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Abstract

Vehicle crash safety has been a strong point of interest for long time in many countries due to

the reason that safety statistics show high fatality rate of vehicle occupants involved in road

accidents. All vehicles which are going to appear on the road must go through several serious

crash investigations to approve whether they conform to the relevant safety standards. There are

large crash test facilities built by big companies for these operations. However, a wide and full-scale

crash testing is complex, difficult and expensive that demands many things to be fulfilled. Because

of these and other reasons, mathematical models could be developed to represent real world vehicle

crash scenarios. This work is devoted to developing a vehicle crash modeling and a reconstruction

of physical models composed of springs, dampers and mass arrangements to simulate a real car

collision with a rigid pole. First, an extensive signal analysis is carried out to understand the vehicle

full-scale frontal crash in time domain and frequency domain. Next, 2D and 3D mass-spring-

damper model are presented and equations of motion for the dynamic model are being established

and subsequently solutions to obtain differential equations are formulated. The models’ parameters

are obtained by fitting their response equations to the real data measurement from vehicle crash

experiment. The identified parameters with the proposed 2D and 3D mathematical models are

used for the simulation, and the response from the models are verified by comparing them with

the real data from experiment. The comparison and validation show that the model represented

are well suited to the real vehicle crash scenario.
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Chapter 1

Introduction

1.1 Problem Statement

Vehicle crash tests are important part of the comprehensive investigation on the crash-worthiness of

the vehicle engineering practices. However, a vehicle crash test is very expensive experiment which

incorporate many complex components and practices. Therefore, much effort is going by many

researchers to use modeling tools such as Finite Element Method(FEM) or Lumped Parametric

Model(LPM) to represent crash tests. It is desirable to involve in this research-field to make further

advancement by introducing a new 3D mathematical model for vehicle crash test that was carried

out by Agder Research Foundation.

1.2 Scope of Work

Road traffic accidents constitute a major health and economic problems everywhere around the

world. During recent years traffic accidents have gain big focus, and attempts to minimize these

problems has increased in many countries. The effort to bring the changes have forced many sectors

including automotive industry to look into vehicle crash safety seriously. Because of this fact, all

vehicles which are going to appear on the road must go through a serious crash investigation to

approve whether they conform to the relevant safety standards or protocols applicable to different

countries. At the same time every equipments that are placed along side of the roads for example

lighting columns, sign masts, road and bridge railings, central reservations, etc, must be tested

and approved if they satisfy the safety requirements. This require well established and organized

information from different research sources. Due to this reason and other described information

in this project there is a great interest to develop mathematical models that could represent real

world vehicle crash scenarios.

The University of Agder has been involving for over two decades in several theoretical and practical

crash test researches to participate in this interesting field of work. This project is the continuation

1



Chapter 1. Introduction 2

of this research trend. Despite much research which was going on in this field of interest, good

3D models have yet to be implemented for use. The key aim of this project can be stated in few

words as to establish a 3D mathematical model that would represent the dynamics of real-time

crash. That is of course a very general specification and in this case the aim is to cover large level

of details for the scope of this work to achieve the specified target.

• Review the signal analysis of vehicle crash data obtained from experimental measurements

conducted by Agder Research Foundation.

• Present mathematical model in 2D and 3D mode that can represent a vehicle to barrier

collision from the experiment carried out.

• Perform Simulation for vehicle crash models derived and check their effectiveness by compar-

ing them with the real data obtained from the conducted experiment.

• Evaluate the performance of the models derived by experimenting or applying them on differ-

ent set of data obtained from another vehicle crash and suggest possible solutions for further

investigations.

1.3 Aims and Motivations

As stated in the proceeding description, the first task in this project is to analyze signals obtained

from vehicle crash experiment. Depending on this analysis, a mathematical model have to be for-

mulated to represent the kinematics and dynamics of vehicle crash from the experiment. Simulation

of the model have to be performed using MATLAB software to compare the simulation results from

the mathematical models and the experimental data. Lastly, the presented mathematical model

performance have to be evaluated by testing if they have the same performance on similar crash

experiment so that they can be used for future work. The sensitive experimental data used for

references in this work is obtained from a full scale physical impact test carried out by team of

researchers from Agder Research Foundation.

Important comprehensive information for vehicle crash is needed by many organizations as well as

vehicle users. Manufacturers need to carry out the rigorous crash experiments to meet the standard

requirements and improve their car design to make reliable products. At the same time government

bodies or other responsible organizations should make extensive and complex research on vehicle

crash to place regulatory standards, to asses the models of existing or new manufactured cars, to

update the information for consumers or manufactures regularly [10],[11],[3],[12]. In general cases

the experimental tests should be carried out at many stages throughout the design phases of the

vehicles or the development of road side equipments to make sure that the preliminary design

safety requirements are satisfied. However, wide and full-scale crash experiments are complex and

difficult because it demands many things to be fulfilled. For example, it requires properly equipped

research center to conduct the test measurement precisely, it needs qualified staff members for the
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work or correct measuring devices. Another issue is high cost expenses for setting up a full scale

vehicle crash, and carrying out the experiments is time consuming [13].

Vehicle crash is also of great interest for researchers and car producers who want to improve the

safety standards and performances. In the recent years, many researches have been going on vehicle

crash tests and several mathematical models have been developed and published to represents the

actual crash tests. For example, Matthew Huang in his book named Vehicle Crash Mechanics

described different contents for a car crash that includes crash pulse and kinematics, crash pulse

prediction by convolution method, crash pulse characterization, basics of impact and excitation

modeling and so on [5]. Reconstruction of crash pulse of a vehicle involved in crash event is made

by using a wavelet-based approach in [14]. A novel 3D building and query algebra for reconstructing

is defined for a car crash scene in [15]. A new intelligent adaptive method for occupant restraint

system has been used in [16]. Even though, there were many researches going on for long time in

this field of interest, there are still many problems that need more work because of the complexity

and magnitude of the challenges.

Due to the factors mentioned above or other details there is a huge amount of motivational force

behind this work to establish mathematical models that can represent a full-scale impact and

provide results that could be used instead of the experimental tests. The derived model should

be accurate enough to predict a behavior of vehicle during collision or vehicle crash, so that

derived models will be utilized for developing equipment and preliminary tests without performing

complicated crash tests. A mathematical model can be considered genuine and accurate if it proves

to be valuable by representing different impact testings of similar or identical cases. Then a single

mathematical model can be used to reconstruct and simulate full-scale vehicle crash test, which

would be used to improve the safety of occupants during real time crash.

1.4 Problem Solution

To achieve a good solution for the problem stated in chapter 1.1, a better understanding of the

procedures for crash analysis is needed, in both practical and mathematical aspects. Since the

main focus is developing a new mathematical model, a good survey needs to be conducted through

published papers and literature studies for a better understanding of car crash analysis and mod-

eling procedures [[13],[5],[14],[15]]. In parallel to this, a research is needed to familiarize how the

crash test experiments work and how the relevant data is gathered from it[[10],[11],[3],[12]]. Based

on the gathered information and having a good understanding of the concepts, an analysis of the

crash data needs to be done in order to study and verify the crash behavior. The better the verifi-

cation is, the better the crash data can be used as a reference to ongoing creation of mathematical

models. Before creating the final 3D model, a comprehensive study of the modeling process needs

to be conducted. Primarily, a 1D model is to be created for a better understanding of the concept

and the use of various equations. Secondly, a 2D model is to be created and at the end the final 3D
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model. The final model would be verified with the reference data to check if the model corresponds

good to the gathered data from the real crash scenario.

1.5 Project Plan

There are two members involved in this project namely Debela Yadeta Midjena and Sanin Muras-

pahic. At the beginning of the project realization it was decided to proceed in with weekly meetings

of the project with advisors and other members of research groups working on similar project on

vehicle crash. The meetings have been taking place every Wednesday for one hour. The project

tasks from the preceding week is briefly discussed with the advisors and at same time look on to

the following weekly plans.

The tasks in the project were divided between the members of the project team from the beginning

and everything was being in progress with good cooperation to stick to the time table. The project

work was expected to be executed according to a time table presented below in the Appendix A.

It is noted that the shown version is the final one, since throughout the project realization some

changes were needed in the project planning. The time table was presented using Gantt chart and

modification and updates were being made accordingly throughout the project phases.

The different tasks of the project were indicated in the left part of the chart and the allocated time

interval of the tasks were indicated by the color at the right columns. Each task was expected to

be started at the beginning of the colored zone and be completed at the end of the colored zone.

The major tasks were also identified as major parts in the project documentation, and the details

break down of the project tasks were taken as section and subsection in the documentation of

the project. Even though the project had been delayed about a month due to some inconvenient

reasons, it can be observed the task plans were strictly followed according to the time table by

successive hard work of the project members.

As the title of the project indicates the project includes tasks that require knowledge from different

fields and availability to a number of different reference sources. In addition, the project was

conducted as a team work and a lot of various materials, calculations, drawings, concepts, designs,

etc. were produced. In order to improve effectiveness of work and knowledge sharing, it was

decided to use a well known Internet tool: DropboxTM (https://www.dropbox.com/). Thanks

to this powerful information sharing tool, both of the group members had a direct access to

everything done or shared by other member of the team in convenient and straight-forward form.

The report writing was being conducted starting from the beginning of project duration in parallel

to the project realization. This helped the project team to facilitate the summarization and the

documentation of the results available in timely manner as well as intelligible way.
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1.6 Project Outline

The report is organized into the chapters briefly described as follows:

Chapter 1

The first chapter is the Introduction part. It starts with a definition of the problem and scope of

the work. The scope description part mentions some important and interesting scientific problems

that is tried to be solved in this project. There are four major parts to be carried out which

are itemized in the scope of the project. The introduction part addresses the aims of the project

and the motivation behind the whole work. The plan followed to realize the work is another part

described here, and the time needed for different levels of the plan is placed in the index part for

further reference.

Chapter 2

The second chapter includes background information which is necessary to start a project. It starts

with a section defining or answering questions such as: what is a vehicle crash or traffic accident?,

what causes the vehicle crashes everywhere?, and what is the extent of the problem ?. Three

different standard procedures followed to make a test experiment on a vehicle crash, and what

data these experiments provide are also described in detail here. Further, it is explained how these

data are used in the interest of enhancing crash safety. Some few examples of crash test experiments

are also listed. Two main approaches for the vehicle crash modeling which are the Finite Element

Analysis Method(FEM) and Lumped Parameter Modeling(LPM) are described briefly. Finally, a

custom methodology is created to describe the steps followed to solve the problem stated at the

beginning of the introduction.

Chapter 3

In the third chapter the experimental setup was described in detail. The explanation starts with

how the test site was organized and what the test facility incorporated. The information about

the car used for the full-scale collision, the dimensions of the vehicle and the barrier used for the

collision purpose are also described. Lastly, the instruments used for collecting the data and the

method of data acquisition are described in detail here.

Chapter 4

The Signal Analysis is one main focus area of the project that is described in the fourth chapter.

The content of experimentally obtained data set is explained at the beginning of this section. In

the next step the raw data set is put into analysis to investigate the data in time domain and
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frequency domain. Then the data is filtered using Butterworth low-pass filter to reject unwanted

frequencies and to have as flat a frequency response as possible in the passband. Finally, the filtered

data is put into signal analysis to find important information such as crash time, deformation and

maximum dynamic crush.

Chapter 5

Finding new mathematical model is the major part of the project which is carried out in the

fifth chapter. First, a description of planar kinematics of rigid vehicle is presented and the planar

dynamic aspect of a rigid vehicle is carefully studied. Using mass-spring-dampers in combination

with the concept presented in the planar dynamics section, a new 2D mathematical model is

proposed for a representation of a vehicle to barrier collision. The next step was a careful study

of 3D kinematics and dynamics of a rigid vehicle. Then, three pairs of spring-dampers are each

parallely connected to a mass for a representation of a vehicle to barrier collision. Finally, using

the kinematics and dynamic knowledge gained, an equation of motion is presented for the system

representing a vehicle to barrier collision in 3D.

Chapter 6

The MATLAB simulation has helped a lot to elaborate the essence of the proposed mathematical

model and it is presented well in the sixth chapter. MATLAB is used to estimate or find the values

of the parameters for the simulation process and the comparison of the real data and the model

response is carried out in this section using the powerful simulation tools. Lastly, the validation of

the model is made here using data from another vehicle crash with different angle of impact and

different intial speed.

Chapter 7

The discussion and evaluation provides an overview of the project outcome. In the discussion and

evaluation section the result obtained from the signal analysis are discussed. Then the expected

performance of proposed 3D mathematical model response is compared to the real data signal

analysis result. At last the validity of the results is discussed along with pros and cons of the

proposed models.

Chapter 8

This section outlines the conclusion drawn based on the execution of the project. The points of

conclusion are made to clarify that the objectives of the problem statement are met. Finally some

suggestions for further work relevant to this project is proposed.



Chapter 2

Theoretical Background

2.1 Vehicle crash

2.1.1 Definition

The term Car crash also known as a traffic accident (motor vehicle collision, motor vehicle accident,

car accident, automobile accident, road traffic collision, or car smash) refers to the general term used

for a traffic accident involving collisions or impact between an automobile and another automobile,

collision between vehicle and roadside hazards, pedestrians, or animals[17].

Roadside hazard is a stationary obstruction by the side of a road that could increase the probability

of vehicle crash or occupant injury or fatality if a motor vehicle leaves the roadway. The fixed

obstructions may include trees, utility poles, luminaries supports, sign posts, bridge rails and end

treatments, fences, embankments and cuttings, ditches, guard rails (and guard rail end treatments),

mail boxes and drainage structures [18].

2.1.2 Causes of Vehicle Crashes

Different factors contribute to the risk of vehicle collision that may include equipment failure, road-

way design or poor roadway maintenance. A behavior of a driver, driver skill and/or impairment

and speed of operation are another factor that could lead to vehicle accidents. The vehicle design

and road environment are also factors in vehicle collisions [17].

2.1.3 Problems of road traffic injury

Road traffic accident is a big challenge in all societies today. It is a complex and dangerous system

which people deal with every day. Vehicle crashes are one of the traffic accidents that lead to the

death or fatality of occupants, pedestrians, animals or cause a great damage to roadside safety

equipments or properties.

7
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The traffic injury cause dozens of survivors live with short-term or permanent disabilities that

may lead to a continuous restriction on their physical functioning, psychosocial consequences or

a reduced quality of life. People counted in millions spend long weeks in hospital each year after

severe crashes and may never have the same potential as before the crashes happened. About 50

million people are injured worldwide every year and an estimated 1.2 million people are killed in

road accidents. Projections indicate that these figures will increase by about 65 % over the next

couple of decades. This indicates there should be new commitment to prevention [19].

