j) =" (r+ 1,j) =" (r. ),
8 (i,t) = x" (i, t + 1) — x" (i, 1),
with p", ¢", {", ¢!, and ¢ € R, p*, ¢*, ¥, ¢V, and ¢¥ € R,
T n U v v n,
=" f eRMand ¢’ = [V 4T e R
Along the trajectory of the system (1a) and (1b), we have

AV (G =Vi+1,7) -V 6 )+V (L j+1) -V (i)
5 " 5
= Y AVY (i, ) + Y AV (i),
k=1 k=1

(11)



4 Mathematical Problems in Engineering

where
V) = ¥ 64 1,) 8" ) 4
o ~dwy Y Y " (n))s
noo. h . s=—dj r=its
AV )= Y X (i) h
r=i+1-d),(i+1) -1
1- =dyy Y (") =" (i +55)d")
hT N h s=—d,
- ) ¥"(rj)a "
rei—d, (i) -
_ 2 W WT [ N h
=X (i +1,))q" - 27 (i~ d (), ) 4 =it G~ 2 1)
—t=lnhy
vy ) o
reitl=d i) = diy [¥7 (1) T+ 1) - G|,
; 2
_ Z th (T, ]) qh 3
rit1—dy (i) : KT (0 o KT (s WT (. .
. o —dyy | ), ¥ () X (6) = %™ (i i, )
<XM(i+1,7)q" - 5" (i-dy (). ))q" T
i ) qh
+ Y (i) x ; ,
r=i+l-d,y G
SOy AT AVE (i) = 2T i+ 1) 57 T (i )
r=i+l-dy I
v . vl ;. v
=" (i+1,))q" - (1= (), ) g" AVi@i) = ) xTeq
s=j+1-d,(j+1)
. rzzid“ BT (N 4
X" (r,j)q j
r=i+l-dyy - Z xUT (l’ S) qu
: i s=j~d,(j)
AV3h (1;_])= Z th(r>j)Ch— th(r’j)ch uT /. . v T (. . . v
r=i+l-dy,y r=i—djy =X (1)] + 1)@ —-X (1’] - dv (]))q
:th (i’j)ch_th (i_th’j)ch’ ZJ: UT(. ) v
+ x" (i,8)q
—d, i . .
W L ) s:]+l—dv(]+1)
AV ()= Y Y AT
s=—dy+1 r=itl+s j
—dy; i-1 - Z va (i’ S) qv
-2 XA A
s==dp,+1 r=its
) <x"(i, j+1)q"-x"" (i, j- d, (j)) 4"
—Ynr
= Y [N+ )] j
s=dpat1 + Z %7 (i,s) q"
_ (th _ dhL) th (l, ]) qh s=j+l-d,y
& Nk : T i o) b
- 2 A4 - 2 A9
rei—dy 1 s=j+l=dyy
h/o .
AVZ' (i, j) =x" (i, j+1)q" - x" (i, j - d, () 4"
= d i zl: hT N K i uT /. v
= dyy ' (rj)s + ) xang,

s=—dyy r=itlts t=j+1-d
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j
Z T (,5) ¢

s=j+1-d,y

AVy (i, j) =

j-1
- Y TGa
s=j de

= x"" (i, )
_de

Z ix(zt

s=—d,y+1t=j+1+s

AV (i j) =

_duL — T
Z Z X" G,0)q"
s==d,y+1t=j+s
—dy;,

= > [¥Gd-

s==d,y+1

= (de - de) th (i> ]) qv
j_de
- Z xUT (l) t) qva
t=j—d,y+1
AV5 (i, j)
=d,y Z Z 7’ TG,6)¢
s=—dvy t=j+1+s
-1 —

~du ), Zn”T(z ¢’

s——de t=j+s

" (i, ) 6" =" (i, j+5) ")

j-1
=don” ()" —duy Y, 7 G
t] duH

—dZH [x (i, j) X7 (i,j+1)- “T(z ])]

—

i
~dyy [ ()« (i j)-x"

t=j-dyy

¢ =" (i j = dyp) ¢

T (i,j+s) qv]

Substitute the previously mentioned formulations into (11),
and take

AR

_ thInl 0 _ dhLInl 0
DH‘[o dl] DL‘[o dyl

vH* n, vL*n,

(7))

x4 (i) = [T (i = dyi), ) 7 (- dy())]

x (i, j) = [x" (i, j)