The traffic accidents have also bad economic consequences. In low-income countries the cost

of road crash injuries is estimated at roughly 1% of gross national product (GNP) in economic

terms. It is estimated 1.5% in middle-income countries and 2% in high-income countries [20]. The

direct economic costs of global road crashes have been estimated at 387.67 euro($ 518) billion. In

European Union (EU) countries alone road crash injury contributes 5% to the global death toll

which exceed 180 euro billion in economic terms [19].

2.2 Vehicle Crash Testing Procedures

Crash safety of vehicles is very important because of the direct or indirect involvement of human in

automobile accidents [21]. Even though fatality rates of cars are declining and the cars are getting

safer each year, car crashes are still one of the leading cause of death and injury in many communi-

ties [22]. Cars have been getting safer because of well-established testing programs. Instrumented

and controlled collisions are used recently by manufacturers to build improved crash safety into

their vehicles [21]. Vehicle crash testing is quite extensive and it composes many kinds of objects

in the struck and different type configurations. Full scale vehicle is the crucial for impact testing

in addition to other instrumentation and components [23].

In this topic for testing procedures we intended to focus on full scale barrier impact testing for

,three of the most widely consulted consumers safety programs [12] which are European New Car

Assessment Program(Euro NCAP), National Highway Traffic Safety Administration(NHTSA) and

Insurance Institute for Highway and Safety (IIHS). The content is description about the basic

testing procedure and some points their rating criteria.

2.2.1 European New Car Assessment Program(Euro NCAP)

Euro NCAP is European organization that was set up by the Transport Research Laboratory for

the UK Department for Transport, and was backed by several European governments and the

European Union. Euro NCAP encourage safety improvements to new car design [1]. Cars for the

evaluation and testing are purchased from dealers randomly [12].

Euro-NCAP organizes crash test using frontal and side collisions and publish test results that pro-

vide accurate information to motoring consumers based-on a realistic and independent assessment
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of safety performance for most popular cars sold in Europe [24][1]. EEVC WG17 safety assessment

protocol is used by Euro-NCAP for occupant safety as well as pedestrian safety [12]. According to

[1], for the Frontal Impact test a speed of 64km/h is used to strike the car to deformable barrier

that is offset see Figure 2.1. 50th percentile male HYBRID III dummies are fitted into the driver

and front passenger seat belted to carry out the test [12] and the assessment given to adult front

occupants is carried out depending the readings taken from these dummies [1].

Figure 2.1: Euro-NCAP Frontal Impact Test Set-Up (RH drive) [1].

The offset frontal impact is made into an immovable block fitted with a deformable aluminum

honeycomb face [24] [1]. The offset test with the impact across 40 percent of test car’s front is

made to replicate one car having a half width frontal impact with another car of equivalent size

and weight. This test is made in order to identify the car’s ability to survive the impact without

suffering passenger compartment intrusion. The speed of collision of 64km/h between a car and

an immovable block represents a car to car collision with each car traveling at around 55 km/h.

The energy absorbed by the deformable face makes the difference in speed [1].

A quarter of all serious-to-fatal injuries happen in side impact collisions in Europe. The side impact

test which includes car-to-car side impact and pole-to-side impact is the second most important

crash configuration. A mobile deformable barrier (MDB) is used to impact the driver’s door at the

speed of 50km/h for the replicate of car-to-car side impact see Figure 2.2.

The second side impact test is carried out by making the car tested propel sideways at 29km/h

into a rigid pole for the simulation of pole-to-side impact see Figure 2.3 [1]. A 50th percentile male

Euro-SID I dummy is fitted belted into the driver seat [12] to assess the injury protection.
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Figure 2.2: Euro-NCAP Side Impact Test Set-Up (RH drive) [1].

Figure 2.3: Euro-NCAP Pole Impact Test Set-Up (RH drive) [1].

2.2.2 National Highway Traffic Safety Administration(NHTSA)

NHTSA is an agency of the Executive Branch of the U.S. government, part of the Department of

Transportation. It has been providing important comprehensive information for long years which

composes frontal and side crash test results to consumers to assist in car purchasing decision [12].

It has also the responsibility for setting and monitoring the standard for traffic and safety for all

motor vehicles in U.S. [25]. Results are published for the information of consumers, as the US arm

of the international New Car Assessment Program (NCAP)[24].
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They use a protocol FMVSS208 [2] for checking how well occupants would be protected in a

passenger vehicle during an event of a serious real world crash. This protocol has elevated occupant

crash protection by encouraging the improvement of vehicle structure and restraint system. The

structural design of a car should lessen the gravity of two adverse effects of a crash which are

the degradation of the occupant compartment survival space, and the occupant compartment

deceleration severity. These two effects have the potential to cause death or fatality. NHTSA

use several frontal crash procedures and try to find out if the frontal collision procedure meets the

required objectives. The procedures prescribed by the protocol FMVSS208 includes: the full frontal

fixed rigid barrier test, the oblique frontal fixed rigid barrier test, the generic sled test, the offset

frontal fixed deformable barrier test, the perpendicular moving deformable barrier (MDB) test, the

oblique moving deformable barrier test and the full frontal fixed deformable barrier (FFFDB) test

[2].

As mentioned above US-NCAP conducts a frontal impact test and a side impact test to investigate

occupant safety [12]. A rigid barrier crash test is applied and the test involves belted and unbelted

50th percentile male anthropomorphic dummies for impact conditions. The vehicle speed is often

from 0 to 48 km/h, and impact angle is from 0 to 30 degrees [2]. For the full width frontal

impact which is illustrated in Figure 2.4. 50th percentile male HYBRID III dummy are fitted in

the driver and front passenger seats and the vehicle crashes head-on into rigid concrete barrier at

56km/h(35mph). The occupant restraint system such as belts and air bags are evaluated from this

particular test [24].

Figure 2.4: US-NCAP Frontal Impact Test Set-Up [2].

The FMVSS 214 is side barrier impact protocol with increased impact speed, i.e., 61.9km/h

(38.5mph) vs. 53.9km/h (33.5mph). The 50th percentile male US-SID dummies are belted and

positioned in the driver and driver side rear passenger seats while the trolley impacts the targeted
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in crabbed configuration [12]. The frontal impact and side barrier impact performance are pre-

sented separately with an individual star rating for each dummy positioned in the vehicle under

assessment by US-NCAP [12].

2.2.3 Insurance Institute for Highway and Safety (IIHS)

The IIHS is an independent, nonprofit scientific and educational organization that has been working

to reduce the number of motor vehicle crashes , the rate of injuries ,amount of property damage in

the crashes that still occur, and it has been finding out what works and does not work to prevent

vehicle crashes from happening [3]. It focuses on countermeasures aimed at human, vehicular,

environmental factors ,and on interventions that can occur before, during, and after crashes to

reduce losses. IIHS rates vehicles and publish the result by performing the low-speed bumper

crash tests, head restraints tests and frontal impact crash tests [12].

The frontal impact test is carried out in two different modes which are a moderate overlap test

and a small overlap test. A vehicle traveling at speed of 64.4± 1km/h impacts a deformable face

made of aluminum honeycomb barrier with 40 ± 1% overlap on the driver side see the Figure 2.5

[3]. A HYBRID III dummy representing an average-sized man is fitted and belted into the driver

seat [3, 12]. This test represent a frontal offset crash between two vehicles of the same weight both

traveling at speed 65km/h [3].

Figure 2.5: IIHS Moderate Overlap Frontal Impact Test Set-Up [3].

The second FI test is Small overlap frontal test which is introduced in 2012. A vehicle traveling

at speed of 64.4km/h is made to impact 1.524m tall rigid barrier to replicate what happens when

front corner of a vehicle collides with other vehicle or object like a tree or utility pole. The vehicle

hits the barrier with 25% of the total width overlap on the driver side that is shown in Figure 2.6.
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A HYBRID III dummy representing an average-sized man is fitted and belted into the driver seat

[3].

Figure 2.6: IIHS Small Overlap Frontal Impact Test Set-Up [3].

Three factors are assessed in the moderate overlap and small overlap frontal tests. The three

factors engineers use include structural performance, injury measures and dummy kinematics to

determine each vehicle overall crash-worthiness evaluation [3, 12].

IIHS performs also a side impact test. The side impact test is performed by 1496.85kg SUV-like

barrier. The barrier strikes the driver side of the vehicle at speed of 50km/h as shown in the

Figure 2.7. The test is carried out using two SID-II dummies representing small (5th percentile)

women or 12-year-old children. These dummies are placed in the driver seat and the rear seat

behind the driver. The side impact test rating is determined by looking at driver and passenger

injury measures, head protection and structural performance [3].

2.2.4 Some other Crash Testing Techniques

There are several other vehicle crash testing procedures. For example, National Road Motorists

Association(NRMA) is an organization in Australia that involves assessment program of new cars.

The Australasian New Car Assessment Program (ANCAP) carry out crash testing new model

vehicles under strictly controlled conditions. It compares injury levels of occupants involved in

frontal and side impacts and publish results [10, 24].

Another Vehicle Crash testing procedure is carried out by Japan NCAP. Japan NCAP is the

Japanese organization that works under the guidance of Ministry of transport. The safety per-

formance of automobile currently available in Japan is evaluated using its own procedure [11, 24].

There is also several automotive industry Vehicle crash testing facilities in different countries.
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Figure 2.7: IIHS Side Impact Test Set-Up [3].

Some examples are Ford Company Test Facility, General Motors Corporation Automotive Crash

test Facility ,Crash Test Techniques at FIAT and so on.

2.3 Vehicle Crash Modeling

2.3.1 Finite Element Analysis Method

Vehicle crash modeling is one of the challenges in the area to determine the crash-worthiness. There

are two main approaches to the modeling of the vehicle crash. The first method is carried out by

a use of a virtual environment software which is called a Finite Element Analysis Method (FEM)

[26] and the second method is by a use of Lumped Parameter Modeling(LPM) [27],[28].

The two different approaches have their own advantages and disadvantages that need to be con-

sidered when one wants to use either of them. The major advantage in using FEM is the ability to

represent the geometrical and material details of structure in virtual environment software. How-

ever, FEM consumes more time and is more expensive than the LPM that could be considered

as its major disadvantages. On the other hand, the LPM has a major advantage of low use of

computer resource and simplicity of modeling. Finding the values for the lumped parameters is a

problem in the LPM [26].

FEM is considered a most powerful in the vehicle crash analysis that is suitable for creation

and simulation of a 3-dimensional car model. There are several types of modeling and simulation

software that could be used in the simulation and analysis of vehicle crash dynamics and kinematics.

Two FEM software are briefly described below as an example for a use in vehicle crash as well as

occupant safety modeling and simulation.
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LS-DYNA

LS-DYNA is a general-purpose, explicit finite element program capable of simulating and analyz-

ing the complex real world problems which are nonlinear dynamic response of three-dimensional

structures. It was developed by Livermore Software Technology Corporation [29]. LS-DYNA is

used by several industries that include automobile, aerospace, construction, military, manufactur-

ing, and bioengineering sectors. LS DYNA minimizes a design time for a system by predicting how

a prototype will respond to real-world events. Fully developed collision analysis is incorporated in

LS-DYNA and it has also a built in features for errors in defining the surface contacts between

mating surfaces. It is user friendly software and it is easy to run all types of vehicle crash analysis

[30].

IMPETUS AFEA SOLVER

This is another FEM software package that can be used for non-linear computational mechanics

such as vehicle crash analysis. According to the developers website information it is primarily

developed to predict large deformations of structures and components exposed to extreme loading

conditions. Impetus is a volume element based programming. The package comprises different

solver modules such as Finite Element(FE) module, Discrete Particle (DP) module, WELDSIM

module and Smoothed Particle Hydrodynamics (SPH) module.

It has also a post processor feature which is a professional engineering tool for analysis and post

processing of the Solver’s database. The tool can be used to high quality graphics, animations and

plots which can be used directly for reports and company presentations [31].

2.3.2 Lumped Parameter Modeling

The theory of lumped parameters has been developed from the background of spring stiffness. It

is an analytical way of solving a vehicle crash. It uses dynamic and kinematics equations. For

example, a mass-spring and damper model to describe a car colliding with a hazardous obstacle

[32]. Finding solutions to differential equations allow us to obtain the acceleration for the entire

vehicle and by integrating it one can obtain the speed and displacement of the vehicle during

and after impact. This method is good for representing a real crash and because of its simplicity

compared to FEM makes it a good candidate for assessment of car crash data.

The models can be made by a simple Kelvin model or a more complex dynamic model which

represents for example the front panel with equations of mass, suspensions, engine and other

mechanical units for better approximation. The disadvantage of this modeling approach is to

estimate the parameters of the spring and damper which are mostly found on the basis of the real

crash for a certain case. It can be used for good approximation for the case where the real data is

collected [26].
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In recent years there were a lot of theories and publications of different car crash models. In any

damage analysis, where a crash or impact occurs, whether it is a plane crash, train or in this case

a car crash, the total energy of the impact will be absorbed and used in balancing equations. As

mentioned earlier in the text, first the data from the accelerometers and other sensors needs to

be gathered. Then the acquired measurements from the real case should be processed for further

creating models and simulations to best fit the real data analysis.

In the LPM different software can be used to generate a model which represents the actual case.

Using curve fitting toolbox from MATLAB one can estimate a function for the acceleration graph

which is generated from the real data. It could be a Gaussian or an exponential function with

several terms. Acceleration pulse approximation can also be made to describe the real data by

using basic functions of sine, haversine or smoothing spline. Another approach is using wavelets

functions to reconstruct the acceleration signal from the wavelets coefficient matrix for the major

frequency components as described in [33] and gave satisfactory results comparing with real crash

data.

Other method use neural networks and fuzzy logic which is a newer type of intelligent technologies

and it has good result when comparing with the actual acceleration pulse signal. Fuzzy logic is

explained by fuzzy sets that are representation of probability. Fuzzy rules can be used to describe

a system of uncertainty where it is difficult to use a mathematical model [26].

2.4 Project Methodology

.

The goal set previously put forward in the introduction part of the project will be reached by

following custom methodology designed for this specific task Figure 2.8. The first step handled

in the starting part of this project was to clearly define what is the problem at hand. Based on

the clarification, information gathering has taken place for further investigation and determining

method to solve the problem. To work for a reliable car accident reconstruction the first thing

required is an estimation of the change in the velocity (acceleration) that a vehicle experiences

during a collision. In this case the data is obtained from previously carried out full-scale crash

experiment.

The next step was to make a detailed signal analysis that helped in the decision making of how to

approach the problem. The raw data was put into MATLAB software and necessary information

was obtained to select Lumped mathematical modeling approach for modeling and simulation

process. The methodology used to reach at the final step of Establishing Mathematical Model for

the crash test can easily be seen in the Figure 2.8.
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Figure 2.8: Flowchart for the problem solution
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The Experimental Setup for the

Collected Data

3.1 Test Facility

The test was carried out at a test field Lista Airport in Farsund, Norway on 20, September 2004.

The test facility was built considering safety issue for this experimental purposes of the vehicle crash

scenario. The test was conducted by teamwork of researchers from Agder Research Foundation.

The test site was arranged to have an acceleration field of 100 meter long that consists of two

anchored parallel pipelines. The pipelines were arranged to give a distance of 5 meter clearance

to the front wheel tires. The release mechanism was placed 2 meters in front of the end of the

pipelines and a truck and tackle was used to accelerate the test vehicle. The distance between the

end of the pipelines and the test item was made about 6.5 meters. The experimental setup can be

seen in Figure 3.1.

Because of high cost expenses of a full scale crash testing a standard vehicle was used. The test

vehicle was Ford Fiesta 1.1L,1987 model. The vehicle identification number was ”WFOBXXGAF-

BHM40099”. The front and left side of the test vehicle looks like Figure 3.2 before the impact.

A belted dummy without fully loaded instrumentation was seated at driver seat. The inertial test

mass measured was 789kg.The total test mass was 873kg including the test dummy and measuring

equipments. The center of gravity of the test vehicle was calculated and the result was recorded

before the test. The lowest point of the vehicle was 0.12 meters above the ground level. The width

of the vehicle was 1.58 meters, the length was 3.64 meters and the height was 1.39m. The vehicle

dimensions and the center of gravity position are shown in the Figure 3.3 and the Table 3.1. The

vehicle was executed with a target impact speed of 35± 3km/h and the measured vehicle’s impact

velocity was 35.4km/h.

18
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Figure 3.1: Experimental Setup of the car crash [4].

Figure 3.2: Test vehicle before impact [4].

 

Reference 
no. 

Width 
[m] 

Length 
[m] 

Height 
[m] 

Wheel track 
-front axel 
-rear axel 

Wheel 
bas[m] 

Frontal 
overhang[m] 

Rear Over 
hang[m] 

04-02 1.58 3.64 1.39 1.38 
1.34 
 

2.28 0.66 0.70 

Table 3.1: Vehicle dimensions [4].
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Figure 3.3: Vehicle Dimensions. [4].

Four load cells were used for weighing the test vehicle to determine the position of center of gravity

in the horizontal position . Then the vehicle was tilted by lifting the front of the vehicle. The

following parameters were recorded in both position[4].

• m1:front left wheel load,

• m2:front right wheel load,

• m3:rear left wheel load,

• m4:rear right wheel load,

• mv:frontal left wheel load,

• θ: tilted angle,

• l: wheel base,

• d: distance across the median plane between the vertical slings from the lift brackets at the

wheel and the load cells.

Longitudinal location: The horizontal distance between the center of gravity and the front axle

centerline [4]:

CGx =
[
m3+m4
mv

]
l

Lateral location: The horizontal distance between the longitudinal median plane of the vehicle and
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the center of gravity(positive to the left) [4]:

CGy =
[
m1+m3−(m2+m4)

mv

]
d
2

Location of the center of gravity above a plane through the wheel centers [4]:

CGz =
[
(m1+m2)−mf

mvtanθ

]
l

where:

mf : front mass in tilted position

mb: rear mass in tilted position

The measured values for the parameters in the above equations are shown in the Table 3.2.

 

Ref no. m1 
[Kg] 

m2 
[Kg] 

m3 
[Kg] 

m4 

[Kg] 
mv 
[Kg] 

mf 
[Kg] 

mb [Kg] d[m] l[m] theta 
[degr] 

04-02 257 237 154 150 
 

798 444 354 1.73 2.28 28.4 

Table 3.2: Vehicle dimensions [4].

The vehicle was targeted to stop after it hits the rigid steel obstruction. The Figure 3.4 shows the

test vehicle during the impact. The dummy placed at driver’s seat is also easy to identify in this

picture. The test vehicle after the impact is shown in the Figure 3.5. The barrier was fixed from

the back to an industrial shovel of a heavy loader machine.

It can be seen from the Figure 3.6 the obstruction was a rigid steel with 275mm outer diameter

and it was welded to a heavy steel plate. The rigid cylinder was fixed in such away that it must

not be displaced statically more than 10mm during the test when measured at contact surface. To

fulfill this rigidity the cylindrical steel barrier is filled with concrete and welded to a heavy steel

plate which is bolted by four bolts to the pavement. It was arranged to be hit by the test vehicle

in the vehicles symmetry axis. The base plate was made to measure 740mmx410mmx25mm and

the length of the pipe was 1290mm. The obstruction was arranged to give an impact angle of 0

degree.
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Figure 3.4: Test Vehicle during the impact [4].

Figure 3.5: Test Vehicle After impact [4].

3.2 Instrumentation

A 3 dimesnional accelerometer was used to gather the accelerations for the test vehicles in three

axes of directions at the center of gravity of the vehicle during the collision. There are different

choices of accelerometers. The most common in use is the strain gauge measurements which provide

an output voltage which is equivalent to the change of strain. Others use change in the capacitors

or within crystals (piezoelectric) for an output voltage. The basics of piezoresistive accelerometer

is shown in the Figure 3.7 [5].
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Figure 3.6: The test Barrier(Obstruction) [4].

Figure 3.7: Piezoresistive accelerometer [5].
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The other type of accelerometer used is piezoelectric crystal accelerometer which is shown in the

Figure 3.8 [5]. There were two-triaxial piezoresistive accelerometers used in this experiment which

were mounted on a steel bracket close to the vehicles center of gravity. The bracket was fastened by

screws to the vehicle chaises. The accelerometer used in the damage and the bodies were visualized

Figure 3.8: Piezoelectric accelerometer [5].

by using still pictures and high speed video films. These normal speed and high speed cameras

were used to record the behavior of the obstruction and the test vehicle during the collision. To get

a full overview of the impact, seven cameras were mounted around the scene to provide good visual

images and documentations. This is also done for proving that the physical test was closely accurate

to the assumptions and statements made by the project group. The layout Figure 3.9 shows the

camera alignment with respect to the speed direction line. Kodak and Sony brand cameras were

used. An inductor monitor was used to monitor the speed of the vehicle. The inductive sensor

used was a type N4-S12-AP6X and it was directed towards a perforated disc mounted on a wheel.

The wheel for this purpose was mounted on the right side of the test vehicle. The accelerometer

was calibrated according to the procedures pointed out by the supplier [4].

3.3 Data Collection Technique

Data from the vehicle full scale frontal crash was collected from several mounted sensors attached

within the car. The measuring instruments used were two 3-D accelerometers, a gyroscope and

an inductive vehilce speed monitor. They were attached to important points within the car for

the best possible readings. The speed of the vehicle before the impact and through the collision

was measured using the inductive vehilce speed monitor. The vehicle accelerations in three axis

directions was measured by accelerometers which were mounted on a steel bracket close to the

vehicles center of gravity. The vehicles yaw rate was measured using the gyroscope that recorded 1
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Figure 3.9: The Alignment of Cameras [4] .

deg/msec. High speed and normal speed cameras were used to record the behavior of the vehicle

during the collision.

The front characteristic of the vehicle used for the full scale testing of road masts was made in

accordance with the requirements set forth in the European standard NS-EN 12767:2000:”Passive

safety of support structure for road equipment-Performance requirements and test methods” [4].

Other issues were the crash configuration. There can be many different configurations for the test

to be performed according to different protocols and standards. This research was conducted for

direct front impact or hitting hazardous obstacle with impact angle of 0 degree. The initial speed

of the car at the impact was 35km/h.

A pipe which was bolted to the concrete runway has guided the steering test vehicle to hit the

obstruction. The vehicle was made to steer freely 7m before it hits the obstruction. The measure-

ments were taken for accelerations in three axes(X,Y and Z-axis) and yaw rate about Z-axis that

could be used to calculate a velocity-time and displacement-time graphs for the test vehicle. The

vehicle was supposed to stop when it hits the rigid steel obstruction. Safety issues were also con-

sidered if the car would start to change the initial angle and begin to shift. The car was accelerated

by a truck at the other side connected through a release mechanism and wire connections [4].
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Signal Analysis

4.1 Data Set

The received data from the different sensors are described here. As discussed in the experimental

setup section, the data collected includes important sensors’ data set. The set as shown in Table 4.1

and Table 4.2 contains data from two accelerometers in three dimensions separately mounted close

to the center of gravity of the vehicle. Another important data from the measurements was the

rotational angle measurement taken for the car about the vertical direction to the ground. There

was also an inductive speed monitor used to measure the speed of the vehicle.

The data gathered from the data acquisition system was unfiltered type. In the unfiltered or wide-

band data there are unwanted frequencies and noise that can cause disturbances or discrepancies

in the signal for analysis. As mentioned earlier, the sampling rate of the data acquisition was

of 10kHz which means that one sample was gathered every 1/10000Hz = 0.00001s. There were

33008 samples collected from each sensor. Each channel of the sensors could gather up to 6.5 s

of data and it has sufficient memory for each channel. The yaw rate was measured with respect

to the y-axis as the x-axis is the reference point of the frontal impact. The Table 4.1 shows brief

description of the parameters gathered from the data acquisition system.

In analysis part of this project the acceleration data is used to be integrated and provide many

important information such as, the velocity, the dynamic crush, the time of the maximum dynamic

crush, the time of rebound and others.

The second data set provided was the filtered data shown in Table 4.2 using a third order low-pass

Butterworth filter design. This data is generated from the raw unfiltered data by making use of

CFC-60 and CFC-180 method according to the ISO-6487:1987 standard. The two channel classes

use different cut off frequency that are 100 Hz for CFC-60 and 300 Hz for the CFC-180. The cut

off frequency is a boundary condition for allowing low frequencies to pass through and attenuates

the high ones. This is due to high disturbances and noise from a full scale vehicle crash which

might cause bad signal processing. Th

26
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Parameters Explanation 

X From sensor 1, Acceleration in X direction 

Y From sensor 1, Acceleration in Y direction 

Z From sensor 1, Acceleration in Z direction 

X1 From sensor 2, Acceleration in X direction 

Y1 From sensor 2, Acceleration in Y direction 

Z1 From sensor 2, Acceleration in Z direction 

Angular velocity Angular velocity in deg/s 

Yaw rate Degree of rotation from the gyro sensor 

 

Table 4.1: Data gathered from the mounted car sensors .

Parameters Explanation 

Xcfc60 From sensor 1, Filtered acceleration in X direction 

Ycfc60 From sensor 1, Filtered Acceleration in Y direction 

Zcfc60 From sensor 1, Filtered Acceleration in Z direction 

Xcfc180 From sensor 2, Filtered Acceleration in X direction 

Ycfc180 From sensor 2, Filtered Acceleration in Y direction 

Zcfc180 From sensor 2, Filtered Acceleration in Z direction 

Angular velocity cfc60 Filtered Angular velocity in deg/s 

Angular velocity cfc180 Filtered Angular velocity in deg/s 

 

Table 4.2: Filtered data set.

4.2 Raw Data Analysis

4.2.1 Acceleration data from Accelerometer

The first part for analysis work is for the collected raw data from each accelerometers. This

is unfiltered data for the crash scenario. The time range on the x-axis of the graph have been

limited to 180ms after observing that this time range is sufficient to include the necessary points of

discussion about the crash. The graph in Figure 4.1 shows the collected raw data of accelerometer

from the first sensor in the X-axis direction. The deceleration is depicted for only the time range

of 0s to 0.18s. Similarly, the graph in Figure 4.2 illustrate the collected raw data of accelerometer

from the sensor in the Y-axis direction and the graph in Figure 4.3 shows the collected raw data

from the sensor in the Z-axis direction.
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Figure 4.1: Unfiltered acceleration in X-axis direction .
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Figure 4.2: Unfiltered acceleration in Y- axis direction .
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Figure 4.3: Unfiltered acceleration in Z- axis direction .

4.2.2 Yaw rate and yaw angle

A vehicle yaw rotation is the change of a vehicle movement around the Z-axis that changes the

direction the vehicle is facing, to sideways of its direction of motion. A gyroscope was used to

measure the yaw rate of the vehicle during the crash. A yaw rate or yaw velocity measured was

the change of degree per second of the yaw rotation. The graph Figure 4.4 shows the measured

yaw rate of the vehicle. The yaw angle is found by integrating the yaw rate with respect to the

sampling time. The graph Figure 4.5 shows the yaw angle change of the vehicle for the time from

0ms to 180ms.

4.2.3 Velocity and dynamic crush from raw data

The raw data is difficult to analyze due to high frequencies, noises or some misalignment within

the acquired data points. By using the curve fitting method one can achieve a more practical and

feasible approximated crash pulse for further study. The Curve Fitting Toolbox in Matlab provides

the mathematical function of fitting curves and surfaces to reference data. The solutions generated

from the toolbox can be linear or nonlinear. The generated solution will follow the best possible

path for the reference data. The Gaussian method with eight terms is observed to be the best

method for creating a fitted curve in this case. The curve Fitting was used to approximate the
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Figure 4.4: Yaw rate of the vehicle.
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Figure 4.5: Yaw angle of the vehicle.
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crash pulse and the car kinematics that include the velocity and dynamic crush. The velocity and

the displacement of the vehicle impact is obtained by integrating the approximated crash pulse.

One of the facts to be considered here is that the experimental setup was for a front impact and the

most relevant graph was the one in X direction, however the accelerometers recorded some crash

pulse in Y and Z directions that needs to be taken into account. The acceleration data was input

into the Curve Fitting Toolbox and Gaussian approximation was used as it is shown in Figure 4.6

and polynomial function curve fitting is used for comparison which is shown in Figure 4.7. These

graphs show the accelerations, velocities and dynamic crushes of the vehicle during the impact

in the X-axis direction(all the graphs are of high resolution, for a better view, zoom to see the

specified area of target). It can be seen in both figures that the initial velocity is not equal to

35km/h as stated in the experiment description. The speed shows to be about 3km/h higher. This

discrepancy is a result of using raw data - without filtering. On the same graphs the maximum

dynamic crush and the time of occurrence are also shown. At time zero the front panel of the car

was in contact with the rigid obstacle at 35 km/h. The velocity of the car decrease rapidly and the

displacement viewed from the X-axis increased. The maximum dynamic crush happens at the point

where the decreasing velocity of the vehicle reaches zero value from the initial velocity. The vehicle

is shown to have maximum dynamic crush of 59.11 cm. The maximum dynamic crush occurred at

time of 86.11 ms. After the maximum crush occurrence the car started to slowly rebound.
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Figure 4.6: Gaussian curve fitted acceleration, velocity and displacement in X- axis direction .

To approximate the crash pulse in the Y-axis direction similar procedure of curve fitting in the

X-axis direction is used. Then the approximated crash pulse is integrated to obtain the graph for
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Figure 4.7: Polynomial function curve fitted acceleration, velocity and displacement in X- axis
direction .

the velocity and by further integration the dynamic crush is obtained as shown in the Figure 4.8.

The value of the dynamic crush on this graph is made in millimeter for a better display.