P . . U P T
%1 (5 ) = [ (i = dyprs ) =7 (o j = dopr)]

T
i1 j-1
x,(i,j) = Z £ (r, §) Z TG0 .
rei=dy+1 t=j=dyrn
(13)
Then we have

AV (i j) = 2" i ) {(AT -

+C+D§I((AT—

In)p+ (AT+DH—DL)q

In) Gt C1) - DHCZ}
+xq (i j) {Aqp + (Az — 1,) 4 + Dy A}
+ XE (i ) {=C+ Dy (6, — 61)}

+x; (i) {=Dr}-

(14)
If condition (7) holds, one obtains
W 1o (47 D)
+ D ((AT - In)Cz + Cl) = Dy6, <0,
Agp + (4G~ 1,) q + DiAge, <0, (15)

~{+ Dy (6= 61) <0,

—Dyg, < 0.

(i’j - de)

It follows that AV (3, j) < 0, which means that
ViEi+1,)+V (G j+1) <V (6 )+ V(L j).  (16)

(12)  Summing up both sides of (16) from D to 0 with respect to i
and from 0 to D with respect to j, for any nonnegative integer



D > max(z,, z,), one gets
V*(1,D)+V (0, D+1)+V"(2,D-1)
+VV(,D)+---+ V' (D+1,0)+ V' (D, 1)

= > Vi@i)+ Y VUi J)

i+j=D+1 i+j=D+1

= Y Vi) )

i+j=D+1
<V"©,D)+V'(0,D)+V"(1,D-1)
+V'(,D-1)+---+V"(D,0) + V' (D,0)

= Y V(ij).

i+j=D
Then from (9), we can conclude that

lim x (i j) =0, (18)
which implies that the system (1a) and (1b) with w(i, j) = 0
is asymptotically stable.

This completes the proof. O

When dyy; = dy; = dy, and dy = d,; = d,, the system
(1a) and (1b) with w(i, j) = 0 is reduced to the following
system:

S R e R | A

where d;, and d,, are constant delays along horizontal and
vertical directions, respectively, and the boundary conditions
are defined in (4). Then we can get the following result.

Corollary 5. For given positive constants d;, and d,, the

positive 2D system (19) is asymptotically stable if there exist
vectors p and q € R'}, such that

n

® = diag {@,,D,,...,D,, D}, D},..., 0} <0, (20)
where

O = (akT—Ek)pMZq,

. . (21)
=<
Oy =ayp+ (adk - Ek)%

k-1 n—k
withk € K = {1,2,...,n}, B, = [0,...,0,1,0,...,0], p,

q € R, and ai(ay;) represents the kth column vector of matrix
A(A).

Proof. Choose the following copositive Lyapunov-Krasovskii
functional candidate for the system (19):

V@i, i) =V"G i) +V°(,j), (22)
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where
h 2 h h hT h
Vi) =Y VEGg), VG ) =" ()P
k=1

vy (i, ) =

> X (rj)d"

r=i—d,
(23)
2
L HEDR () N (F) EE (F) §
k=1
j

V()= Y xG9)q"
s=j—d,

with p",¢" € R, p*, " € R™*. Then following the proof line
of Theorem 4, the corollary can be obtained. O

3.2.1,-Gain Analysis. The following theorem establishes suf-
ficient condition of the asymptotical stability with [, -gain
performance for the system (1a) and (1b).

Theorem 6. For given positive constants dy,;, dppy, dyp, dyps
and vy, the positive 2D system (1a) and (1b) is asymptotically
stable with the 1,-gain index y if there exist vectors p € R,
qe R}, ¢ €R}, ¢, €R,and{ € R, such that

® = diag {@), Dy,..., D, D}, D), ..., D), DY, D), D

> n’

o, @), @, T, T,...,T,} <0,
(24)

where CD,'C, CD,'C', and CD,'(" are denoted as in Theorem 4, and

(Dk

(af - E) p+ (af + (duss — dir) Ex) 9+ Exd
+(doyy (af - Ex) - duEi) 6,
+dy By + [l

(al —E)p+(af +(dyy—dy) Ep) g+ E
+ (2 (af - Ey) - dunEr) 6

+d12;HEkC1 + "hklll’