The crash pulse in the Z-axis direction as shown in the Figure 4.9 is obtained by utilizing the curve

fitting procedure similar to the previous work. After the curve fitting the crash pulse was integrated

to obtain the velocity and dynamic crush as shown on the plot. The value of the dynamic crash

on this graph is also made in millimeter for a better display.

4.2.4 Fast Fourier Transform of the acceleration signal of raw data

Signal analysis can be carried out in time-domain or frequency-domain of data. The fast Fourier

transform is a mathematical method for transforming a function of time into a function of fre-

quency. Sometimes it is described as transforming from the time domain to the frequency domain.

Frequency information is a powerful way of characterizing a signal. Using the fast Fourier transform

it is possible to see if the frequency is periodic and what frequency is dominant. The Frequency

analysis of crash pulses in linear scale looks like as in the Figure 4.10 for the X-axis direction. The

same graph from Figure 4.10 for frequency analysis is shown in the Figure 4.11 with more clarity

changing the frequency range from 0 to 1000Hz. It can clearly be spotted from both Figure 4.10

and Figure 4.11 that the lower frequencies have higher amplitudes.
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Figure 4.8: Fitted model acceleration, velocity and displacement in Y- axis direction .
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Figure 4.9: Fitted model acceleration, velocity and displacement in Z- axis direction .
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Figure 4.10: The whole spectrum frequency analysis of X-axis crash pulses in linear scale .
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Figure 4.11: A cut-off frequency analysis of X-axis crash pulses in linear scale .
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The next two figures shows the frequency domain analysis of the crash pulse in the Y-axis or lateral

direction of the vehicle crash. The whole spectrum frequency analysis of crash pulses in linear scale

for the Y-axis direction is shown in Figure 4.12 and the a part of frequency analysis of crash pulse

is shown in the Figure 4.13.
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Figure 4.12: The whole spectrum frequency analysis of Y-axis crash pulses in linear scale.

The frequency domain analysis for the Z-axis or the vertical axis to the crash plane is also shown

next. The FFT graph in Figure 4.14 shows the whole spectrum frequency analysis of Z-axis crash

pulses in linear scale and the graph in Figure 4.15 shows a part of frequency analysis of Z-axis

crash pulses in linear scale.

4.3 Signal Filtering

The raw data sometimes referred to as wideband data is the signal that can be obtained from the

impact stress recorded by an accelerometer. Digital filtering technique should be used to obtain

the signal in its useful frequency range. A filtering process is used to remove or suppress unwanted

feature of the sample data. The filtering technique selection should be made in such a way as to

satisfy the frequency response corridor specified by SAE J211 (Society of Automotive Engineers

Recommended Practice on the ”Instrumentation for Impact Tests”) or ISO 6487 (the International

Organization for Standardization).



Chapter 4. Signal Analysis 36

0 200 400 600 800 1000 1200 1400 1600 1800 2000
0

0.5

1

1.5

2

2.5

3

3.5

4
x 104

Frequency (Hz)

Fo
ur

ie
r A

m
pl

itu
de

FFT of unfiltered acceleration data in Y-direction

Figure 4.13: A cut-off frequency analysis of crash pulses in linear scale.
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Figure 4.14: The whole spectrum frequency analysis of Z-axis crash pulses in linear scale.
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Figure 4.15: A cut-off frequency analysis of Z-axis crash pulses in linear scale.

The target of these organizations is providing guidelines for filtering specifications and the selection

of a class of frequency response. The ISO 6487 protocol is used for filtering the raw data in this

project. This technique was issued on May 1, 2000 as the third edition with a title Road Vehicles

Measurement Techniques in Impact Tests Instrumentation [34]. The standard is basically the same

as SAE J211, which was issued in March 1995.

According to ISO-6487:2002(E), which is attached in Appendix B, the frequency response of a data

channel should lie within the limits for curves of CFCs 1000 and 600 that is specified as shown in

the Figure 4.16. A number is indicating the frequency channel for designation of frequency class.

The value of frequency FH (in hertz) and the number are numerically equal. The table shown

in Table 4.3 explains what the parameters in the Figure 4.16 indicates for the frequency response

corridor given.

In the ISO-6487 standard indicated above frequency response values are specified for the passband,

transition band, and stop band for four specific channel classes. Both SAE J211 and ISO 6487 use

the same specfication for the channel classes CFC-60 and CFC-180 [5]. The channel class selected

for a particular application is shown in Appendix C.

The filtering effect of three of these four channel classes with the wideband or unfiltered data are

shown in the Figure 4.17. It can easily be observed in the figure that the bigger the designation

number used for filtering the more similar the filtered data becomes to the unfiltered data.
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Figure 4.16: Frequency Response Corridor Appendix B.
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FL 
Hz 

 

FH 
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FN 
Hz 

 

 g 

1000 ≤ 0,1 1000 1650 -40 dB 

600 ≤ 0,1  600 1000 -40 dB 

180 ≤ 0,1 180 300 - 30 dB 

60 ≤ 0,1 60 100 -30 dB 

Logarithmic scale 

a ±0,5 dB 

b ±0,5 dB – 1 dB 

c ±0,5 dB – 4 dB 

d ±0,5 dB 

e -24 dB/octave 

f - ∞ 

g - 40 dB 

Table 4.3: Parameter values in the Figure 4.16 .

There are two types of digital filters used in processing vehicle crash test data. The two digital

filters methods are commonly known as Chebyshev and Butterworth filters. The frequency response

characteristics of Butterworth filters fall within the specified frequency response corridors specified

in the ISO standard that make the filter type worth using. The amplitude response characteristic

of Butterworth low-pass filters are designed to be as flat as possible at low frequency and decreases

with increasing frequency [5].

The filter used for this project is Butterworth order lowpass digital filter with cut - off frequency

FN = 300Hz. It is called a channel class CFC-180 that is selected for the analysis of the crush

pulse for finding the velocity and displacement from the integration of the acceleration data. The
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Figure 4.17: The effect of three filtering channel frequency classes with unfiltered data .

filter is described by its frequency response characteristic from the standard. The use of this filter

is to get rid of the high frequency components of the crash pulse. The comparison between the

deceleration from the filtered data with CFC-180 method and the wideband data in the X-axis

direction is shown in the Figure 4.18.

The CFC-60 is used for filtering crash pulse to be used in the collision simulation input for vehicle

structural acceleration. The comparison between the deceleration from the filtered data with CFC

60 method and the wideband data in the X-axis direction is shown in the Figure 4.19. Similarly, the

comparison between the deceleration from the filtered data with CFC180 method and the wideband

data in the Y-axis direction is shown in the Figure 4.20. The comparison between the deceleration

from the filtered data with CFC60 method and the wideband data in the Y-axis direction is shown

in Figure 4.21. The comparison between the deceleration from the filtered data with CFC180

method and the wideband data in the Z-axis direction is shown in the Figure 4.22.

Lastly, the comparison between the deceleration from the filtered data with CFC60 method and

the wideband data in the Z-axis direction is shown in the Figure 4.23.

4.3.1 Time-domain analysis

The difference between the filtered data versus the unfiltered data using CFC-180 and CFC-60

for frontal impact cases(refering to the ISO-6487 standard ) are shown in the graphs above. The
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Figure 4.18: The crash pulse from the impact measurement for CFC 180 filtered vs unfiltered
data in X-axis direction .
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Figure 4.19: The crash pulse from the impact measurement for CFC 60 filtered vs unfiltered data
in X-axis direction .
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Figure 4.20: The crash pulse from the impact measurement for filtered with CFC180 vs unfiltered
data in Y-axis direction .
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Figure 4.21: The crash pulse from the impact measurement for filtered with CFC60 vs unfiltered
data in Y-axis direction .
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Figure 4.22: The crash pulse from the impact measurement for filtered with CFC180 vs unfiltered
data in Z-axis direction .
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Figure 4.23: The crash pulse from the impact measurement for filtered with CFC60 vs unfiltered
data in Z-axis direction .
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filtering process is carried out by using Matlab software. The software does have a built-in method

to calculate the filtered frequency using a Butterworth code.

Even though the whole time for the vehicle impact was recorded for more than 3seconds the

dynamic crush can be clearly analyzed for the time range between 0 ms to 180 ms that has been

used in this part of analysis. By making comparison between the filtered and unfiltered data it

is easy to observe the filtered data is better in representing the real case scenario than the raw

data. The initial velocity for the filtered graph is 35km/h compared to the fitted which was seen

to be approximately 38km/h which is shown in Figure 4.6. The filtered data shows a smaller value

of maximum dynamic crush of 50,17cm and a maximum dynamic crush time of 74,6ms which is

shown in the Figure 4.24. The rebound can also be clearly spotted after the dynamic crush and

continues to rebound to a certain limit where the deceleration becomes zero.
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Figure 4.24: Filtered data acceleration,velocity and displacement in X- axis direction.

As described previous in the unfiltered fitted curves the Y and Z axis are not very crucial part of

the information as the X-axis, since the experiment is a frontal impact. However, the sensors gave

some readings and the filtered results are shown below. The acceleration-velocity-displacement

graph for the Y-axis is shown in the Figure 4.25. For the Y and Z axis there is some unexpected

attributes for the vehicle crash, as seen from the graphs. The velocity never reaches the value zero

so the displacement look to increase over time.

There are some assumption made here to make the analysis simpler. For example, the velocity at

the impact is assumed to be zero for both Y and Z axis since the frontal collision velocity is in
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Figure 4.25: Filtered data acceleration,velocity and displacement in Y- axis direction.

X direction. The Y and Z axis could have had some initial velocity in practical sense but when

creating the mathematical model this theory was left out due to the assumption of all velocity was

generated in the X-direction. Another assumption is that the measurement picked up by the sensors

for the Y-axis and Z-axis are due to the impact effect from the X-axis direction. This are important

concept that could be utilized in the mathematical modeling representation of the vehicle-crash.

The acceleration-velocity-displacement graph for the Y-axis is shown in the Figure 4.26. The

measurement for the displacements in the Y and Z-axis are made to be in millimeter for a good

display on the graphs.

4.3.2 Frequency-domain analysis

In the discussion above it is clearly described that the raw data obtained from the sensors reading

should be prepared for signal analysis by using different types of digital filters. The filtering process

will help to obtain a useful frequency range. It is stated above the digital filter CFC-180 type is

used for the filtering of data in the integration for the displacement or velocity in the signal analysis

of vehicle structural acceleration. The result after filtering process are shown in Figure 4.24 for

the X-axis direction. Similar output is shown in Figure 4.25 for the Y-axis, and Figure 4.26 for the

Z-axis.

The CFC-180 filter is a Butterworth third order lowpass digital filter with cutoff frequency FN =

300Hz and this is clearly seen from the graph of FFT below. The frequency beyond 300 Hz has no
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Figure 4.26: Filtered data acceleration,velocity and displacement in Z- axis direction.

amplitude values after applying the CFC-180 filter as shown in Figure 4.27 for the X-axis direction

signal. The full frequency spectrum can be observed in the unfiltered FFT analysis section in the

Figure 4.10. The higher amplitude for the crash signal is observed in both graphs at lower frequency

which is the dominant frequency part that need to be considered in the simulation analysis.

Another digital filter type used in the signal analysis is CFC-60 that uses cutoff frequency FN =

100Hz. The CFC-60 is used in the collision simulation input for vehicle structural acceleration.

The filtered data FFT graph is shown in the Figure 4.28. It is clearly observed in this graph also

that the frequency beyond 100Hz has no high amplitude.

The FFT graph is shown for Y-axis signal in the Figure 4.29 . The CFC-180 digital filter is also

used for this case. The graph indicates larger amplitude values for lower frequency values than the

previous signal( X-axis). Similar attribute can be observed here that the value of frequency above

300Hz has no high value.

Lastly, the Z-axis FFT graph for the signal in the Z-axis direction is shown Figure 4.30 after ap-

plying CFC-180 digital filter. Similar characteristics with previous discussion can also be observed

for this data.
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Figure 4.27: Filtered data frequency analysis with CFC-180 of X-axis crash pulses in linear scale.
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Figure 4.28: Filtered data frequency analysis with CFC-60 of X-axis crash pulses in linear scale.
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Figure 4.29: Filtered data frequency analysis with CFC-180 of Y-axis crash pulses in linear scale.
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Figure 4.30: Filtered data frequency analysis with CFC-180 of Z-axis crash pulses in linear scale.



Chapter 5

Mathematical modeling of vehicle

crash

5.1 2D Mathematical modeling of vehicle crash

5.1.1 Vehicle Planar Kinematics

A rigid vehicle can be assumed to act as a flat box moving on a horizontal surface as considered

in a book by Jazar[7]. As shown in Figure 5.1 a flat box is attached with a local coordinate frame

B(cxy) at its body mass center which moves in the X-Y plane of global reference frame. The unit

vectors i and j are fixed in global coordinate frame G(OXY), while unit vectors e1 and e2 are fixed

in reference local coordinate frame B(cxy). The unit vectors e1 and e2 share the motion with the

body and change with respect to time.

i

j

c. e1

e2

(xc,yC,0)

O

G
v

B

v

Y

X

d

c

y

x

Figure 5.1: Rigid Vehicle representation [6].
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A vehicle in a planar motion can be illustrated in more clarity as in the Figure 5.2. A global

coordinate frame G is attached to the ground and a local coordinate frame B is attached to the

vehicle at the mass center C. The Z and z-axes are parallel, and the orientation of the frame B

is indicated by the heading angle Ψ between the X and x-axes. The global position vector of the

mass center is denoted by dG.

Figure 5.2: A rigid vehicle in a planar motion[7].

Transforming between local and global coordinate frames

A transformation matrix RG
B which can be written as in the Equation 5.1 can be used to find the

planar rigid vehicle’s EOM(Equation of Motion) in the body coordinate frame by expressing the

global EOM in the vehicle’s body coordinate frame B. In the similar method it is possible to apply

the transformation matrix to transform the vehicle’s local frame coordinate into the global frame

[9].

RG
B =


cosψ −sinψ 0

sinψ cosψ 0

0 0 1

 (5.1)

where:

• RG
B -the transformation matrix.

• ψ-the yaw angle or rotational angle about an axis perpendicular to the plane.
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Planar global frame velocity of a rigid vehicle

The velocity of the center of mass of the rigid vehicle with respect to the point O of global coordinate

frame can be determined by Equation 5.2[6].

GvB = ẋBi + ẏBj (5.2)

where:

• GvB- the velocity of the body with respect to point O of global coordinate frame.

• ẋB-the velocity of of the body in x-axis direction of local coordinate frame.

• ẏB- the velocity of the body in y-axis direction of local coordinate frame.

• i-unit vector along the global X-axis direction.

• j-unit vector along the global Y-axis direction.

Using the transformation matrix(Equation 5.1) the vehicle’s local frame velocity can be transformed

into the global velocity. The global velocity of the center of mass of the rigid vehicle with respect

to the point O of the global frame can be written as Equation 5.3 which further can be expressed

as Equation 5.4 for planar motion .

vG
C = RG

BvB
C (5.3)

where:

• vG
C -the global frame velocity vector of the rigid vehicle.

• RG
B -the transformation matrix.

• vB
C-the local frame velocity vector of the rigid vehicle.


vX

vY

0

 =


cosψ −sinψ 0

sinψ cosψ 0

0 0 1



vx

vy

0

 (5.4)

where:

• vX-global velocity of the rigid vehicle in the X-axis direction.
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• vY-global velocity of the rigid vehicle in the Y-axis direction.

• ψ- the yaw angle or rotational angle about an axis perpendicular to the plane.

• vx- velocity of the rigid vehicle in the x-axis direction of local frame.

• vy- velocity of the rigid vehicle in the y-axis direction of local frame.

Planar global frame acceleration of a rigid vehicle

The acceleration of the center of mass of the rigid body with respect to the point O of global

reference frame is determined by Equation 5.5 [6] which can be further expressed as Equation 5.6

for planar motion. The angular velocity ω of the rigid body should be considered to determine

the acceleration of the body with respect to the point O. The motion of the body is confined

to the plane and the angular velocity vector is about the z-axis that points outward direction

perpendicular to X-Y plane.

GaB = ẍBi + ÿBj (5.5)

where:

• GaB- the acceleration of the body with respect to point O of global coordinate frame.

• ẍB-the acceleration of the body in x-axis direction of local coordinate frame.

• ÿB-the acceleration of the body in y-axis direction of local coordinate frame.

• i-unit vector along the global X-axis direction.

• j-unit vector along the global Y-axis direction.

According to Jazar([7]), the global acceleration of the center of mass of the rigid vehicle with

respect to the point O of the global frame can be expressed in the vector form as the Equation 5.6

using the transformation matrix.


v̇X

v̇Y

0

 =


(v̇x − ψ̇vy)cosψ − (v̇y + ψ̇vx)sinψ

(v̇y + ψ̇vx)cosψ + (v̇x − ψ̇vy)sinψ
0

 (5.6)

where:

• v̇X-global acceleration of the rigid vehicle in the X-axis direction of global frame.
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• v̇Y-global acceleration of the rigid vehicle in the Y-axis direction of global frame.

• v̇x-local coordinate acceleration of the rigid vehicle in the x-axis direction of the local frame.

• v̇y-local coordinate acceleration of the rigid vehicle in the y-axis direction of the local frame.

• ψ-the yaw angle or rotational angle about an axis perpendicular to the plane.

• ψ̇=ωz-the yaw rate or the angular velocity of the rigid vehicle about z-axis which is perpen-

dicular to the planar motion.

5.1.2 Vehicle Planar Dynamics

To express the vehicle planar dynamics, a vehicle coordinate frame B(Cxyz) can be assumed to be

attached to the vehicle at the mass center C to express the EOM for the vehicle. This is shown

in Figure 5.3 which indicates the x-axis is directed forward and it is a longitudinal axis passing

through C. The y-axis is directed laterally to the left from the driver’s viewpoint. The z-axis

makes the coordinate system a right hand triad. The z-axis is perpendicular to horizontal flat

ground and opposite to the gravitational acceleration(g) according to Jazar[7]. For this vehicle

coordinate frame representation of the EOM is presented using Newton-Euler law’s of motion as

in Equation 5.7, Equation 5.8 and Equation 5.9:

Fx = mv̇x −mωzvy (5.7)

Fy = mv̇y +mωzvx (5.8)

Mz = ω̇zIz (5.9)

The transformation matrix can also be used here to transform the force vector from the local

coordinate frame to the global frame. The global Newton’s EOM can be written as Equation 5.10

which can be further expressed as in Equation 5.11 for planar motion.

FG
C = RG

BFB
C (5.10)

where:

• FG
C -global force vector.

• RG
B -the transformation matrix.

• FB
C-local frame force vector which is written in Equation 5.7, Equation 5.8 and Equation 5.9.
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Figure 5.3: Vehicle body coordinate frame B(Cxyz)[7].


FX

FY

0

 = m ∗


v̇X

v̇Y

0

 = m ∗


(v̇x − ψ̇vy)cosψ − (v̇y + ψ̇vx)sinψ

(v̇y + ψ̇vx)cosψ + (v̇x − ψ̇vy)sinψ
0

 (5.11)

where:

• FX-global force vector of the rigid vehicle in the X-axis direction of global frame.

• FY-global force vector of the rigid vehicle in the Y-axis direction of global frame.

• m-mass of the rigid vehicle.

• v̇X -Global coordinate acceleration of the rigid vehicle in the x-axis direction of the global

frame.

• v̇Y -globalcoordinate acceleration of the rigid vehicle in the y-axis direction of the global frame.

• v̇x-lolcal coordinate acceleration of the rigid vehicle in the x-axis direction of the local frame.

• v̇y-lolcal coordinate acceleration of the rigid vehicle in the y-axis direction of the local frame.

• ψ-the yaw angle or rotational angle about an axis perpendicular to the plane.

• ψ̇=ωz-the yaw rate or the angular velocity of the rigid vehicle about z-axis which is perpen-

dicular to the planar motion.



Chapter 5. Mathematical Modeling 54

By applying the same procedure for the moment transformation, the yaw moment of the rigid

vehicle about global Z-axis can be obtained as shown in Equation 5.12 which can be further

expressed as in Equation 5.13 for planar motion.

MG
C = RG

BMB
C (5.12)

MG
C =


cosψ −sinψ 0

sinψ cosψ 0

0 0 1




0

0

Mz

 =


0

0

Mz

 (5.13)

where:

• MG
C -global yaw moment about global Z-axis.

• RG
B -the transformation matrix.

• MB
C-local yaw moment about local z-axis.

• ψ-the yaw angle or rotational angle about an axis perpendicular to the plane.

• Mz-local yaw moment about local z-axis.

5.1.3 2D Mass-spring-damper Model

In this section a dynamic model with three degrees of freedom is developed for a rigid vehicle in a

planar motion based on [7],[6] and [9]. A planar dynamic model can be applied when the forward,

lateral and yaw velocities are important and are enough to examine the behavior of a vehicle [7].

A simple 2D mass-spring-damper Model is shown in the Figure 5.4. It consist of a spring of elastic

coefficient value kx[N/m], which is in parallel connection with a damper of damping coefficient

value Cx[Ns/m] to a mass with m[kg] in the x-axis direction. Another spring of elastic coefficient

value Ky[N/m] is parallel connected with a damper of damping coefficient value Cy[Ns/m] in the

y-axis direction to the center of gravity of the mass m. This simple model can be used to represent

the vehicle to barrier or vehicle to vehicle collisions.

To include the yaw motion of the mass this system is redrawn to represent the vehicle model in 2D

as shown in Figure 5.5. A point mass m with two degrees of freedom and its motion is described

by the coordinates x and y in the horizontal plane and rotational motion(yaw motion) about the

vertical axis. For modeling purposes, a spring with stiffness Kx, and a viscous damper with a

damping coefficient Cx are used to constrain motions along the x-axis direction attached the center

of mass m. Another spring-damper combination is used to constrain motions along the y-axis

direction attached to the center of mass m. The vehicle model has initial velocity in the X-axis

direction as represented in the Figure 5.5.
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Figure 5.4: Mass-spring-damper Model in 2-D for Vehicle to Barrier collision.

Figure 5.5: Mass-spring-damper Model for Vehicle to Barrier Collision in 2D.[6]

Equation of Motion

To obtain the governing equations, force balance is considered along the X-axis and Y-axis di-

rections. Making use of the diagram shown in Figure 5.5 and assuming X-axis component of the

resultant Fx acting on the mass(m) in the X-axis direction, and the Y-axis component of the re-

sultant force Fy acting on the mass(m) in the Y-axis direction, it is possible to obtain the relations

shown in Equation 5.14 and Equation 5.15 [9].

FX = −Cxvx −Kxx (5.14)
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FY = −Cyvy −Kyx (5.15)

Where:

• x and y are the respective displacements along the X-axis and Y-axis directions of the model.

• vx and vy are the respective velocities along the X-axis and Y-axis directions of the model.

• FX and FY are the components of the resultant force acting on the mass(m) along the X-axis

and X-axis directions of the model respectively.

• V x0 = 35km/h = 9.72m/s and V y0 = 0km/h are initial velocity in the X and Y directions

respectively.

• Kx and Ky are the respective spring stiffness along the X-axis and Y-axis directions respec-

tively.

• Cx and Cy are the respective damping coefficient along the X-axis and Y-axis directions

respectively.

Using the Equation 5.11 of planar vehicle dynamics for a rigid vehicle in combination with the

Equation 5.14 and Equation 5.15 for force balance it is possible to arrive at the Equation 5.16 and

Equation 5.17.

m((v̇x − ψ̇vy)cosψ − (v̇y + ψ̇vx)sinψ) = −Cxvx −Kxx (5.16)

m((v̇y + ψ̇vx)cosψ + (v̇x − ψ̇vy)sinψ) = −Cyvx −Kyx (5.17)

The Equation 5.16 and Equation 5.17 can be rearranged in matrix form as in Equation 5.18

[M ]

[
ẍ

ÿ

]
+ [C]

[
ẋ

ẏ

]
+ [G]

[
ẋ

ẏ

]
+ [K]

[
x

y

]
=

[
0

0

]
(5.18)

where:

[M ] =

[
mcosψ −msinψ
msinψ mcosψ

]
,

[C] =

[
Cx 0

0 Cy

]
,

[G] =

[
−mωzsinψ −mωzcosψ
mωzcosψ −mωzsinψ

]
,
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[K] =

[
Kx 0

0 Ky

]
,

• m-mass

• Kx-stiffness constant of spring in X-axis direction.

• Ky-stiffness constant of spring in Y-axis direction.

• Cx-damping coefficient constant of spring in X-axis direction.

• Cy-damping coefficient constant of spring in Y-axis direction.

• ωz-yaw rate about the vertical Z-axis direction perpendicular to the vehicle plane.

• ψ-yaw angle about the vertical Z-axis direction perpendicular to the vehicle plane.

5.1.4 Parameter Estimation and Model Establishment

A. Solving systems of linear equations

The differential equations derived for the 2D dynamic model of the vehicle in this project looks

like a system of linear equations, and a solution finding method of linear system can be applied for

the estimation of the parameters for the model.

The concept of linear system is the basis for a subject of linear algebra that is used in most parts

of modern mathematics. The method of finding the solutions to a linear system or computational

algorithms for finding the solutions is an important part of numerical linear algebra, and play a

prominent role in engineering, physics, chemistry, computer science, and economics. Non-linear

equations can often be represented with linear equations. The process is called linearization and it

is used when making a mathematical model or computer simulation of a relatively complex system

[35].

According to [36], a linear equation in unknown variables x1, x2, ..., xn is an equation of the form

a1x1 +a2x2 + ...+anxn = b. where, a1; a2; ...; an and b are constant real or complex numbers which

are called the coefficients of xi variables; and b is called the constant term of the equation.

A system of linear equations is a set or collection of equations that can be dealt all at once. For

example, a linear system of m equations in n variables x1, x2, ..., xn can be written as



a11x1 + a12x2 + ...+ a1nxn = b1

a21x1 + a22x2 + ...+ a2nxn = b2

.

.

am1x1 + am2x2 + ...+ amnxn = bm

(5.19)
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To find the solution of systems of simultaneous linear equations is to make an assignment of

numbers to the variables such that all the equations are simultaneously satisfied. A linear system

may behave in any one of three possible ways:

1. The system has infinitely many solutions.

2. The system has a single unique solution.

3. The system has no solution

The general form of linear equations(see Equation 5.19) can be represented in vector form as in

Equation 5.20.

x1



a11

a21

.

.

.

am1


+ x2



a12

a22

.

.

.

am2


+ ...+ xn



a1n

a2n

.

.

.

amn


=



b1

b2

.

.

.

bm


(5.20)

The vector equation can further be written in the form of matrix equation for Ax = b where A is

an m× n matrix, x is a column vector with n entries, and b is a column vector with m entries.

A =



a11 a12 . . . a1n

a21 a22 . . . a2n

. . . .

. . . .

. . . .

am1 am2 . . . amn



X =



x1

x2

.

.

.

xn



b =



b1

b2

.

.

.

bm


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B. Total Least Squares method

Total least squares is also known as error-in-variables method or orthogonal regression method

[37]. It is an extension of the usual Least Squares method data modeling technique [38] that was

introduced by Golub and Van Loan [[39],[40]]. It is a generalization of Deming regression, and can

be applied to both linear and non-linear models.

Total least square was introduced as a solution for an overdetermined linear system of equations

Ax ≈ B that represents many problems in data estimation, where AεRm×n and BεRm×d are the

given data and XεRn×d is unknown. An approximated solution for X is what should be searched

with m > n, since there is no typically exact solution for X [41]. In the classical least squares

approach all errors are coined to the observation vector b, and the system matrix A is assumed to

be free from error. In real engineering application this assumption often does not hold true. For

example, if both the right-hand side b and the matrix A are obtained by measurements or if the

matrix A is an approximation of the true operator, then there is some noise in both elements of

the system equation [8].

An appropriate approach to this problem is the total least squares (TLS) method which is a

natural generalization of the least-squares approximation method when the data in both A and

B is perturbed [[41],[8]]. Distance is an optimal fitting criterion in the field of signal processing

or image processing for applications such as shape recognition and curve detection and fitting.

Numerical routine of minimization is used for orthogonal distance fitting. Some sort of iteration

methods must be used for general curve fitting even in the case of orthogonal distance fitting.

The total least square method is a general curve fitting approach that can be used in n-dimensional

space and it can be characterized by the orthogonal distance as it is depicted in the Figure 5.6.

The total least square method can be expressed mathematically using an Equation 5.21.

R =

n∑
i=1

|di| (5.21)

Where the target is to find minimum of R summing the orthogonal distance d.

Eigenvalue, Singular Value Decomposition (SVD) and Principal Component Analysis (PCA) are

well-known mathematical tools that can be used for practical calculation with the TLS method.

There are many areas of application of TLS method such as signal processing, in computer vision or

image processing, speech and audio processing, modal and spectral analysis, linear system theory,

system identification, economics or several possible open problems [37, 41].

C. The spring stiffness and the damping coefficient in X-axis direction

The numerical data of acceleration which was obtained from the experiment as discussed in the

previous chapters is used for estimation of parameters in this subsection. First, analysis of the
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Figure 5.6: Principle of the TLS method.[8]

kinematics of the impacting vehicle is made. The velocity for the vehicle in the global frame is

obtained from integration of the global acceleration data and considering also the initial vehicle

velocity which is 35km/h. Further, the velocity is integrated to obtain the displacement data. The

next step is considering the planar dynamic EOM for the vehicle and making parameter estimation

using a matlab code. Planar dynamic EOM in the global frame X-axis direction is considered as

Equation 5.22. The following is coded into matlab that helps to calculate the spring stiffness and

damping coefficient of the model in the x-axis direction.

m((v̇x − ψ̇vy)cosψ − (v̇y + ψ̇vx)sinψ) = −Kxx− Cxẋ (5.22)

Re-arranging the Equation 5.22 will result in the Equation 5.23. The equation can be treated as a

linear system equation and finding the solution for the spring stiffness and damping coefficient of

the model in the x-axis direction.