1<k<n,

m+l<k<n,

TS:bgp+b£Tq+bsTD;21Hq2+||lS||l—y, l<e<m,
DH = diag {thInl’ deInz} >
(25)
withk ¢ n = {1,2,....n}, ¢ € m = {1,2,...,m},
k-1 n—k
E, =10,...,0,1,0,...,0], a, ag. by, and hy represent the kth

column vector of matrices A, A ,, B, and H, respectively, and I,
represents the eth column vector of matrix L.
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Proof. It is an obvious fact that (24) implies the following
inequality:

¥ = diag {¥), ¥y, ..., ¥, V1, ¥y, YL 9L

(26)
vy, <o,
where
(akT - Ek) p+ (akT + (dpy — dpr) Ek) q
+(j + (diH (“kT - Ek) - thEk) <)
_ +dy By, 1<k<n,
=
(61}5 - Ek) p+ (al? + (de - de) Ek) q
+Qp + (dlZJH (“Z - Ek) - duHEk) G
+d2 B, m+1<k<n,
, ayp + (agk - Ek) q+diagsy, 1<k<n,
k =
a:gkp + (agk - Ek) q+ diHa;}rka n+1<k<n,

~Cie + dppEx (Cz - Cl) >

~Gi + d By (Cz - Cl) >

1<k<n,

w,i’:«l

m+1l<k<n,

k—l n—k

with k € n = {1,2,...,n}, E, = [0,...,0,1,0,...,0], and
ai(ay;) represents the kth column vector of matnx A(A )

By Theorem 4, we can obtain that the system (la) and
(1b) with w(i, j) = 0 is asymptotically stable. Now we are
in a position to prove that the system (la) and (1b) has
a prescribed /,-gain index y for any nonzero w(i, j) € I,.
To establish the [;-gain performance, we choose the same
copositive Lyapunov-Krasovskii functional candidate as in
(9) for the system (1a) and (1b). Following the proof line of
Theorem 4, we can get that

AV (i, j) + “Z(l ])”1 Y||w(i,j)||1
= () {(A" 1) p+ (" + Dy D) q
+( + Dil ((AT - In) G+ ‘?1) - DHCZ}

I,)q+DjALG}

Cl)}

+xy (i, j) {Agp + (A
+ xfz (i )) {=C + Dy (g, —
+x; (i, j) {-Duc1}

+w' (i, ) {BT (p +q+ quz)}

s 12k <, Pl + Gl A Gl
ko -d,gEs, m+1<k<n, (28)
(27) According to the definition of [, norm, one obtains
x (6 ) |
[ h 1 hl,z hl,n1 hl,n1+1 hl,n1+2 hl,n
Hx (i j) = hyy hyy o Mol Mopn 0 Moy x:l (i, §)
’ D e : Co xy (i, )
L hp,l hp,z ' hp,n1 hp,n1+1 hp,n1+2 e hp,n
x5, (05 7) |
[ hl,lxz (i) +- 0+ hl,nlxgl (i, ) + By 67 (6 )+ + hynX, (i j)
B hyaxy () + oo + iy, X, (i, j) + 1 X7 (i) + - + hz,nxz2 (i, )
- L v . (29)
L g (i ) + oo By X (i )+ X5 (i ) + -+ By xs (i )
S h h
[Fx G )y = Y hiay () + -+ by 2 (i 1) + B X3 (i ) + 2o+ By, (i )
k=1

4 h
_ <Zh> i)
k=1
P
(zhk,n)x:; i)
k=1

() el -

Il 1

(B 6+ (S )



where hy represents the kth column vector and h; ; represents
the entry located at (7, j) of matrix H. Then, similarly

lw i)l = w" G ) B0 Bl - Tl

(30)
ylw i)l =w' Gy v -
where [, represents the kth column vector of matrix L.
Substituting (29)-(30) into (28) leads to
AV (i ) + |26, ), = yw G D],
=x" (i) {(A"-1,) p+ (A" + Dy -Dy)g+¢
+ Di{ ((AT - In) G + ql) - Dy6,
+llmly Iy - 1"
+ag (i) {Agp + (A = 1,) 4+ DA}
+ g7 (i ) {=C + Dy (6, — 1)}
+x, (i, j) =D}
+w' (i, ) {B" (p+ q+ Dircy)
(Il 1l - a1
vy 9}
(31
If condition (24) holds, we have
VEGi+1,7) -V 6 )+ V(G j+1) -V (i, ) )

+z @,

‘We know that

- y“w (i, J)”l <.