[
Cx

Kx

] [
ẋ x

]
= −m((v̇x − ψ̇vy)cosψ − (v̇y + ψ̇vx)sinψ) (5.23)

Letting the left hand side part of the equation represented by

[
Cx

Kx

]
∗Ax, where, Ax =

[
ẋ x

]
and representing the right hand side of the equation by bx as shown in Equation 5.24 the and using

linear equation solving method the operation of linear system shown in the Equation 5.25 can be

performed.

bx = −m cosψ ẍ+m ψ̇ cosψ ẏ +m ÿ sinψ +m ψ̇ sinψ ẋ (5.24)
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Following the steps the value of spring stiffness and the damping coefficient in the X-axis direction

is calculated from Equation 5.25.

[
Cx

Kx

]
= Ax\bx (5.25)

For more robust solution a total least square method can be used to obtain the parameters values

and the equation in Matlab is coded as a combination of equations Ax , Equation 5.24, and

Equation 5.26 to find the output as in Equation 5.27.

[U, S, V ] = svd([Ax, bx], 0) (5.26)

[
Cx

Kx

]
= −V (1 : 2, 3)/V (3, 3) (5.27)

D. The spring stiffness and the damping coefficient in Y-axis direction

A similar method of finding the parameter values in the X-axis direction can be applied in the Y-

axis direction. Following the same steps as in X-axis in previous section, the planar dynamics EOM

can be written as Equation 5.28. The velocity for the vehicle in the global frame is obtained from

integration of the global acceleration data and considering also the initial vehicle velocity which is

0km/h in the Y-axis direction. Further, the velocity can be integrated to obtain the displacement

data. The estimation technique is coded into matlab that helps to calculate the spring stiffness

and damping coefficient of the model in the Y-axis direction.

m((v̇y + ψ̇vx)cosψ + (v̇x − ψ̇vy)sinψ) = −Kyy − Cyẏ (5.28)

Similar to X-axis direction parameter estimation the rearrangement of Equation 5.28 will result

in the Equation 5.30. The equation here can also be treated as a linear system equation to find

the solution for the spring stiffness and damping coefficient of the model in the Y-axis direction.

For more robust solution a total least square method can be be applied here also to obtain the

parameter values.

[
Cy

Ky

] [
ẏ y

]
= −m cosψ ÿ −m ψ̇ cosψ ẋ−m ẍ sinψ +m ψ̇ sinψ ẏ (5.29)

Letting the left hand side part of the equation represented by

[
Cy

Ky

]
∗Ay, where, Ay =

[
ẏ y

]
and representing the right hand side of the equation by by as shown in the Equation 5.30 and using
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linear equation solving method the operation of linear system shown in the Equation 5.31 can be

performed.

by = −m cosψ ÿ −m ψ̇ cosψ ẋ−m ẍ sinψ +m ψ̇ sinψ ẏ (5.30)

Following the above steps the value of spring stiffness and the damping coefficient in the Y-axis

direction is calculated from Equation 5.31.[
Cy

Ky

]
= Ay\by (5.31)

For more robust solution a total least square method can be used to obtain the parameters values in

Y-axis also and the equation in Matlab is coded as a combination of equations Ay, Equation 5.30,

and Equation 5.32 to find the output as in Equation 5.33.

[U, S, V ] = svd([Ay, by], 0) (5.32)

[
Cy

Ky

]
= −V (1 : 2, 3)/V (3, 3) (5.33)



Chapter 5. Mathematical Modeling 63

5.2 3D Mathematical modeling of vehicle crash

5.2.1 3D Vehicle Kinematics

Position and orientation of rigid vehicle in X-Y-Z directions

A vehicle can be considered as a rigid body with an attached Cartesian coordinate frame B(oxyz)

fixed to the rigid body B and the rigid body is further attached to the ground G(OXYZ) at the

origin point O that is shown in the Figure 5.7[7].

Figure 5.7: 3D Rigid Vehicle representation [7].

The rigid body can move freely in the fixed global coordinate frame so that it can rotate freely

in the global frame and the origin of the body frame can be assumed to translate relative to the

origin of G as shown in Figure 5.8. A point P on the rigid body coordinate can be expressed in

global frames as in Equation 5.34.

GrP = GRB
BrP +GdB (5.34)

where:

GrP -global coordinate of a point P on a body B

GRB
-rotational transformation matrix

BrP -local coordinate of a point P on a body B

GdB -the position of the moving origin o relative to the fixed origin O.

Transformation between local and global coordinate frames

Similar to the planar dynamics the transformation matrix GRB
which can be written as in the

Equation 5.35 can be used to find the planar rigid vehicle’s EOM in the body coordinate frame
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Figure 5.8: A rigid body with an attached coordinate frame B(oxyz) moving freely in a global
coordinate frame G(OXYZ)[7].

by expressing the global EOM in the vehicle’s body coordinate frame B. In the same manner it is

possible to apply the transformation matrix to transform the vehicle’s local frame coordinate into

the global frame.

RGB
=


cosψ −sinψ 0

sinψ cosψ 0

0 0 1




cosθ 0 sinθ

0 1 0

−sinθ 0 cosθ




1 0 0

0 cosϕ −sinϕ
0 sinϕ cosϕ

 (5.35)

where:

• ψ-yaw angle

• θ-pitch angle

• ϕ-roll angle

Velocity of a rigid vehicle in X-Y-Z directions

The velocity of the point P of the rigid body shown in the Figure 5.8 that is attached to global

coordinate can be expressed as in Equation 5.36.

GV P = GωB × (GrP −GdB ) +GḋB (5.36)

where:
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• GV P -the velocity of the point P in Global coordinate.

• GωB-angular velocity of the body B relative to the fixed origin O.

• GrP - a global coordinate of a point P on a body B .

• GdB -the position of the moving origin o relative to the fixed origin O.

• GḋB -the velocity of the moving origin o relative to the fixed origin O.

The velocity of the center of mass of the rigid vehicle with respect to the point O of global reference

frame can be determined by Equation 5.37 by using a transformation matrices.
vX

vY

vZ

 =


cosψ −sinψ 0

sinψ cosψ 0

0 0 1




cosθ 0 sinθ

0 1 0

−sinθ 0 cosθ




1 0 0

0 cosϕ −sinϕ
0 sinϕ cosϕ



vx

vy

vz

 (5.37)

where:

• vX -rigid vehicle global coordinate velocity in X-axis direction.

• vY -rigid vehicle global coordinate velocity in Y-axis direction.

• vZ-rigid vehicle global coordinate velocity in Z-axis direction.

• ψ-yaw

• θ-pitch

• ϕ-roll

• vx-rigid vehicle local coordinate velocity in x-axis direction.

• vy-rigid vehicle local coordinate velocity in y-axis direction.

• vz-rigid vehicle local coordinate velocity in z-axis direction.

Acceleration of a rigid vehicle in X-Y-Z directions

The acceleration formula for a rigid body moving freely in a fixed global coordinate frame G(OXYZ)

and that has an attached coordinate frame B (oxyz) is shown Equation 5.38. The origin of the

body frame B can translate relative to the origin of G, while rigid body can rotate in the global

frame. The coordinates of a body point P is shown as in Figure 5.9 [7].

GaP = GαB × (GrP −GdB ) +GωB × (GωB × (GrP −GdB )) +Gd̈Bp (5.38)

Where:
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Figure 5.9: Vehicle body coordinate frame B(Cxyz)[7].

• GaP -acceleration of the point P in Global coordinate.

• GαB-angular acceleration of the point P in Global coordinate.

• GrP - a global coordinate of a point P on a body B .

• GdB -the velocity of the moving origin o relative to the fixed origin O.

• GωB-angular velocity of the body B relative to the fixed origin O.

• Gd̈B -the acceleration of the moving origin o relative to the fixed origin O.

The acceleration of the center of mass of the rigid vehicle with respect to the point O of the global

frame can be expressed in the matrix form as in Equation 5.41 using the transformation matrices.

RGB
=


cosψcosθ (cosψsinθsinϕ− sinψcosϕ) (sinψsinϕ+ cosψsinθcosϕ)

sinψcosθ vycosψcosϕ+ sinψsinθsinϕ sinψsinθcosϕ− cosψsinϕ
sinθ cosθsinϕ cosθcosϕ

 (5.39)

v̇BC
=


v̇x + (ωyvz − ωzvy)
v̇y − (ωxvz − ωzvx)

v̇z + (ωxvy − ωyvx)

 (5.40)


v̇X

v̇Y

v̇Z

 = RGB
? v̇BC

= Rz,ψRy,θRx,ϕ ? v̇BC
(5.41)

where:
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• RGB
-The global roll-pitch-yaw rotation matrix.

• ψ-yaw angle.

• θ-pitch angle.

• ϕ-roll angle.

• v̇BC
-acceleration of the rigid vehicle in body coordinate frame.

• v̇x-rigid vehicle local coordinate acceleration in x-axis direction.

• v̇y-rigid vehicle local coordinate acceleration in y-axis direction.

• v̇z-rigid vehicle local coordinate acceleration in z-axis direction.

• ωz-yaw rate.

• ωy-pitch rate.

• ωx-roll rate.

• v̇X -rigid vehicle global coordinate acceleration in X-axis direction.

• v̇Y -rigid vehicle global coordinate acceleration in Y-axis direction.

• v̇Z-rigid vehicle global coordinate acceleration in Z-axis direction.

• Rz,ψ-transformation matrix for rotation about Z-axis.

• Ry,θ-transformation matrix for rotation about Y-axis.

• Rx,ϕ-transformation matrix for rotation about X-axis.

5.2.2 3D Rigid vehicle dynamics

A motion of a rigid body with respect to a fixed global coordinate frame can be used to represent

dynamics of a rigid vehicle. The translational and rotational motion of the rigid vehicle can be

described by the principles of Newton and Euler equations of motion. The Newton-Euler equation

of motion for a rigid vehicle in the body coordinate frame B, attached to the vehicle at its mass

center C, are [7]:

Fx = max +m(ωyvz − ωzvy) (5.42)

Fy = may −m(ωxvz − ωzvx) (5.43)

Fz = maz +m(ωxvy − ωyvx) (5.44)

Mx = Ixxω̇x + Ixyω̇y + Ixzω̇z − (Iyy − Izz)ωyωz − Iyz(ω2
z − ω2

y)− ωx(ωzIxy − ωyIxz) (5.45)

My = Iyxω̇x + Iyyω̇y + Iyzω̇z − (Izz − Ixx)ωzωx − Ixz(ω2
x − ω2

z)− ωy(ωxIyz − ωzIxy) (5.46)
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Mz = Izxω̇x + Izyω̇y + Izzω̇z − (Ixx − Iyy)ωxωy − Ixy(ω2
y − ω2

x)− ωz(ωyIxz − ωxIyz) (5.47)

where:

• Fx-longitudinal force[N ]

• Fy-lateral force[N ]

• Fz-vertical force[N ]

• m-mass of the vehicle[kg]

• vx-longitudinal velocity component[m/s]

• vy-lateral velocity component[m/s]

• vz-vertical velocity component[m/s].

• ωx-angular velocity about longitudinal axis[rad/s].

• ωy-angular velocity about lateral axis[rad/s].

• ωz-angular velocity about vertical axis[rad/s].

• Mx-Pitch moment[Nm].

• My-Roll moment [Nm].

• Mz- yaw moment [Nm].

• ω̇x-angular acceleration about longitudinal axis[rad/s2].

• ω̇y-angular acceleration about lateral axis[rad/s2].

• ω̇z-angular acceleration about vertical axis[rad/s2].

• Ixx-mass moment of inertia about longitudinal axis [kg.m2].

• Izz-mass moment of inertia about lateral axis [kg.m2]

• Iyy-mass moment of inertia about lateral axis [kg.m2]

• Ixy=Iyx-the product of inertia about zx [kg.m2].

• Ixz=Izx-the product of inertia about yz[kg.m2].

• Iyz=Izy-the product of inertia about xy [kg.m2].

The transformation matrix can be used here also to transform the force vector from the local

coordinate frame to the global frame. The global Newton’s EOM can be written as Equation 5.48

which can be further expressed as in Equation 5.50 in 3D motion .
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FG
C = RG

BFB
C (5.48)

where:

• FG
C -global force vector.

• RG
B -the transformation matrix.

• FB
C-local frame force vector which is written in Equation 5.42, Equation 5.43 and Equa-

tion 5.44.

Rz,ψRy,θRx,ϕ =


cosψcosθ (cosψsinθsinϕ− sinψcosϕ) (sinψsinϕ+ cosψsinθcosϕ)

sinψcosθ (cosψcosϕ+ sinψsinθsinϕ) (sinψsinθcosϕ− cosψsinϕ)

sinθ cosθsinϕ cosθcosϕ


(5.49)

FG
C = RG

BFB
C = Rz,ψRy,θRx,ϕ


max +m(ωyvz − ωzvy)
may −m(ωxvz − ωzvx)

maz +m(ωxvy − ωyvx)

 (5.50)

The same procedure can be applied for the roll-pitch-yaw moments transformation of the rigid

vehicle about the respective axes as shown in the previous discussion that can be expressed as in

the Equation 5.51.

MG
C = RG

BMB
C (5.51)

Where:

• MG
C -global roll-pitch-yaw moments.

• RG
B -the transformation matrix.

• MB
C-local roll-pitch-yaw moments that are expressed in Equation 5.45, Equation 5.47 and

Equation 5.47 .

.

5.2.3 3D Mass-spring-damper Model

A 3D Mass-spring-damper model is shown in the Figure 5.10. It consist of a spring of elastic

coefficient value Kx[N/m], which is in parallel connection with a damper of damping coefficient
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value Cx[Ns/m] to a mass with m[kg] in the X-axis direction. Another pair of spring of elastic

coefficient value Ky[N/m], which is in parallel connection with a damper of damping coefficient

value Cy[Ns/m] to the mass with m[kg] in the Y-axis direction. The third spring-damper pair is

in the Z-axis direction connected in parallelt to the same mass. This simple model can be used to

represent the vehicle to barrier or vehicle to vehicle collisions.

M

Cy

V0

Y-
ax
is

X-axis

Ky

Cx

Kx

M

CZ

V0

Z-
ax
is

X-axis

Kz

Cx

Kx

Figure 5.10: 3D Vehicle to barrier collision mass-spring-damper model .