AV (G, )=V (i+1,7) -V (6 j)+V (i, j+1) - V' (i ).

(33)

For any positive scalars kj,, and k, € Z, it can be verified
that

szww=iiww+uwwam

i=0 j=0 i=0 j=0

ky, k,

ZZ (V'(i,j+1)

i=0 j=0

-V° (i j))

(34)

Ma-

(VhT (ky +1,7) = V" (0, ))

-
Il

Ky

+ Y (VI (G,

i=0

k,+1) -V (,0)).
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When kj, and k,, = 0o, we have

(o]

Y3 (2 G )l - vl )l

i=0 j=

<Y YAV(,j).  (35)

i=0 j=0

o

The existence of solution for LMI (24) implies that the
positive 2D system (la) and (1b) is asymptotically stable.
Together with the zero boundary conditions, one can get

M3
M

AV (i, j) = 0. (36)

I}
o

i 0

J

Applying (36) to (35), one has

Sl <y Sl o

=0 j=0 i=0 j=0

By Definition 2, the positive 2D system (la) and (1b) is
asymptotically stable and has the [, -gain index y.
This completes the proof. O

Remark 7. In Theorem 6, the disturbance attenuation per-
formance of positive 2D linear systems is analyzed, and
sufficient conditions for the existence of /; -gain performance
for positive 2D system to (1a) and (1b) are proposed in terms
of LMIs which are computationally tractable. This is also the
major contribution of our paper.

4. Numerical Example

Consider the positive 2D system with delays in the Roesser
model (1a) and (1b), where

0.10 020 : 0.2
A=1000 030 : 0.10

0.00 0.10 : 0.40

0.10 0.01 : 0.05
A, =010 002 : 005

0.03 0.12 : 0.03

0.2
B=|o1|, H=[01002], L=o01,
0.1

ay=4+25n(2),  d,()=5+25m(2),

w (l’ _]) = e_(i+0-5j),
(38)
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0.1

0.05

hye -
FIGURE I: State response of x| (i, /).

where state dimensions are #;, = 2 and n,, = 1. The boundary
conditions are given by

(i, j) = [8}] VO < j<52 ~dyy<i<0,
' (39)

x"(i,j) =01, V0<i<52, -dy<j<O0.

In this example, we can get d;,; = 2, d,y = 6,d,, = 3, and

d,y = 7. Given y = 4.5, then by using the LMI Control

Toolbox [37] to solve the inequalities in Theorem 6, we can

get the following solutions:

p=[1.7310 16842 1.7364]",
q=[32077 2.8768 3.3026]",
¢ =[1.0334 1.1075 0.9957]", (40)
¢, = [0.3675 0.4042 0.3552]",
G, = [0.0385 0.0489 0.0330]".

Figures 1, 2, and 3 show the state responses of the system;
it can be seen that the corresponding positive 2D system
is asymptotically stable. Furthermore, by computing, under
zero boundary conditions, we have Yo, Z?:o lzG, HIl, =
4.0206 Y5, Z}’Zo lw(, HIl, = 1.0977. It is obvious that the
prescribed [ -gain performance level y = 4.5 is satisfied.

5. Conclusions

This paper has addressed the delay-dependent stability anal-
ysis with [;-gain performance for positive 2D systems with
state delays in the Roesser model. A sufficient condition for
the existence of the delay-dependent asymptotic stability of
positive 2D linear systems with time delays has been estab-
lished. Copositive-type Lyapunov function method has been
used to get a computationally tractable LMI-based sufficient

il

Wl

FIGURE 2: State response of x%(i, j).

FIGURE 3: State response of x" (i, j).

criterion which ensures that the system is asymptotically
stable and has a prescribed [, -gain performance. A numerical
example has been given to illustrate the efficiency of the
results. Furthermore, our future work will be devoted to the
I,-gain control problem for positive 2D systems with delays.

Acknowledgment

This work was supported by the National Natural Sci-
ence Foundation of China under Grant nos. 60974027 and
61273120.