The mass-spring-damper model representation of the rigid vehicle will be accurate if all the motions

and constraints are considered and applied properly. The mass-spring-damper (see Figure 5.10)

system has six degree of freedom with its translational motion described by the coordinates X

and Y in the horizontal plane and vertical Z-axis as well as the three rotational degrees of freedom

about the longitudinal (X-axis), lateral (Y-axis) and vertical (Z-axis). The vehicle model has initial

velocity in the X-axis direction as represented.

Equation of Motion

The governing equations of motion can be obtained by considering the force balance along the

respective axis motions. A good knowledge of the resultant force components can be obtained

from Figure 5.7. Making use of the mass-spring-damper model in the Figure 5.10 and assuming the

component of the resultant force acting on the mass in the X-axis direction (FX), the relationship

shown in Equation 5.52 can be presented. Similarly, assuming the component of the resultant force

acting on the mass(m) in the Y-axis direction (FY ), the relationship in shown Equation 5.53 can

also be presented. Lastly, assuming the component of the resultant force acting on the mass in the

Z-axis direction (FZ), the relationship in shown Equation 5.54 can be presented.

FX = −Cxẋ−Kxx (5.52)

FY = −Cyẏ −Kyy (5.53)
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FZ = −Cz ż −Kzz (5.54)

Where:

• FX ,FY , and FZ are the components of the respective resultant force components acting on

the mass(m) along the X-axis, Y-axis and z-axis directions of the model.

• x , y and z are the respective displacements along the X-axis,Y-axis and Z-axis directions of

the model.

• ẋ , ẏ and ż are the respective velocities along the X-axis, Y-axis and Z-axis directions of the

model.

• The initial velocity in the X, Y and Z directions of global reference frame are V x0 = 35km/h =

9.72m/s, V y0 = 0km/h and V z0 = 0km/h.

• Kx , Ky and Kz are the respective spring stiffness along the X-axis, Y-axis and Z-axis

directions.

• Cx , Cy and Cz are the respective damping coefficient along the X-axis, Y-axis and Z-axis

directions.

Making use of the relationships in the Equation 5.41, Equation 5.50, Equation 5.52, Equation 5.53

and Equation 5.54 it is possible to derive a relationship below shown in Equation 5.55. All of the

equations parameters below are described in previous equations.

FG
C = RG

BFB
C = Rz,ψRy,θRx,ϕ


max +m(ωyvz − ωzvy)
may −m(ωxvz − ωzvx)

maz +m(ωxvy − ωyvx)

 =


−Cxvx −Kxx

−Cyvy −Kyy

−Czvz −Kxz

 (5.55)

where:

Rz,ψRy,θRx,ϕ =


cosψcosθ (cosψsinθsinϕ− sinψcosϕ) (sinψsinϕ+ cosψsinθcosϕ)

sinψcosθ (cosψcosϕ+ sinψsinθsinϕ) (sinψsinθcosϕ− cosψsinϕ)

sinθ cosθsinϕ cosθcosϕ


(5.56)

The equations can be rewritten for the X-axis direction as in Equation 5.57, for the Y-axis direction

as in Equation 5.58 ,and for the Z-axis direction as in Equation 5.59.

cosψcosθ(max +m(ωyvz − ωzvy)) + (cosψsinθsinϕ− sinψcosϕ)(may −m(ωxvz

−ωzvx)) + (sinψsinϕ+ cosψsinθcosϕ)(maz +m(ωxvy − ωyvx)) + Cxvx +Kxx = 0
(5.57)
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sinψcosθ(max +m(ωyvz − ωzvy)) + (cosψcosϕ+ sinψsinθsinϕ)(may −m(ωxvz

−ωzvx)) + (sinψsinϕ+ cosψsinθcosϕ)(maz +m(ωxvy − ωyvx)) + Cvy +Ky = 0
(5.58)

sinθ(max +m(ωyvz − ωzvy)) + cosθsinϕ(may −m(ωxvz − ωzvx) + cosθcosϕ(maz +m(ωxvy

−ωyvx)) + Czvz +Kxz = 0

(5.59)

5.2.4 Parameter Estimation and Model Establishment

Parameter identification is a critical part of mathematical modeling to represent the crash scenario.

The spring stiffness and viscous damping coefficients should be systematically identified to use the

lumped parameter modeling (LPM) and make simulations for comparison between the real data

and the model established.

The parameters identification for the 3D is similar to identification of parameter for the planar

dynamics model. To make correct estimation of parameters the data acquired from the experiment

should be complete to apply the solution method. The Linear Equations System Method or Total

Least Square method can be used if the all the necessary data are acquired from the experiment

at the beginning or while making the vehicle crash test. However, there are missing data for roll

rate or rotational speed about the X-axis(longitudinal axis of the car) that is represented by ωx

in the Equation 5.58 and Equation 5.59. The pitch rate or the rotational speed about the Y-

axis(lateral-axis) that is represented by ωy in the Equation 5.57 and Equation 5.57 is also missing

from the obtained data. The measurements for these two angular speed are not taken during the

experiment.

The hole in the provided data made it difficult to find the respective parameters and to make the

complete analysis of the data for the 3D mathematical modeling without making a rough assump-

tion. The complete and accurate 3D mathematical modeling can only be made by considering

the missing data. The value for the roll-rate and pitch-rate measurments are made similar to the

measured yaw-rate by minor modifications. The ptich-angle and yaw-angle measurments are found

from the integration of the respective angular-rates.
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Simulation Results

6.1 2D Analysis of the kinematics of the impacting vehicle in the

global frame

In the fourth chapter of this report an extensive signal analysis have been made for the vehicle in

the local frame attached to the rigid vehicle at its center of gravity. In contrary for this section,

the local frame kinematics is required to be transformed into global frame using the transformation

matrix as explained in the planar dynamics subsection. The graph for the global representation

of the vehicle kinematics are shown in Figure 6.2 for the data in the X-axis direction. The initial

position of the center of gravity from the center of global frame is calculated to be L = −1.54m in

X-axis direction and W = −0.026 m in the Y-axis direction. The global reference frame is assumed

to be at front part of the car as shown in the Figure 6.1. The graph in Figure 6.3 shows the global

vehicle kinematics in the Y-axis direction. The calculation is performed for both coordinates using

the global acceleration equation of motion of the vehicle which is expressed in Equation 5.6.

6.2 2D Model Simulation and Comparison of the Model and real

data of Vehicle Crash

2D mathematical modeling of the vehicle to barrier collision has been carried out and it has been

presented in section 5.1. The next step is to implement the model in MATLAB Simulink and

making the simulation of the model for verification. The figure of Simulink model for 2D model of

the vehicle crash looks like as depicted in Figure 6.4.

The acceleration data from the accelerometer in the longitudinal and lateral directions as well

as the yaw rate are used in obtaining the values of spring stiffness and the damping coefficients.

By integrating car’s deceleration, we obtain plots of velocity and displacement respectively. The

global reference kinematic analysis of the collision is shown in the Figure 6.2 and Figure 6.3. The

73
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Figure 6.1: Vehicle moving in the global reference frame.
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Figure 6.2: 2D Reference data in global frame for X-axis direction.
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Figure 6.3: 2D Reference data in global frame for Y-axis direction.

Figure 6.4: 2D Simulink Model for Vehicle to Barrier collision.
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calculation is performed using the global acceleration equation of motion of the vehicle which is

expressed in Equation 5.6.

The complete two-dimensional model that is used to reproduce the described crash test was shown

in the Figure 5.4. The center of gravity(COG) of the system model is assumed to be located

at exactly the same position as the car’s COG and the global coordinate system of the model is

exactly the same as the global reference frame of the vehicle crash which is shown in Figure 6.1.

The known parameters of the model are: mass m = 873[kg] -the same as the vehicle’s mass, X-

axis direction initial impact velocity component Vx = 35 [km/h], and Y-direction initial impact

velocity component Vy = 0 [km/h]. The unknown structural parameters: Kx, Cx, Ky, and Cy are

all determined by using the techniques of identifying the parameter which was described in the

parameter estimation subsection 5.1.4. The parameters values are determined to be:

X-direction spring stiffness:Kx = 14, 667 [N/m];

X-direction damping coefficient: Cx = 1, 930 [Ns/m];

Y-direction spring stiffness:Ky = 469, 750 [N/m];

Y-direction damping coefficient: Cy = 254, 000 [Ns/m];

A modified value from the measured yaw-rate is used in the model and integrated to find the value

of yaw-angle which is also used in combination with other input parameters. The model response

kinematics are drawn on the same graph with the reference kinematic plots (acceleration, velocity

and displacement) for comparison as shown in the Figure 6.5 for the X-axis direction. For the

Y-axis direction the acceleration, velocity and displacement are shown on separate graphs.
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Figure 6.5: 2D Model response kinematics vs global frame kinematics in X-axis direction.
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For more clarity the model acceleration response vs the global reference data from vehicle crash

acceleration are shown in the Figure 6.6 for the longitudinal direction, and another pair of accel-

eration is shown in the Figure 6.7 for the lateral direction.
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Figure 6.6: 2D Model response acceleration vs global frame reference acceleration in the X-axis
direction.

The velocity response of the model with the global frame velocity of the vehicle found by the

integration of the global acceleration are also shown as in the Figure 6.8 for the longitudinal

direction, and the other velocity pair are shown for lateral direction as in the Figure 6.9.

Lastly, the displacement response of the model and the global frame displacement or dynamic

crush from real experiment are shown in the Figure 6.10 for longitudinal direction and as in the

Figure 6.11 for lateral direction.

6.3 3D Model Simulation and Comparison of the Model and real

data of Vehicle Crash

The derivation of mathematical model for 3D mass-spring-damper representation of the vehicle to

barrier collision has been carried out and it has been presented in subsection 5.2.3. The mathemat-

ical model derived is implemented in MATLAB simulink and it looks like as shown in Figure 6.12.

The subsystems in the figure has more detail model components.
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Figure 6.7: 2D Model response acceleration vs global frame reference acceleration in the Y-axis
direction.
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Figure 6.8: 2D Model response velocity vs global frame reference velocity in X-axis direction.
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Figure 6.9: 2D Model velocity response vs global frame reference velocity in Y-axis direction.
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Figure 6.10: 2D Model response displacement vs global frame reference displacement in X-axis
direction.
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Figure 6.11: 2D Model response displacement vs global frame reference displacement in Y-axis
direction.

The establishment of the complete 3D model for the vehicle to barrier collision can only be made

possible by considering all the angular rates (yaw-rate, pitch-rate and roll-rate), the three angular

positions (yaw-angle, pitch-angle and roll-angle), the three accelerations in the X, Y and Z with the

respective velocity and displacement about the longitudinal, lateral and vertical axes. However,

the provided data from the vehicle crash include only the accelerations in the three axes (X, Y

and Z) and yaw rate. The recorded acceleration pulses were measured in the coordinate frame

associated with the car which is placed at its center of gravity. There are four missing data to

make a fulfilled 3D model. The missing data are pitch-rate, pitch-angle, roll-rate and the roll-angle

measurements. The measurements should have been collected during the impact test. In this

section an assumption was made to estimate the missing data by making the pitch-rate and the

roll-rate equivalent to the measured yaw-rate by making some minor modifications. Then the three

angular position measurements are found by integrating the respective angular-rates.

After making the estimations for the missing data, the transformation matrices are used to calculate

the global frame reference accelerations. The global frame reference velocity and displacement

are also calculated. Then the comparison can be made between the calculated global reference

kinematics and the model response kinematics to reproduce the crash event. The global coordinate

frame is assumed to be at a position where the car make the first contact with the barrier as shown

in Figure 6.13 for the 3D rigid vehicle. The center of gravity of the system model is assumed to be
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Figure 6.12: Simulink model of 3D Model for Vehicle to Barrier collision.

placed at the same position of the vehicles center of gravity. The global coordinate frame of the

model is exactly the same as the global coordinate frame of the vehicle.

The known parameters of the model are: mass m = 873[kg] - the same as the vehicle’s mass,

X-direction initial impact velocity component Vx = 35 [km/h], Y-direction initial impact velocity

component Vy = 0 [km/h], Z-direction intial impact velocity componentVz = 0 [km/h].

The unknown structural parameters: Kx, Cx, Ky, Cy, Kz,and Cz are all determined by using the

techniques of identifying the parameter which was described in the parameter estimation subsec-

tion 5.1.4. The parameters values are determined to be:

X-direction spring stiffness:Kx = 14, 450 [N/m];

X-direction damping coefficient: Cx = 2, 672.5 [Ns/m];

Y-direction spring stiffness:Ky = 1, 560, 100 [N/m];

Y-direction damping coefficient: Cy = 5, 145, 600 [Ns/m];

Z-direction spring stiffness:Kz = 11, 328 [N/m];

Z-direction damping coefficient: Cz = 158, 070 [Ns/m].

The values for the roll-rate, pitch-rate are made similar value with the measured yaw-rate from the

experiment to check the response of the system model. The roll-angle, pitch-angle and yaw-angle

are obtained from the integration of the respective angular rates. All the six values are used in

combination with the identified parameters as input to the model for obtaining the model response.

The model’s acceleration, velocity and displacement responses are drawn on the same graph with

the reference kinematic plots (acceleration, velocity and displacement ) for comparison as shown
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Figure 6.13: The global coordinate of the vehicle in motion.

in the Figure 6.14 for the X-axis direction. The comparison between the model response and the

reference data(the acceleration, velocity and displacement) for the Y-axis and Z-axis direction are

shown on separate graphs.

The acceleration response of the model and global acceleration of the reference data is shown in the

Figure 6.15 for X-axis direction. The acceleration response of the model and global acceleration of

the reference data is shown in the Figure 6.16 for Y-axis direction. The acceleration comparison

for the model response and the real crash global acceleration is depicted in Figure 6.17 for Z-axis

direction.

The velocity response of the model with the velocity from the integration of real crash acceleration

are also shown as in the Figure 6.18 for the Y-axis direction. The velocity response of the model with

the velocity from the integration of real crash acceleration are also shown as in the Figure 6.19 for

the Y-axis direction and the other velocity pair are shown for Z-axis direction as in the Figure 6.20.

The displacement response of the model and the displacement or dynamic crush from real experi-

ment are shown in the Figure 6.21 for X-axis direction.