References

[1] W. S. Lu and A. Antoniou, Two-Dimensional Digital Filters,
Marcel Dekker, New York, NY, USA, 1992.

[2] R.N.Bracewell, Two-Dimensional Imaging, Prentice-Hall Signal
Processing Series, Prentice-Hall, Englewood Cliffs, NJ, USA,
1995.



10

[3] T.Kaczorek, Two-Dimensional Linear Systems, vol. 68 of Lecture
Notes in Control and Information Sciences, Springer, Berlin,
Germany, 1985.

[4] L.Xu, M. Yamada, Z. P. Lin, O. Saito, and Y. Anazawa, “Further
improvements on Bose’s 2D stability test,” International Journal
of Control, Automation, and Systems, vol. 2, no. 3, pp. 319-332,
2004.

[5] E. Fornasini and G. Marchesini, “State-space realization theory
of two-dimensional filters,” IEEE Transactions on Automatic
Control, vol. 21, no. 4, pp. 484-492, 1976.

[6] T. Hinamoto, “Stability of 2-D discrete systems described by
the Fornasini-Marchesini second model,” IEEE Transactions on
Circuits and Systems. I, vol. 44, no. 3, pp. 254-257, 1997.

[7] M. Bisiacco, “New results in 2D optimal control theory,
Multidimensional Systems and Signal Processing, vol. 6, no. 3, pp.
189-222,1995.

[8] J. Wu, X. Chen, and H. Gao, “filtering with stochastic sampling,”
Signal Processing, vol. 90, no. 4, pp. 1131-1145, 2010.

[9] C.L.DuandL.H.Xie, Control and Filtering of Two-Dimensional
Systems, vol. 278 of Lecture Notes in Control and Information
Sciences, Springer, Berlin, Germany, 2002.

[10] L. Wu, P. Shi, H. Gao, and C. Wang, “H_, filtering for 2D
Markovian jump systems,” Automatica, vol. 44, no. 7, pp. 1849-
1858, 2008.

[11] L. Wu, Z. Wang, H. Gao, and C. Wang, “Filtering for uncertain
2-D discrete systems with state delays,” Signal Processing, vol. 87,
no. 9, pp. 2213-2230, 2007.

[12] L. Wu, H. Gao, and C. Wang, “Quasi sliding mode control
of differential linear repetitive processes with unknown input
disturbance,” IEEE Transactions on Industrial Electronics, vol.
58, no. 7, pp. 3059-3068, 2011.

[13] R. P. Roesser, “A discrete state-space model for linear image
processing,” IEEE Transactions on Automatic Control, vol. 20,
no. 1, pp. 1-10, 1975.

[14] E. Fornasini and G. Marchesini, “Doubly-indexed dynamical
systems: state-space models and structural properties,” Math-
ematical Systems Theory, vol. 12, no. 1, pp. 59-72, 1978/79.

[15] J. E. Kurek, “The general state-space model for a two-
dimensional linear digital system,” IEEE Transactions on Auto-
matic Control, vol. 30, no. 6, pp. 600-602, 1985.

[16] T. Kaczorek, “Reachability and controllability of non-negative
2D Roesser type models,” Bulletin of the Polish of Sciences:
Technical Sciences, vol. 44, no. 4, pp. 405-410, 1996.

[17] M. E. Valcher, “On the internal stability and asymptotic behav-
ior of 2-D positive systems,” IEEE Transactions on Circuits and
Systems. I, vol. 44, no. 7, pp. 602-613, 1997.

[18] T. Kaczorek, “Reachability and minimum energy control of
positive 2D systems with delays,” Control and Cybernetics, vol.
34, no. 2, pp. 411-423, 2005.

[19] T. Kaczorek, Positive 1D and 2D Systems, Springer, London, UK,
2001.

[20] X. Liu, “Constrained control of positive systems with delays,”
IEEE Transactions on Automatic Control, vol. 54, no. 7, pp. 1596
1600, 2009.

[21] L. Farina and S. Rinaldi, Positive Linear Systems: Theory and
Applications, Pure and Applied Mathematics, John Wiley &
Sons, New York, NY, USA, 2000.

[22] T.Kaczorek, “The choice of the forms of Lyapunov functions for
a positive 2D Roesser model,” International Journal of Applied
Mathematics and Computer Science, vol. 17, no. 4, pp. 471-475,
2007.