Lastly,The displacement response of the model and the displacement or dynamic crush from real

experiment are shown in the Figure 6.22 for Y-axis direction and as in the Figure 6.31 for Z-axis

direction.
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Figure 6.14: 3D Model response vs global frame reference kinematics in X-axis direction.
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Figure 6.15: 3D Model acceleration response vs global frame reference acceleration in X-axis
direction.
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Figure 6.16: 3D Model acceleration response vs global frame reference acceleration in Y-axis
direction.
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Figure 6.17: 3D Model acceleration response vs global frame reference acceleration in Z-axis
direction.
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Figure 6.18: 3D Model velocity response vs global frame reference velocity in X-axis direction.
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Figure 6.19: 3D Model velocity response vs global frame reference velocity in Y-axis direction.
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Figure 6.20: 3D model velocity response vs global frame reference velocity in Z-axis direction.
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Figure 6.21: 3D Model displacement response vs global frame reference displacement in X-axis
direction.
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Figure 6.22: 3D Model displacement response vs global frame reference displacement in Y-axis
direction.
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Figure 6.23: 3D Model displacement response vs global frame reference displacement in Z-axis
direction.
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6.4 Simulation of vehicle to road safety barrier oblique collision

for validation of 2D Model

6.4.1 Brief description of the experiment set-up and the vehicle information

A second vehicle to barrier collision experimental data set is provided to check the validation of the

derived model. This new experiment data is from a typical high-speed vehicle to barrier oblique

collision-scheme. The layout of the experimental setup is shown in the Figure 6.24. The angle of

impact for the vehicle to the barrier was ψ = 200 and the initial vehicle velocity of impact was

104km/h. A belted dummy without fully loaded instrumentation was seated at driver seat and

the total mass of the vehicle was determined to be 893kg including the dummy and the measuring

equipments.

Release
mechanism

Test vehicle

Second
vehicle

Guide
track

Rigid test beam

v

Figure 6.24: Scheme of the Vehicle to road safety barrier oblique collision [9].

A 3D accelerometer was used to record the accelerations for the test vehicles in three axes of

directions (x-longitudinal, y-lateral, and z-vertical) at the center of gravity of the vehicle during

the collision. A gyro meter is also used to measure the yaw-rate of the vehicle. The dimensions of

the car and more important information about the test setup is described in [9].

The spring stiffness and the damping coefficients are calculated in similar procedure to the previ-

ous discussions for the 2D and 3D models. The acceleration data from the accelerometer in the

longitudinal and lateral directions as well as the yaw rate are used in obtaining the values.
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The complete two-dimensional model which is used to reproduce the described crash test was

shown in the Figure 5.4. The center of gravity(COG) of the system model is assumed to be located

at exactly the same position as the car’s COG and the global coordinate system of the model is

exactly the same as the global reference frame of the vehicle crash which is shown in Figure 6.25.

Figure 6.25: The global coordinate frame for the vehicle and its COG[9].

.

A simple trigonometric relationship is used to calculate the components of initial vehicle impact

speed in the X-axis direction and Y-axis direction. The component values of the initial velocity

are calculated to be:

vx = v0cosψ = 98 km/h,

vy = v0sinψ = 36 km/h.

6.4.2 Simulation Result for the Validation data set

The model simulation is performed using the Matlab simulink model already established and it is

shown in Figure 6.4. The known parameters of the model are: mass m = 893[kg] - the same as

the vehicle’s mass, X-direction initial impact velocity component Vx = 98 [km/h], and Y-direction

initial impact velocity component Vy = 36 [km/h]. The unknown structural parameters: Kx, Cx,

Ky, and Cy are all determined by using the techniques of identifying the parameter which was

previously described in the parameter estimation section. The parameters values are determined

to be:

X-direction spring stiffness: Kx = 1, 108.7 [N/m];

X-direction damping coefficient: Cx = 2, 737 [Ns/m];
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Y-direction spring stiffness: Ky = 15, 547 [N/m];

Y-direction damping coefficient: Cy = 5, 869.1 [Ns/m].

The measured yaw-rate is used in the model and it is integrated to find the value of yaw-angle

which is also used in combination with other input parameters. The model acceleration response

vs the global reference data from vehicle crash acceleration are shown in the Figure 6.26 for the

longitudinal direction and in the Figure 6.27 for the lateral direction.
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Figure 6.26: 2D Model acceleration response vs Oblique collision global frame reference accelera-
tion in X-axis.

The velocity response of the model and the global frame reference velocity of the oblique collision

of the vehicle are also shown as in the Figure 6.28 for the longitudinal direction, and the other

velocity pair are shown for lateral direction as in the Figure 6.29.

Finally, the displacement response of the model and the displacement of global frame reference of

the oblique collision are shown in the Figure 6.30 for X-axis direction and as in the Figure 6.31 for

Y-axis direction.
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Figure 6.27: 2D Model acceleration response vs Oblique collision global frame reference accelera-
tion in Y-axis.
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Figure 6.28: 2D Model velocity response vs Oblique collision global frame reference velocity in
X-axis direction.
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Figure 6.29: 2D model velocity response vs Oblique collision global frame reference velocity in
Y-axis direction.
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Figure 6.30: 2D Model displacement response vs global frame reference displacement of oblique
collision in X-axis direction.
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Figure 6.31: 2D Model displacement response vs global frame reference displacement of oblique
collision inY-axis direction.



Chapter 7

Discussion and Evaluation of Results

In the signal analysis part of the project an observation is made that raw data gathered from the

accelerometer and the gyro sensors have some unwanted high frequency signal values. The graph

of the wideband signal has been shown to have some discrepancy when used directly for signal

analysis. A curve fitting technique can be utilized to make smooth curve out of the distorted data

to obtain a better velocity and displacement output after the integration of the fitted curve. It

can be seen that unfiltered signal can be used to analyze the velocity and displacement with good

approximations comparing it to the filtered signal. Moreover, digital filtering is a better solution to

get rid of the unnecessary features in the signal or to make the signal in its useful frequency range.

The digital filters are selected in such away to meet the requirement of frequency response corridors

specified in ISO standard. The differences between the channel classes are also investigated and

CFC-180 is used for the filtering of the signal for the kinematic plots of the vehicle crash.

The signal is also analyzed in its frequency domain by plotting the FFT graph for the crash pulses

in the X, Y and Z coordinate axis. The FFT has helped in the analysis for the filtered data

by showing the cut-off frequency effect of the channel classes applied. From the FFT graphs it

was also easy to observe that a higher amplitude values occur at lower frequencies for both Y

and Z-axis than the X-axis direction for vehicle crash acceleration. It is also noted that there

is fast changing amplitude values at subsequent frequencies. Due to this fact, the curve of the

velocity and displacement in the time domain of the Y-axis and Z-axis are shown to be unstable

when compared to the X-axis direction signal. These phenomena further created the discrepancy

between the response output of the derived models and the reference data.

After explicit signal analysis has been made, two mathematical models (2D and 3D models) have

been successfully derived for reproduction of the vehicle to barrier collision. Then the parameter

estimation for the models has been made. Next the derived models are implemented in the MAT-

LAB simulink to find their responses using the parameters. The verification yields good result

for the kinematic values. The general attribute of both 2D and 3D models match the real crush,

velocity and acceleration time histories of a car. The highest deformation of a car and the time at

which it occurs are the two main parameters characterizing the collision of a vehicle to a barrier

94
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or another car. The maximum dynamic crushe for the comparison between the vehicle to barrier

frontal collision and mass-spring-damper model responses for both 2D and 3D mode are shown in

the Table 7.1. It can be seen from the table that the maximum dynamic crush and the time it

occurs are better represented by the 3D model response than the 2D model. Maximum dynamic

crush and maximum time of crush are important to assess the crashworthiness of the vehicle. They

can be used to indicate the maximum intrusion to the compartment of a passenger and influence

the airbag activation time [42].

 

 
Quantity Maximum 

Dynamic Crush 
[cm] 

Maximum Dynamic 
Crush Time 

[ms] 

2D-Model 44.50 62.95 
Reference data (2D) 50.16 74.58 
3D-Model 49.54 67.50 
Reference data (3D) 50.57 74.76 

Table 7.1: Maximum dynamic crush and time of dynamic crush comparison.

The displacement values in the Y-axis and Z-axis are very small values that are shown in millimeters

on the graphs. Higher discrepancies have been observed between the real reference data and the

model response in the Y-axis for the 2D model. Similarly higher discrepancies have been observed

between the real reference data and the model response in the Y-axis and Z-axis for the 3D model.

The Root-Mean-Square errors are calculated for the acceleration, velocity and displacement for

model responses and the reference data that are shown below.

Root-Mean-Square Errors between 2D Model Response and Real Data from Full-Scale

Frontal Vehicle Crash

A mean squared error is one of many ways to quantify the difference between the values implied by

the model and the true values of reference data. The formula for RMSE is as shown in Equation 7.1.

RMSE =

√∑n
i=1(xi − x̂i)2

n
(7.1)

where:

• n=number of samples,

• xi-reference value,

• x̂i-estimated value,
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The calculated root-mean-square errors between the 2D model response and the real data from the

full-scale frontal vehicle to the barrier collision is shown in Table 7.2 for the 2D model.

 

 Quantity Acceleration 
[g] 

Velocity 
[m/s] 

Displacement 
[m] 

X-direction 1.88 2.88 0.81 
Y-Direction 1.94 9.88 1.69 

Table 7.2: Root-mean-square errors(RMSE) between 3D model response and real data from
Frontal Collision.

Root-Mean-Square Errors between 3D Model Response and Real Data from Full-Scale

Frontal Vehicle Crash

The calculated root-mean-square errors between the 3D model response and the real data from the

full-scale frontal vehicle crash is shown in Table 7.3.

 

 Quantity Acceleration 
[g] 

Velocity 
[m/s] 

Displacement 
[m] 

X-direction 2.89 5.84 0.41 
Y-direction 6.33 1.22 0.11 
Z-direction 24.44 27.39 1.45 

Table 7.3: Root-mean-square errors(RMSE) between 3D model response and real data from
Frontal collision.

For both the 2D and 3D cases the RMSE values between the reference and estimated data ac-

celeration are relatively high. This is because the reference acceleration signals are complex and

not smooth. Particularly the value of the RSME for the acceleration and velocity for the Z-axis

are very high in the 3D model response compared to the rest of the values. This is because of

the rough estimations of the missing data. The overall behavior of the vehicle is reproduced with

a good accuracy for the Kelvin model since the relative values of the velocity and displacement

graphs show low RSME values for X-axis direction and the experiment is frontal vehicle crash.

RMSE between 2D Model Response and Real Data from vehicle to road safety barrier

oblique collision

The root-mean-square errors between the validation data and the 2D model response are calculated

to give ruslts shown in Table 7.4.

The graphs from the simulation results in combination with the values of the root-mean-square-

errors shown in Table 7.4 and Table 7.2 clearly show that the 2D model established can represent
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Quantity Acceleration 
[g] 

Velocity 
[m/s] 

Displacement 
[m] 

X-direction 13.90 5.07 1.38 
Y-direction 3.73 0.87 0.67 

Table 7.4: Root-mean-square errors(RMSE) 2D model response and real data from vehicle to road
safety barrier oblique collision.

either full-scale frontal vehicle to barrier collision or vehicle to road safety barrier oblique collision.

The overall behavior of the vehicle to barrier collision is well represented in both cases, but the

high RMSE values indicate non-linear parameter estimation method is needed to minimize the

differences.



Chapter 8

Conclusions and Future work

.

The intial problem was to make a signal anaysis, mathematical modeling and simulation of a vehicle

crash. A thorough anslysis was carried out for a collected vehicle crash data. As a result of this

work one viscoelastic model for 2D and a second viscoelastic model for 3D were created to simulate

a vehicle to safety barrier collision. There were some assumptions made during modeling to simplify

the analysis and to make the model to represent the kinematics of the reference experimental vehicle

with a high degree of accuracy. The vehicle is assumed to be a rigid body and the deformation

of the barrier is assumed to be negligible. Making these assumptions the mass-spring-damper

models for both the 2D and 3D cases have been shown to reproduce the kinematics of the reference

experimental vehicle crash with a high degree of accuracy.

The overall attributes of the vehicle crash and the models have been presented to be equivalent and

one can use them interchangeably. The recorded acceleration pulses measured in the coordinate

frame associated with the car have been decomposed into separate directions related with the

global coordinate system and the details of motion was described for the vehicle throughout the

collision in the global frame. This is essential, since only then it is possible to establish a complete

model of the collision using the approach elaborated in this project. However, there are missing

reference data for the 3D model which are very necessary to verify the accuracy of the 3D model

established. In this case estimations of the missing reference data values are made by looking at

the yaw-rate and yaw-angle to verify the 3D model which give a satisfactory output in comparison

of the model with the obtained data.

On the other hand, there is a significant limitation of the proposed methodology. The derived

mathematical models are lumped parameter models which represent the crash event. The param-

eters are estimated by fitting procedure which makes them valid only for a particular crash event.

That means parameter values will change with different initial impact velocity. To overcome this

issue the suggestion is to create a viscoelastic model with nonlinear parameters which are functions

of the initial impact velocity. This kind of system would be capable helping in the reproduction of

a wide range of collisions which depend on their changeable initial impact velocities [9].
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The parameter estimation used in this project is a simple forward linear equation solving technique.

The estimation method is used by making an assumption of the system equations as linear systems.

The result obtained from the estimation has proved show some discrepancies. Therefore a better

and advance curve fitting procedure is recommended for future identification of parameters for the

proposed models. For example, LevenbergMarquardt algorithm curve fitting procedure or other

method of solving non-linear system can be used to estimate the parameters.

Finally, the missing data for the 3D model should be collected for future work for the complete 3D

dynamic and kinematic modeling and analysis, and it is also advisable to analyze other important

aspects of crash test besides the comparing of the kinematics of the model with the colliding vehicle.



Appendix A

Gantt chart

ID Task 
Mode

Task Name Duration Start Finish

1 MAS500:Master Project 90 days Mon 28.01.13 Fri 31.05.13
2 Report Writing 64 days Fri 01.02.13 Wed 01.05.13
3 Introduction 10 days Fri 01.02.13 Thu 14.02.13
4 Litrature Study 15 days Tue 05.02.13 Mon 25.02.13
5 Experimental setup 5 days Tue 05.02.13 Mon 11.02.13
6 Signal analysis 46 days Wed 06.02.13 Wed 10.04.13
7 Mathematical modeling 44 days Wed 13.02.13 Mon 15.04.13
8 Investigating of current 

Models
6 days Tue 12.02.13 Tue 19.02.13

9 3D mathematcal model 50 days Wed 13.02.13 Tue 23.04.13
10 Spring And Damper Modeling 30 days Wed 13.02.13 Tue 26.03.13
11 Vehicle Kinematics 10 days Sun 17.02.13 Thu 28.02.13
12 Vehicle Dynamic Model 25 days Tue 19.02.13 Mon 25.03.13
13 Model Simulation 7 days Thu 28.02.13 Fri 08.03.13
14 Comparison of real data and 

model
12 days Mon 04.03.13 Tue 19.03.13

15 Obtaining parameters 7 days Fri 08.03.13 Mon 18.03.13
16 Model Establishment 7 days Tue 12.03.13 Wed 20.03.13
17 Model Simulation 60 days Wed 20.02.13 Tue 14.05.13
18 Finalizing the report 6 days Wed 08.05.13 Wed 15.05.13
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Duration-only

Manual Summary Rollup

Manual Summary
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Finish-only
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Progress
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Page 1

Project: Gantt chart
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ISO 6487
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Appendix C

Channel Class Selection-SAE J211

Table C.1: Channel Class Selection-SAE J211 [5].
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