Mathematical Problems in Engineering

[23] A. Hmamed, M. A. Rami, and M. Alfidi, “Controller synthesis
for positive 2D systems described by the Roesser model,
in Proceedings of the 47th IEEE Conference on Decision and
Control, pp. 387-391, Cancun, Mexico, 2008.

[24] T.Kaczorek, “Asymptotic stability of positive 2D linear systems,”
in Proceedings in thel3th Conference on Computer Applications
in Electrical Engineering, CD-ROM, 2008.

[25] M. Twardy, “An LMI approach to checking stability of 2D
positive systems,” Bulletin of the Polish Academy of Sciences
Technical Sciences, vol. 55, no. 4, pp. 385-395, 2007.

[26] J. K. Hale and S. M. V. Lunel, Introduction to Functional-
Differential Equations, vol. 99 of Applied Mathematical Sciences,
Springer, New York, NY, USA, 1993.

[27] L. Wu and W. X. Zheng, “Weighted H_, model reduction for
linear switched systems with time-varying delay,” Automatica,
vol. 45, no. 1, pp. 186-193, 2009.

[28] L. Wu and W. X. Zheng, “Passivity-based sliding mode control
of uncertain singular time-delay systems,” Automatica, vol. 45,
no. 9, pp. 2120-2127, 2009.

[29] R. Yang, P. Shi, G. P. Liu, and H. Gao, “Network-based feedback
control for systems with mixed delays based on quantization
and dropout compensation,” Automatica, vol. 47, no. 12, pp.
2805-2809, 2011.

[30] X. Su, P. Shi, L. Wu, and Y. D. Song, “A novel approach to filter
design for T-S fuzzy discrete-time systems with time-varying
delay;” IEEE Transactions on Fuzzy Systems, vol. 20, no. 6, pp.
1114-1129, 2012.

[31] R.Yang, Z. Zhang, and P. Shi, “Exponential stability on stochas-
tic neural networks with discrete interval and distributed
delays,” IEEE Transactions on Neural Networks, vol. 21, no. 1, pp.
169-175, 2010.

[32] L. Wu, X. Su, P. Shi, and J. Qiu, “Model approximation for
discrete-time state-delay systems in the T-S fuzzy framework,”
IEEE Transactions on Fuzzy Systems, vol. 19, no. 2, pp. 366-378,
2011.

[33] T.Kaczorek, “Realization problem for positive 2D systems with
delays,” Machine Intelligence and Robotic Control, vol. 6, no. 2,
pp. 61-68, 2004.

[34] T. Kaczorek, “Asymptotic stability of positive 2D linear systems
with delays,” Bulletin of the Polish Academy of Sciences: Technical
Sciences, vol. 57, no. 2, pp. 133-138, 2009.

[35] T. Kaczorek, “Independence of asymptotic stability of positive
2D linear systems with delays of their delays,” International
Journal of Applied Mathematics and Computer Science, vol. 19,
no. 2, pp. 255-261, 2009.

[36] L.Benvenuti, A. Santis, and L. Farina, Positive Systems, Lecture
Notes in Control and Information Sciences, Springer, Berlin,
Germany, 2003.

[37] S. Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan, Linear
Matrix Inequalities in System and Control Theory, vol. 15 of SIAM
Studies in Applied Mathematics, SIAM, Philadelphia, Pa, USA,
1994.



Advances in

Mathematical Physics

Abstract and
Applied Analysis

Discrere Dynamics
in Narure and Sociery

Journal of
Applied Mathematics

Advances in

Decision
Sciences

The Scientific
erId Journal

Mathiemarical Problems
iN ENGINEERING

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Advances in . ‘ Journal of
(R)pERATI(I-)INS 7,@"*\ o B Probability
ESEARC ] g iks | 5nd
B ) g
:(t;' (3,1.-)_,(?' “)'{-E' Statistics

International Journal of

Differenrial
Equartions

"l
w. . e
Combinatorics

e

International Journal of

Srochastic Analysis

Journal of Function Spaces
and Applications

International
Journal of
Mathematics and
Mathematical
Sciences

Mathematical
Analysis

Discrete ISRN Applied
Mathematics Algebra Mathematics

ISRN
Geometry




